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Jlis mepemadyn CUTHAIIOB ¢ OONBIION 0a30i1 B TEXHUKE CBSI3M, HABHTAIIMK M PATUONOKAINH, a TaKXKe JJII
Kpunrorpaguyeckux Ieneil HeoOXOIMMBI TICEBIOCTYYaiHbIC YHCIOBBIC IMOCICIOBATEIBHOCTH OOJIBIIOrO MEPHOJA.
Kak mpaBuiio, Takue MmoCiIe0BaTEIEHOCTH TEHEPUPYIOTCSA C MOMOINBI0 KOMIBIOTEPOB, TaK KaK TEXHUKA CIBHTOBBIX
PETUCTPOB, HCIOJb3yeMas I TeHepalu M-ToclieIoBaTeIbHOCTEH, HE IO3BOJIACT MOYYUTH OOJBIIUC 3HAYCHHS
nepuona. M3BeCTHBI alTOPUTMBI, HCIOJb3yeMble B PAa3IMYHBIX [AaKeTax I[POrpaMM MPUKIAJAHON MaTeMAaTHKH,
JTAIONINE TICEBJOCITyJaliHbIe TOCIIEIOBATEILHOCTH YUCEN, PAaBHOMEPHO pacmpeneneHHsx B mHTepBasie [0, 1]. OHm
OCHOBaHbI Ha PEKYPPEHTHBIX MPE0OpPa30BaHHUAX HEKOTOPOTO YHMCIA, B3ATOrO B KAa4eCTBE HAYalbHOrO ycioBus. [Ipu
9TOM, Ui OOECIEeUYCeHHUs] PaBHOMEPHOCTH DPACIPENENICHUs] UCIONb3YIOTCS, KaK MPaBHIIO, OMEPalMd yMHOXEHHS,
ciioeHust u jorudeckas onepauust mod. [ToCKOIbKY BBIYMCICHUS MOCIEIOBATENLHOCTH MPOU3BOIATCS C KOHEUHOMH
pa3psAMHOCTBIO, T.6. HAa KOHEYHOM MHOXXECTBE 4YHCEN, a aIrOPUTM BBIYHUCICHUS JIETEPMUHHUPOBAHHBIN, TO
JUTNTEITBHOCTD HETIEPHOAMICCKOTO CETMEHTA MTOCIICIOBATEIIPHOCTH HEN30CKHO OTpaHIYCHA.

Kaxnplii 1mar moposkKJaroliero peKyppeHTHOTO alTrOpUTMa TeHepaTopa CIIy4YaiHbIX YHCcel, 3aJaHHOTO Ha
YHCIOBOM OTpe3Ke JIMHOM M, OJHO3HAYHO OIpeaeNeNsseTcss KOHKPETHBIM 3HadeHHeM d-MEpHOTO BeKTopa
HAYaJbHBIX WM TEKYIIMX 3HaucHW. Pa3mepHOCTh BekTOopa d ompenenseT pa3MEpHOCTh TEOMETPHICCKOTO
NIPOCTPAHCTBA ANTOPHTMA H, TEM CaMbIM, 00BEM BCEX 3HAYCHHI BEKTOPOB, paBHbIl M. KakmoMy mary aaropurma
COOTBETCTBYET OINPECJICHHOE 3HAUCHNE BEKTOpa B MPOCTpPaHCTBE pa3MepHocThio d. [Tonmananue anroput™a B OfHY U
Ty e TO4Ky d-MEpHOro MpOCTPAHCTBA O3HAYAET BBIXOJA MOCJIENOBATENBHOCTH Ha mepuoa. I[lo ycioBHIO
OJTHO3HAYHOCTH AJITOPUTMA BCE LIUKJIBI MTOCIICA0BATEILHOCTH HE JIOJDKHBI MIMETh HU OJIHOM 001ieil Touku B d-MepHOM
MPOCTPAHCTBE, B MPOTUBHOM ClIydae peUICHHe aIrOpUTMa Ha ITOM Miare OyaeT HeOJHO3HAYHBIM, B TO BpeMs Kak B
peanu3aluii mociae0BaTeIbHOCTH MOTYT COJEPIKATHCS OIMHAKOBBIEC YICHBI.
3nauenne M  onpenenseTr MaKCHMaTbHO — BO3MOXHYIO JUIMTENBHOCTh — HENEPUOJMUYECKOH  peau3aliui
MOCIIeIOBATENEHOCTH. [IpakTHYeCKH JUIMHA TOTO CErMEHTa MOXET OBITh MCHBIIEC Ha YUCIO HAYAIbHBIX BEKTOPOB,
MIPUBOASAIINX K IIUKIAM MEHBIIETO MEPUOJIA, ECIIU OHU CYIIECTBYIOT.

