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PedepaT: MerosoM OpTOrOHAJIBFHOrO MPOECKTUPOBAHMS MOIYYEHO B3aUMHO OJHO3HAYHOE OTOOPaKCHME XAOTHYECKHX CHTHAJIOB Ha
MOAIPOCTPAHCTBO BIOXKEHHUS, Pa3MEPHOCTH KOTOPOro Ooliee YeM B ABa pa3a MPEBBIIACT Pa3MEPHOCTh XA0TUUECKUX aTTPAKTOPOB B TUHAMUYECKUX
cUCTeMax C 3ama3fblBaHueM. IIpH YHCICHHOM INPEACTABICHHH XAOTHYECKHX CHTHAIOB IIEPHOJ JUCKPETH3AL[MU OINPENeNSeTCs] OTHOIICHUEM
BPEMEHH 3aIla3bIBaHMs CUCTEMBI K Pa3MEPHOCTHU NPOCTPAHCTBA BiIoxeHUs. OOCYKIAI0TCs CBOMCTBA OPTOTOHAIBHBIX MPOSKINH IS Xa0THIECKUX
curHanos. [IpencTaBiens! aTropuTMel A HHGPOBOH 00paOOTKH XaOTHUECKUX CHTHAIIOB.

1. BBegenue

B mocnemHme TOABI TpPEUTOKEHBI (PpakTalbHBIE METOIBI OOpaOOTKH CHTHANOB, MPHUPOAA KOTOPBIX
ompezenseTcss AMHaMUYecKuM XaocoMm [1]. dpakranbHas 00pabOTKa OCHOBaHA Ha YHCIEHHOM IMPEICTaBICHUH
Xa0THYeCKUX curHaioB [2]. B (a3oBom mpocTpaHcTBE IUHAMHYECKHMX CHCTEM XaOTHYECKHE TPAeKTOpUHM 00pasyioT
KOMITaKTHBIE MHO)XECTBA — aTTPAKTOPbl C KOHEYHOM M aApoOHOW pasmepHocThio [3]. Ilpm BoccTaHOBIEHMH
Xa0THYECKHX AaTTPAKTOPOB, YHCICHHOM MOJECIUPOBAHUHM XAaOTHYECKHX IPOIIECCOB, BBIYMCICHHH pPa3MEpHOCTH
(pakTaJbHBIX MHOXKECTB €CTECTBEHHO BO3HHMKAET Ipo0iieMa KOHEYHOMEPHOIO IPEJCTABICHHS HENPEPHIBHBIX BO
BpPEMEHH XaOTHUECKHX TpaeKTopuii [4]. XaoTnueckue CUTHAIbI 3aJaHHOH JUIMTEIEHOCTH 00JIalaloT HEOTPaHUYCHHBIM
10 4acTOTE CIIEKTPOM M IO 3TOH NMPHYMHE HE MUMEIOT TOYHOTO PA3JIOKCHUSI BO BPEMEHHOW Psi/i COTIIACHO M3BECTHOU
Teopeme orcueToB [5]. KoHeuHOMEpPHYIO almpOKCHMAIHIO Xa0THYECKUX CHTHAJIOB CIIEAYeT BBIOJHATH MO CHCTEME
JIMHEHHO HE3aBUCUMBIX (YHKIWH IUISl 3alaHHOTO WHTEepBajia BpeMeHHU [6]. OcTaeTcsl OTKPBHITBIM BOTPOC O BBHIOOpE
ONTUMAJIFHOTO TEepHOJa AWCKPETH3AIMH MPH OPTOTOHAIHHOM NPOCKTHPOBAHHH XAOTHYECKHX aTTPAKTOPOB, YTO B
CBOIO O4epeab OMNpeAeiseT TOYHOCTh NH(POBOH 0O0pabOTKM XaOTHUECKWX CHTHAIOB. B HacTosmeid pabote
paccMOTpeHbl MeTOABl LU(pPOBOW OOpabOTKM HENPEepHIBHBIX BO BPEMEHH XaOTHYCCKHX CHTHAJIOB, KOTOPHIE
(dopMupyroTCS B 0ECKOHEYHOMEPHBIX AUHAMHYECKIX CHCTEMaX C 3ala3AbIBaHIEM.

