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Pegepar. Ilpoananu3upoBaHa METOJUKA OINpPEACHCHHUS YCIOBUN HECMEIIEHHOCTH U COCTOSTEIBHOCTH OLIGHKH aJropuTMa
CTOXAaCTHYeCKON ammpokcuManuu Pob6ounca-Monpo B Momudwukammu Llpmkuaa. OTMedeHO, 4TO c(HOPMYIHPOBAHHBIE YCIOBHS BCTYHAIOT B
JIOTHYECKOE TPOTHUBOpEUHE C 0a30BBIM NPUHIUIOM — ANPHOPHON HEOHMPEETCHHOCTHIO 3aKOHA PACHPECICHUS IIOMEXH, IIOCKONbKY OIS HX
BBINIOJIHEHUS TpeOyeTcs 3HaHHe HeTPHBUATIBHOH KONMUIECTBEHHOH HH(GOPMAINY — BETMYHUHBI INIOTHOCTH PACIIPEieNICHHs BEPOATHOCTEH IIOMEXHU Ha
IpaHULE 30HBI HEUYBCTBUTEIBHOCTH. I JOKa3aTeNIbCTBA yKa3aHHBIX aCUMITOTUYECKMX CBOMCTB NMPENJIOKEHO CBECTH aJTOPUTM K CTPYKType
JVCKPETHON HEIMHEHHON CHCTEeMBI aBTOMaTHUECKOTO YIPABIICHUS U UCCIIEN0BATh ACUMITOTHUECKYIO YyCTOUUHBOCTD €€ IIOJI0XKEHUS PABHOBECHS.

1. BBEJIEHUE
ANTOpUTM CTOXAaCTHYECKOW ammpokcuManyu PoOOnHCca-MOHPO XOpOIIO H3BECTEH €€ C ISITHUICCATHIX
TOZIOB, HO €r0 HHTEHCHBHOC M3yUCHNE W MOANGUKALUS B HALIEH CTpaHe MPUXOISITCSA Ha CEMUIECAThIE ropl. | TaBHbIE
yCIIEXH B 3TOM HaIlpaBJICHUU CBA3aHBI ¢ UMeHeM akajgemuka S1.3. LlpmkuHa [1,2] 1 ¢ mpeAcTaBUTENIMH €ro MIKOJIBI
A.A. benens6aesoii [3], T.I1. Kpacynunoii [4] u ap. PesynbraToM nccineoBaHui sSBHIACh MOIU(UKALNS alNropuT™Ma
Po66unCca-Mounpo B crneayromieit Gpopme:

c,u=c,—Blny(c,—x,.,). (1)
-1,z<-A
Ipu stom, Y (z)=1 O, Z| <A | x,.=c*+&,,; — usMmepenue, &,,; — IOMEXA, Cy, Cyyj — OLEHKU BEIUUYUHBI C*
Lz=A

Ha N-OM ¥ n+1-0M m1arax oleHuBanus, § — mapameTp anroputma, 2A — BEIUYHHA 30HBI HETyBCTBUTEIBHOCTH [3].

BaxHeiimM, ¢ Hameil TOYKM 3pEHHs, TEOPETHYECKUM pPE3yJIbTaTOM SIBUIIOCH JIOKa3aTeJIbCTBO CBOWMCTBA
MHUHHUMAaKCHOCTH OLIGHKH anroputMma (1) B yCIOBHSX allpHOPHON HEONPEAEICHHOCTH O MOMeXe: HamxXymamuM (1o
JHICTIEPCHH OIIMOKH) SIBISUIOCH CHMMETPUYHOE pactpenerneHue Jlamiaca, ¥ UCXoas U3 3Toro (hakta oCymIecTBIUICST
noabop ¢GyHKuuMM Y, 4to obecrnednmBalio MUHUMYM jucriepcun ommOku [1,2]. OmHako, yke NpH JOCTHKEHHU
YKa3aHHOTO pe3yibTaTa pedb [UIa HE O IOJNHOH ampHOpHOM HEOIpPENeNieHHOCTH, a O O0ojiee Y3KOM Kiacce
HEBBIPOXICHHBIX pacHpeaeIcHUH.