2. OpTOFOHaJ'll)Hoe MPOEKTHPOBAHUE XA0TUIECCKHUX CUTHAJIOB

K Hp06H€M€ KOHCYHOMCPHOI'0 MPEACTABIICHUA XaOTUYCCKUX CHUT'HAJIOB MOKHO IMOAXOAWTH, BOCCTAHABJINBAA
HeﬂHHCﬁHyIO JAUHAMUKY CHUCTEM C XaOTUYCCKUM IMOBCACHUCM. Taxoi noAxXoa pasBUBACTCA IJId 6€CKOH€‘IHOM€pHBIX
ANHAMUYCCKUX CUCTEM C 3alla3JIbIBAHUCM, KOTOPLIC OMPCACTIAOTCA HH(b(bepeHHHaHBHBIM YpaBHCHUEM 06H161"O BUaa

dx(t)/dt = F{x(t);x(t=T);u] )

rne F’ ssnsercs nennueiinbiv ¢byukunonanom, a U - GupypkaMoHHbIN apamerp.

XaoTnueckoe ToBeneHue cuctembl (1) Habmogaercs B oOmacTH CWIBHOW HepaBHOBecHOCTH [7]. st
HAXOXKJCHUS pelleHui cucTteMbl (1) HeoOXOaUMO 3aJjaHue HENPEPHIBHBIX HAYaJIbHBIX TPACKTOPUI HA WHTEpBAJC

BPEMCHHM, DAaBHOM 3aiepkke 1 _ COBOKYIIHOCTb BCEX TPACKTOpHil {X A (7)} mmrensrocTH T o6pasyer
KOMIIAKTHOE MHOecTBO - arrpaktop M (T ) B OECKOHEYHOMEPHOM (pa30BOM MPOCTPAHCTBE r (T) JUISL KCXOJTHOM
JIMHAMUYECKOH cucTeMbl. DpakTaibHas pasMepHOCTb L), Xa0THUECKHX aTTPaKTOpoB M (T ) B OCCKOHECYHOMEPHBIX
JMHAMHYECKHX CHCTEMax C 3ala3ibIBaHHEM SBIICTCS KOHEWHOH BemmunHoii. KommaxrHoe muoxectso M (T)
HMeIolIee KOHEUHYIO pa3sMepHocTh 1), MOXeT GbITh B3aMMHO OJHO3HAYHO CHPOEKTHPOBAHO HA IIOANPOCTPAHCTBO C
pa3MepHOCThIO BiokeHHs [3-4]. [TycTh XaOTHYECKUH aTTpaKkTop M (T) COJIEPYKUTCSI B KOMITAKTHOM MHOT000pa3nuu

pasmepnoctu [ 2 DC. KoneunomepHoe omnucaHue MABMXKEHUH Ha XaOTHYECKOM AaTTPAaKTOPE BO3MOXKHO B
2D+l
npoctpanctee BoccranoBnerus M ¢ nomompio N =2D+1 noBbix quuamMuueckux nepemeHHbIX. Bribepem
2 o .z .
s L (T) 0a3nc U3 OPTOHOPMAJIBHBIX (PYHKLIUH {(pl. (7);i=12,....N } , HallpuMep, B BUJIE BECOBBIX (DYHKLHH CO

CMCIICHMEM Ha KOHCYHOM HHTCPBAJIC BPEMCHU T CMGHIGHI/IG BO BpEMCHU Il COCCAHUX 0a3KMCHBIX (1)yHKIII/II\/'I

ONIpeIeNIeTCsl OTHOLIGHHEM BPEMCHH 3amasjbiBanms K pasmeproctn Bioxenns AT =T/ (2D+ 1). IMoctponm
. 2D+1 .
nmHeitHoe moxmnpoctpancteo M , HaTSIHyTO€ Ha  CHCTEeMYy M3 Oa3UCHBIX (PYHKIHA {QDI} Brinoiaaum

o 2 o
OPTOrOHAJILHOC IMPOCKTUPOBAHUEC XAOTUYCCKUX q)yHKIlI/II/I {xk (T)} us3 L (T) Ha JIMHCUHOC NOANPOCTPAaHCTBO

M2D+! .
2D+1

£,(1) = Zxk(i)cp,-(r) o x () =(x.,9) @

@2001, anekTpoHHas Bepcus nogrotossieHa 3A0 ABTIKC Cankr-lMeTtepbypr, http://www.autex.spb.ru



3-a MexxayHapogHasa KoHdepeHuns DSPA-2000

o o M2D+1
HpeHCTaBHTeHBHa}I ('I)yHKL[I/I}I xk (T) ABJACTCA B3aUMHO OJ/THO3HAYHOHW ITPOCKIHUEH B IIPOCTPAHCTBE JJIsA

Xa0THYeCKOH QyHKkumMu X, (T ) . Habop uauncen {x k (l), X, (2),...,xk (2D + 1)} B IIPOCTPAHCTBE R apnsercs

YHCICHHBIM NPEJCTABICHMEM HCXOAHON (yHKkimu. Koopaumatel BekTopa X P = {xk (l)} B o0meM ciydae
OTIMYAIOTCS OT JAUCKPETHBIX OTCUETOB XAOTHYECKOW TpaeKTopuu. IIpW BBIUMCIEHHMM KOOPIMHAT BEKTOpa

X P {xk (i)} mwar muckperHsarMM paBeH OTHOLICHHMIO BPEMEHM 3ala3bIBAHHS B CHCTEME K Pa3MEPHOCTH
snoxenns AT =T/ (2D+ 1).

Pasnocte Y, (T ) =X, (T ) —X i (T ) XapaKTepU3yeT IMOTPEIIHOCTh aIlPOKCHUMAIUK JIJIsl MCKOMOHM  (pyHKITHH.
ToYHOCTH KOHEYHOMEPHOTO MPHUOIMKCHUS ONPECIIACTCS HOPMO

2D+1 12

/ T
bl =l =] =] [ x50 ®

0
Hopma norpemsoctd (3) 3aBHCHT OT caMHMX (QyHKIMH X (T ), OJIHAKO OHA MOXET OBITh CIellaHa CKOJIb YTOJTHO

MaJIOH TpH BBIOOPE IOCTATOYHO OOJIBIION Pa3MEPHOCTH (2D + 1) [POCTPAHCTBA BOCCTAHOBIICHHUSL.

3. Mudposas 06padoTKa Xa0THYECKUX CUTHAJIOB
Ilpu wuCIONB30BAaHMU OPTOHOPMANILHOW CHUCTEMBbI Oa3HMCHBIX (YHKIHMHA C pPa3MEPHOCTHIO BIOXCHUS

JOCTUTacTCA B3aUMHO OJJHO3HAYHOC COOTBECTCTBUEC MEXKIDY Xa0THYCCKUMHU CHUTHaJlaMH Xk (T) , ux
M2D+1
npeaCTaBUTCIbHBIMU q)yHKIII/IHMI/I Xk ( T) B MPOCTPAaHCTBE BOCCTaHOBJICHUS u BCKTOpaMu

X, = {xk(l),x (2),...,x, 2D +1)} ® npocrpanctse eiicTBuTeNBHBIX unCEN R Veranosnennoe

B3aMMHO OJHO3HAYHOE COOTBETCTBHE IO3BOIIIET MEPEHTH K HU(PPOBOH 00pabOTKe Xa0THIECKUX CHTHaOB. [lokaxkeM
9TO Ha TPUMEPE BBIUUCIICHHUS KBAAPATHIHBIX (GOPM, KOTOPHIE XapaKTEPU3YIOT YHEPTHUIO W KOPPEIALNIO Xa0THYECKIX
curHanoB. KBagpatmunele ¢GOpPMBI A XAOTHYECKHMX CHTHAJIOB OIPENENSIOTCS C  33aJaHHOM TOYHOCTBHIO

KBaJPaTUYHBIMU (DOpMaMH Il WX TPEACTABUTCIBHBIX (DYHKIUI (xk ,xm) = (Xk ,Xm). Iycrs X P = {xk (i)}
ABIIAIOTCS KOOPAMHATAMHM (QYHKIMH X (T ) B CHUCTEME {QD[} ,a X m = {xm (l)} CIy’XaT KOOpJAWHATAMH (yHKIIHH

X, (T) B TOi1 ke cucteme. [Ipu opToHOpMaITEHOM Oa3uce {(Pl} HMEET MECTO PaBEHCTBO CKAJSIPHBIX MPOU3BEACHUIN
o 2D+1
JUTSL TIPEICTABUTENBHBIX ()YHKITHHA £ PR )em M3 IIPOCTPAHCTBA M U U1 COOTBETCTBYIOIINX BEKTOPOB X Pt