Uccnenys anroput™m (1), A.A. benens6aeBoii [3] ynamochk chopMynmHpoBaTh yCIOBHs, IPH KOTOPBIX OICHKA
¢, SIBIIETCA HECMENICHHOW u cocroaTenbHOW. Kpome Toro, €0 OpUla mIpoaHaIM3WpOBaHA OTHOCHTEIHHAS
3¢ ($EeKTHBHOCT aNTOPUTMA II0 CPAaBHEHHWIO C METOJOM HAMMEHBIIHMX KBAJPaTOB IS HEKOTOPHIX BHIOB IIOMEX
(HOpMaJsIbHAs!, paBHOMEPHAsI, JIAIUIACCOBCKasl, a TAK)KE MOJICIIM THIIA «BBIOPOCOBY).

[TpuBenennast B [3] 3aBHCMMOCTH AWCIIEPCHHM OINMOKM OICHUBAHUS OT IUIOTHOCTH (p) M ¢yHKumu (F)
pacripenieleHisT MTOMEXH, a TakXke OT mapamerpa A, Mo3BoMIa CHOPMYTHPOBATH YCIOBHE HECMEIIEHHOCTH W

-1
COCTOATCIIBHOCTH OLUCHKHU C),: B > Bmin , T1C Bmin = [4p(A)] . KpOMe TOT0, IOMEXa JOJDKHA OBITH CUMMCTPHUYHA.

MuHnManbHasT TUCTIePCHsl OIIMOKK OLICHUBAHUS JOCTUIASTCS NpU yCioBHU B=2f3,,,. 3HAUUTENBHO HO3IHEES
OB paccMOTPEH MHTEPECHBIH YacTHBIM ciydail TpeyrosbHOM (CHUMIICOHOBCKOW) IOMEXH M IIOKa3aHO, YTO HpHU
OITHMAJLHOM BbIOOpE mapamerpa B aucriepcus OmmuOKH OLEHUBAHUS HE 3aBHCHUT OT BeIHYUHBI A [5].

Crenyer OTMETHTb, YTO JJIsl JOKa3aTeNbCTBA AaCUMIITOTHYECKMX CBOMCTB OLIGHKM OblIa HCIIOJb30BaHA
nH(pOpManus 0 MIOTHOCTH PACTIPEAEICHIUS BEPOSITHOCTEH TOMEXH HA TPAHUIIE 30HbI HEUYBCTBUTEIBHOCTH.

2. AHAJIN3 CUTY AN

[onmy4yeHHBIE pe3yNbTAaTHl OTHOCUTENHFHO BXHEHIINX aCHMITOTHYECKIX CBOWCTB OLIEHKH — HECMEIIEHHOCTH
1 COCTOSITETIFHOCTH — 0a3HMpyIOTCA Ha HETPUBHANGHOW MH(OPMAINH O BETUYHWHE TUIOTHOCTH PACIIPEIEeIICHIS TIOMEXH
Ha TpaHUWIE 30HBI HEYYBCTBUTEIBHOCTH (B O0OmEeM ciydae, jgaxe He B Hyne). Kpome Ttoro, tpeboBaHue
CUMMETPUYHOCTH MMOMEXH, XOTS U MPUHUMAETCSI MHOTUMU HCCIIEIOBATENSIMU allpUOPHO (HanpuMep, TaK Ha3bIBaeMble
«aKCUOMBbI MalTUKOBay), TAKXKE HOCUT OTPAHHYUTEIIEHBINA XapaKTep.

Takum 00pa3oM, JOKa3aTEIbCTBO HECMEIICHHOCTH U COCTOSITEIBHOCTH OIICHKU ¢, OBLIO TNPOBEACHO B
YCIOBUSIX CYUIECTBEHHO OTJIMYHBIX OT aHOHCHPOBAaHHOW amlpUOpPHOM HEOMpeAeNeHHOCTH O IMOMeXe, AaXe €CIHu
OTPaHUYMBATHCS TOJBKO HEBHIPOKACHHBIMU Momexamu. [1o 3Toll mpwymHE MOMOOHBIA METOJ JOKa3aTelIbCTBA HE
MIPEICTABIIIETCS TIOTHOCTBIO YOS IUTEIbHBIM.

lenp mamHON pabOTBl —TPEIJIOKUTH JAPYrod BO3MOXKHBIM TMyTh  JOKa3aTeNbCTBA  YKa3aHHBIX
ACHMITTOTHYECKUX CBONUCTB OIICHKH, CBOOOAHBINA OT TOZOOHOTO HACOJIOTHIESCKOTO HECOOTBETCTBHSI.