2D+1
X, u3 npoctpanctea N
2D+1

(£5,) = (X, X,) = 23,00, 1), @

CrnemoBarenpHO, KBaZpaTHuHas (opMa U1 HENPEPHIBHBIX XAOTHYECKUX CHUTHAJIOB OINPEICISIETCS C
HEKOTOPOH TOUHOCTBIO CKAJISIPHBIM MPOHU3BEAECHHUEM COOTBETCTBYIOIIMX BEKTOPOB (x f ,xm) = (X x X m) . Otcrona

KaK YaCTHBIN ciTydail BBIYUCIISIETCS] SHEPTUS XaOTUUECKUX CUTHAJIOB
2D+1

T
W =[x}t = Y, x (i) \ )
0 i=1

Yucno cmaraemsix N =2D+1 B cymme (5) onpesensiercs: pasMepHOCTBIO BIOKEHHS NP PEKOHCTPYKLIH
Xa0THYECKOTo arTpakTopa. Takum oOpa3zoM, 00paboTKa HENIPEPHIBHBIX BO BPEMEHH XaOTHYECKUX CHI'HAJIOB CBOAUTCS

. 2D+1 .
K III/I(l)pOBOI/I 06pa6OTK€ KOHCYHOMEPHBIX BEKTOPOB M3 IMMOCTPOCHHOTO MPOCTpPAHCTBA 9( JJIA JUMHAMH4YCCKOU
CUCTCMBEI C 3a11a3/1bIBAHHUECM.

4. 3akaouenue

Pa3noxeHre XaOTUYECKUX CHIHAJIOB Ha KOHCYHOM HHTEPBale BPEMEHH II0 CHUCTEME OPTOHOPMABHBIX
0a3ucHBIX (YHKIMH C pa3sMEpHOCTHIO BIIOKEHHs OONagaeT 3aMeyaTelIbHBIMH CBOWCTBaMH. B  pesyrnprate
OPTOrOHAILHOIO MPOCKTHPOBAHKS YCTAHABIMBACTCS B3aWMHO OJHO3HAYHOE COOTBETCTBHE XaOTHYECCKHX CHUTHAIOB M
MPEICTaBUTCIBHBIX (DYHKIUH M3 MPOCTPAHCTBA BOCCTAHOBIICHMS. lIpercraBuTeipHas (GYHKIHS SBISCTCS HanOoiee
OJMM3KOM K HCXOTHOMY XAOTHYECKOMY CHTHaIy. UHCICHHBIMH KOOPAWHATAMH XAOTHYECKOTO CHTHAIA SBIITIOTCS
KOO HUIUEHTBI PA3IOKEHUSI O CHCTEME OPTOHOPMAIbHBIX (yHKIHE. IIpOCTPaHCTBO BOCCTAHOBJICHHS  HMEET

HOMHHAIBHYIO pa3MepHOCTh Topsiaka IV = 2DC + 1, koropas onpenensercs GpaKTaIbHON PasMEPHOCTEHIO DC
Xa0THYECKOTO aTTpakTopa. HamOonpmmii mepnon AWCKPETH3alld MpPH BBYUCICHHN KOOPAMHAT XAOTHYECKHX

-2-
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CUTHAJIOB DPAaBEH OTHOLICHHIO BPEMEHH 3alla3/lblBaHUA B IUHAMUYECKOH CHCTEME K pPa3sMEPHOCTH BIIOKCHUS
At=T/ (ZDC + 1) . Hudposas 06paGoTka HENPEpHIBHBIX BO BPEMEHH XAOTHUECKHX CHIHAIIOB IPOM3BOIMTCS C

3aJaHHOM TOYHOCTHIO, WCIOJB3Yys YHCICHHBIE KOOPAMHATHI B  MPOCTPAHCTBE BOCCTaHOBIEHUs. llorpemHocTh
KOHEYHOMEPHOTO TIPEACTaBICHUSI XAOTHYECKHX CHIHAJIOB MOXKET OBITh CJAETaHa CKOJIb YTrOJHO Majod mpu
JOCTaTOYHO OOJBIION Pa3MEPHOCTH BIOXKEHHUS.