@2001, anekTpoHHas Bepcus nogrotossieHa 3A0 ABTIKC Cankr-lMeTtepbypr, http://www.autex.spb.ru
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3. IIPEOBPA3OBAHUE AJI'OPUTMA (1) K CUCTEME ABTOMATHUYECKOI'O YIIPABJIEHU S

BeezneM 0mmMOKy OLEHMBAHMS MCTHHHOH M3MEpSeMOii BenmduHbl ¢* kak €, = C, —C*. Torga CBOHCTBO

HCCMCIICHHOCTH OLCHKH Q)opMyanyeTCﬂ KakK Sn —> 0 npu n —> oo, HO,H COCTOSTCIIBHOCTBIO CJICAYCT MMOHUMAThH

JOCTH)KEHHE YKa3aHHOTO pe3yJsibTara IpH JII0OOM 3aKOHE paclpeseleHHsl IOMeX, TO €CThb, HE3aBUCUMO OT IIOMEXH.
Auroputy (1) mpuBoauTCs K cucteMe aBToMatndyeckoro ynpasienus (CAY), npuBeeHHOH Ha puc. 1.

xn - + Cn

HS » B/n —

Z-I

Puc. 1. Crpykrypaas cxema CAY, peanusyromeii aroput (1) (MOSICHEHUS B TEKCTE).

IIpencraBnennas CAY obnamaer nHTepecHbIMH cBoWicTBaMu. OHa NHUCKpETHA, 00JIajaeT NBYMsSI KOHTYpaMH
0o0paTHOM CBsI3W, OJJHA M3 KOTOPBIX OTPUIATEIbHA, NMEET HENMHEWHBIN 3neMeHT HD (HempeanbHOE pelie ¢ 30HOM
HEYIYBCTBUTENBHOCTH 2A, KOTOPOE peanm3yeT (QYHKIHMIO V), 3B€HO C IEPEMEHHBIMH HapaMeTpaMH, pealn3yroliee
YMHOXXCHHE Ha MacmTad B/ n, a TaKKe IUHHUIO 3aaepxkku Ha 1 Ttakr (Z h. HerpynHo Bupmeth, 9TO

chopMyIUpPOBaHHOE BBIIC TPCOOBAHME HECMEIICHHOCTH OIICHKH COBMAJacT ¢ (OPMYIUPOBKON aCHMITOTHYCCKOM
ycroiunBoctu CAY.

O0630p pa3NMYHBIX METOAWK OIICHKH yCTOHMUMBOCTH HenmmHeHHBIX CAY W aHanu3 yCTOHYMBOCTH JaHHON
CTPYKTYPHI TIPEJICTaBJICH B paboTe [6].

Y namock qoka3aTh, 4TO
— TIPH OTCYTCTBHH 30HBI HEUYBCTBHUTEIBHOCTH, TO €CTh, IIPH HICAIHFHOM pejieé B KaueCTBE HEIHMHEHHOTO 3JIEeMEHTa
(wm curnatypaoM anroputme (1)), nannas CAY He UMeeT aCUMITOTHYECKH YCTOMYNBOTO TIOJIOKEHHS pAaBHOBECHS,
— B Cly4ae OTPaHHUYCHUS TPOM3BOIHON MEepPEeNaTOYHON XapaKTEPUCTHKH HEIMHEHHOTO 3JICMEHTa (HAIpUMeEp, IyTeM
BBEJICHUS 30HBI HCUYBCTBUTCILHOCTH) ACUMITOTHYCCKH YCTOWIHBOEC MOJIOKCHUE PABHOBECHS IOCTHIKUMO;
— Ha XapaKTEePUCTUKU MOJIOKCHHS PABHOBECHUS TAPAMETPhI IOMEXH HUKAKOTO BIMSHUS HE OKAa3bIBAIOT.

[ToHsATHE «30HBI HEYYBCTBHUTEILHOCTH» HYXIACTCS B HEKOTOpOM mosicHeHHH. C OJHOW CTOPOHBI, MOKHO
BBECTH «@JITOPUTMUYECKYIO 30HY HEUYBCTBHTEIHFHOCTI» — (hOpMaNbHOE 33JaHHE BEIWIMHBI TapameTpa A alnropurMa
(1). C nmpyroit CTOpOHBI, CyIIeCTBYeT U «(pHU3UUECKash 30HA HEYYBCTBUTEIBHOCTHY, OIpEIeseMas YCIOBUIMH
JKCIICpUMCHTA M OOpabOTKM JaHHBIX (HAampUMEp, pPa3pSIHOCTBIO aHAJIOTrO-IU(POBBIX IMpeodpazoBaTeie,
MHUKPOIPOIICCCOPHBIMU OIMUOKAMHU OKPYTJICHUS W T.I.). TO €CTh, Cay4ail OTCYTCTBHSI 30HBI HEUYBCTBHUTEIBHOCTH
SIBIISIETCS] HEKOTOPOH BBIYUCIIUTEIILHOM a0CTpaKIueH.

4. 3akroucHUE

ABTOpBI CTaBWIIM CBOEH LEJIBI0 OOPATUTH BHUMAHUE Ha CYIIECTBEHHOE JIOTHUECKOE HECOOTBETCTBHE MEKIY
AQHOHCHUPOBAaHHBIM 0a30BBIM MPHHIMIOM ANPHOPHON HEONPEICICHHOCTH O 3aKOHE pACIpEAeieHHUs IOMEXH U
YCJIOBHSIMHM U OT'PAaHWYEHHUSMH, IPU KOTOPBIX OBLIM A0Ka3aHbl [3] BayKHEHIINE aCHMITOTHYECKHE CBOMCTBA OLICHKH C,
MOJIy4eHHO! NpU NpUMeHeHuu anroputMa (1).

[MpennoxxenHslit myTh npeacTasieHus anropurMa (1) B popme CAY 1o3BoJIMI PEIIUTh aHATOTHYHYIO 3a1a4y
— OIpeJeNleH’e YCIOBUI aCUMNOTOTHYECKON YCTOMYMBOCTH MOJOXEHUS paBHOBeCHs. TakuM €IUHCTBEHHBIM
YCIIOBUEM SIBIISIETCS HATMUYUE «30HBI HEUYBCTBUTEIBHOCTI.

PaGora BemonHeHa npu uyactuuHOM moamepxkke DIl «MHrerpamus» B paMKax —IIPOEKTa
No AO0141 «Ontuka u HaydHoe mpuoOopocTpoeHuey, pasmen «llomnepxkka VYHI[ «IIpubopbr u cpeactsa
aBTOMATH3ALMK Ul HAaydHBIX McclenoBaHMin» Ha 0aze Cankr-IletepOyprckoro I'ocynapcTBEHHOTO yHUBEpCHTETa
a’POKOCMHUYIECKOT0 MprbopocTpoeHust 1 MHCTUTYTa aHATUTHIECKOTO MpudopocTpoeHus PAH.
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Abstract. A method to determine the unbiasness and consistency conditions for the estimate of Tsipkine's modification of the Robbins-
Monro stochastic approximation algorithm is analyzed. It is noted that the conditions formulated contradict the basic principle of an a priori
uncertainty of the noise distribution law since their fulfilment requires the knowledge of non-trivial quantitative data, namely, the value of the noise
probability density function at the boundary of the dead zone. To prove the asymptotic properties stated, it is offered to reduce the algorithm to an
automatic control system and study the asymptotic stability of its' equilibrium state.