PaboTa BeIMONTHEHA TIpH TToAIepkke Poccuiickoro Gonma GyHIaMeHTAIBHBIX UCCIEAOBaHUH, MPOEKT Ne 98-
02-16722 u Ne 00-07-90147.
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DIGITAL PROCESSING OF CHAOTIC SIGNALS IN DYNAMICAL SYSTEM WITH DELAYED
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Abstract: The diffeomorphic map of chaotic signals generated by the infinite dynamical system is obtained by orthogonal projecting
onto the embedding subspace. The sampling period is determined by the ratio of delayed feedback time to the embedding dimension. The properties
of orthogonal projections are discussed. Digital processing of continuous-time chaotic signals is considered.

1. Introduction

In the last decade the fractal methods of signal processing are proposed [1-2]. The fractal processing is based
on digital representation of chaotic signals. In the phase space of dynamical system the chaotic trajectories are formed
compact subsets of finite dimensions. A strange attractor of finite dimension may be reconstructed from a sampled
time waveform of just one component of the state [3-4]. The chaotic signals of finite time length possess an infinitely
power spectrum and for this reason they do not sample at the Nyquist frequency [5-6]. The aim of the present paper is
to show that the digital representation of chaotic signals in the infinite dynamical system is possible in the embedding
subspace.

2. Orthogonal projecting of chaotic signals
Chaotic attractors of finite dimensions live in infinite-dimensional phase space of nonlinear system described
by the first order equation with delayed argument

dx(1) / dt = FLx(1); x(t = T); ] 0
where Fis the nonlinear function, and ‘LL is a control parameter [7]. To solve (1) it is necessary to define the
continuous-time trajectory X, (Z ) at the initial time interval O <7 < T, where T is the time delay of the system
feedback. The compact set M (T ) = {x © (T );t =kT+71,0<t<T } of the chaotic trajectories of length T
forms the chaotic attractor in the infinite-dimensional phase space Lz (T) of the nonlinear system (1). Let the
attractor M (T') of fractal dimension D_. be contained in the compact manifold M, of the dimension D = D,..

. .. D, . . .
The chaotic attractor M (T ) may be one-to-one projecting onto the subspace M™E of embedding dimension
D, 22D+1 [3-4].

2
In the infinite-dimensional phase space L (D of initial system (1) we choose the orthonormal basis

{(PI (T);i = 1,2,...,2D+1} contained (2D+1) the orthogonal functions, for example, the rectangular
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functions of the time shift. The sampling period At =T / (2D + 1) is determined by the ratio of delayed feedback

. . . . . . 2D+1 .
time to the embedding dimension. The linear functional subspace M~""" based on the orthonormal basis
{(Dl (iAt )} has an embedding dimension (2D+ 1). Chaotic trajectories X, (T ) are orthogonal projected onto

M2D+l )
2D+1

50 = 20000 | x()=(.0) o

The projection [(xk NS ), (xk O, ),...,(xk »Osp )]T of the chaotic trajectory X (T) lies on the

diffeomorphic image of the chaotic attractor in the embedding subspace. The numerical coefficients X (l)
determined by scalar product (2), generally, are differed from the sampled time waveforms.
Insert the difference function ), (T)=x k (T)—X k (T ) that is the approximation error of the initial

function X, (T ) . The accuracy of the finite representation (2) is determined by the appropriate norm of the error
1/2

) 712 T , 2D+1 )
= =] =] X} (Ddr = 20 ®
0 i=

The error norm (3) depends on the same chaotic function X, (T ) , however, it tends to zero for the embedding

dimension exceeding the normal value (2D, +1) .

3. Digital processing of the chaotic signals

L . . . . 2D+1
Orthogonal one-to-one projecting the continuous-time function onto the embedding subspace M offers
the possibility to use digital processing of the chaotic signals. Demonstrate it on the calculation of the quadratic forms

T
(xk >xm) = ka (T)xm (T)dT those determine an energy and cross-correlation of the chaotic
0

signals. In the case of the orthonormal basis {(PI (T);i =12,....2D+ 1} we have the equality of the scalar
products

2D+1
(£.2,) = (X, X,) = 2, x,(1)x,() @
i=1
therefore, (x i ,xm) = (X P X m) . For example, the energy of the chaotic signals is
T 2D+1
2 _~ 2
W=J.xk(r)dr= ZXk (5)
0 i=1

where (2D + 1) is the embedding dimension.

We will discuss the properties of the orthogonal projections and will show useful techniques of signal
processing of the experimental trajectories, observed in output of dynamical systems with delayed feedback.

This work was supported by the Russian Foundation for Basic Research (project Ne 98-02-16722; Ne 00-07-
90147).
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