1. INTRODUCTION
The Robbins-Monro stochastic approximation algorithm has been well known already since 50s, but its
studies in Russia began in the 70s. The main advances are associated with the name of Ya.Z. Tsipkine [1,2] and his
collegues [3,4]. The studies have resulted in the modification of this algorithm in form:

c,u=¢c,—Blny(c,—x,.,). (1)

—-1,z<-A
Here, Y(z)=4 0,
Lz=A

n-th and (n+1)-th estimation steps, ﬁ is the algorithm parameter, 2A is the dead zone size [3].
The most important result is the proof of the minimax property of the algorithm (1) estimate under a priori
noise uncertainty conditions: the Laplace distribution was found to be worst (in respect of error variance) and this

Z| <A, x,. 1=c*+§n+ ; 1s the measurement, §n+ ;1s the noise, ¢,, c¢,,; are the estimates of c¢* at the

choice of Y has provided the minimum error variance [1,2]. But this result was achieved not for complete a priori
uncertainty but rather for a narrower class of non-singular distributions.

A.A. Bedelbaeva [3] has formulated the conditions when the ¢, estimate is unbiased and consistent and
analyzed the algorithm efficiency as compared to the least-squares technique for some types of noise.

The relationship for the estimation error variance as a function of density (p) and the noise distribution

function (F) and also of the parameter A given in [3] was used to formulate the ¢, estimate's unbiasness and
-1
consistency condition: B > B min » Where B min = [4 p(A )] . Besides, noise should be symmetrical.

The minimum estimation error variance is achieved if ﬂ:Zﬁmin. An interesting case of triangular noise was
discussed and it was shown that in case of an optimal [3 parameter choice the estimation error variance was

independent of the A value [5].
It is worth noting that to establish the asymptotic properties of the estimate, the information on the noise
probability density function at the dead zone boundary was used.
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2. VALIDITY ANALYSIS

The results concerning the most significant asymptotic properties of an estimate, unbiasness and consistency,
are based on non-trivial information about the noise distribution density at the dead zone boundary. In addition, the
symmetric noise requirement, though widely accepted a priori, is also a restricting one.

Thus the ¢, estimate's unbiasness and consistency was proved for conditions essentially different from the
announced a priori noise uncertainty even if we restrict ourselves to the non-singular noise case. Therefore, such
method of proving does not seem quite convincing.

The purpose of the present paper is to offer another possible way of establishing the above mentioned
asymptotic properties of estimation free of such conceptual discrepancies.

3. REDUCING THE ALGORITHM (1) TO AN AUTOMATIC CONTROL SYSTEM
We introduce an error of estimating the true measured value c* as €, =c, —c*. Then the estimate's

unbiasness property can be expressed as €, —> 0 at 7 —> oo. Consistency means here that the above result is
reached for any noise distribution law. The algorithm (1) can be reduce to an automatic control system (ACS). This

ACS is discrete, has two feedback loops, a nonlinear element (unideal relay, realizing the function V), a unit with
variable parameters and a one cycle delay line. It is easily seen that the above stated estimate unbiasness requirement
coincides with the ACS asymptotic stability statement.

A survey of various methods of evaluating nonlinear ACS stability and the analysis of stability for this ACS
can be found in [6]. It has been proved that
— if an ideal relay (i.e., with no dead zone) serves as a nonlinear element, this ACS has no asymptotically stable
equilibrium state;
— if the transfer characteristic of the nonlinear element is restricted (e.g., by introduction of a dead zone), the
asymptotically stable equilibrium state is achievable;
— the equilibrium state characteristics are independent of the noise parameters.

The term dead zone need some clarification. On one hand, we can introduce an «algorithmic dead zone» —

formal setting of the algorithm (1) parameter A value. On the other hand, there also exists a «physical dead zone»
defined by experimental conditions and data processing mode (e.g., by the ADC word length, etc.). That is, the case
with no dead zone is a computational abstraction.

4. CONCLUSION

The authors wished to call attention to a substantional logic disagreement between the claimed basic principle
of an a priori uncertainty in the noise distribution law and the conditions and restrictions assumed in the proof [3] of
the most important properties of ¢, estimate obtained using the algorithm (1).

The proposed way of algorithm (1) presentation in the ACS form has allowed us to solve a similar problem-
finding conditions for asymptotic stability of the equilibrium state. Such a unique condition is the existence of a «dead
Zone».

The work is partically supported by the Federal Special-Purpose Program «Integration» under the Project No
A0141 «Optics and Scientific Instrumentation», Section «Support of Trading Scientific Center based at St.Petersburg
State University of Air-Space Instrumentation and Institute for Analytical Instrumentation RAS».
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