Ecim mpu YuCIEHHOM SKCIEPUMEHTE 3a pa3yMHBIC BPEMEHA YAaJIOCh OOHAPYKUTh, YTO alroput™m reHepupyer Cy
OUKIOB JUIMHON Kk wieHoB u k. - JJIMHA HaWJICHHOTO IUKJIA HAMOOJBINEH JIMTEIBHOCTH, TOTJa MaKCHMalbHas
JUTMHA HETIEPHOAMYCCKOTO CETMEHTA MOCIICIOBATEIBHOCTH Ly, , OYJET HE MPEBhINIATh 3HAYCHUS:

max

LmaX :Md - ch -k (D
k=1

Bripaxkenne (1) maer BEepXHIOI OLEHKY JJIMHBI HETIEPUOIUYECKONW MOCIEAOBATENBHOCTH L. , (hopMupyeMoit
JAHHBIM AJITOPUTMOM, MMOCKOJBKY B 3TOH (hopMyie HE YYTCHBI IIUKIIBI 0OJIee BBICOKOTO IMOPsIKA, KOTOPBIC MOXKET
OBITH CYIIICCTBYIOT, HO HE HAWJICHBI.

B [1] ObUIO TpEANOKEHO HCIOIB30BATH ISl TEHEPAIMU TICEBOCITYYAHON MOCIeI0BATEIBHOCTH AITOPUTM,
ponuBmIMiics U3 MaTeMaTHdeckod Mmojaenu reHepatopa CBY-mymoB — mymotpona [2]. CyTh 3TOro amropurma
COCTOUT B TOM, YTO MCIIOJIb3YETCsl KOJbIEBasi CUCTEMA C 3ala3[bIBAHMEM, U BMECTO OJHOTO YHUCIA, MOIJIEXKAIIEro
npeobOpaszoBanuto, purypupyer d umcen, T.e. d-MepHbIA BekTOp. CTEIIEHHOHN XapakTep 3aBUCUMOCTH B (1) mo3BoseT
HAJCATHCSI HAa BO3MOXKHOCTH CYIIECTBEHHOTO YBEIMYCHHS MAaKCHMAaJbHOTO IIEPHOAA, HECMOTPS Ha BO3MOXKHOE
CYIIIECTBOBAaHHE B CHCTEME KOPOTKMX IUKIOB. OIEHKE BETMYMHBI MAaKCHMAaJIbHOTO IIEPHOAA B 3aBHCHMOCTH OT
pa3mepHOCTH anroputMa d mocBsimieHa Hactosimas paborta. IIpm Mambix d MOKHO TBITaThCS BBIABUTH IIUKIBI 32
pa3yMHBIE BpeMeHa mepeOopoM HadabHBIX 3HaueHuil. IloaToMy B maHHOW paboTe pacCMOTpEHHE OTpaHMIUBACTCS
ciydaeM pazmepHoctu d =2 - 4.

J1st BBISICHEHHsI XapakTepa 3aBUCUMOCTU BEJIMYMHBI MAaKCUMaJbHOIO IMKJIA OT Pa3MEpPHOCTH, BBIUMCICHUS
MIPOU3BOJMIIUCH TI0 ANTOPUTMY, (POPMHUPYIOIIEMY TCEBIOCTYYaHHYIO MOCICAOBATEIBHOCTD IENBIX IMOJIOKUTEIBHBIX
gmcen Ha uHTepBaie [0, 255] [3]. B atom ciiyuae M = 256. Pa3mepHocTth anropurMa d BappUpoBasiach OT 2-X JI0 4-X.
Jns Beraucnenuii ucnonb3zoBanachk Bepcust MATLAB 5.2. HauanbHble yclioBus 3aaBajiuch C MOMOIIBIO TeHepaTopa
CIy4aiHBIX 4HceN (TOCIeI0BaTEIFHOCTh YUCEI, PABHOMEPHO paclpeleieHHbIX B uHTepBaie [0, 1]) ¢ yMHOXKeHHEM
Ha 255 wm okpyrieHueM 10 Omkaliiero menaoro uyucia. [IpoBoamioch BBIUMCICHHE INEpBBIX 16384 3HaueHHi
nocienoBarenbHocTH. [locne 3Toro ¢ momortisio ABoitHOro BII® ocymiecTBisicS MOUCK «KOPOTKOTo» nepuoaa. Eciu
OH OKa3bIBAJICSA Oe3pe3yNbTaTHBIM, pean3alus 3allOMHHANAch Ha JWCKEe, M BBIUHACISUIACH cienyromue 16384
3HA4YEeHHUI TociieoBaTeabHOCTH. KOoppensnoHHbI aHaId3 MEpPBOTO U BTOPOTO CETMEHTOB C MOMOIIBIO JIBOMHOTO
BII® mo3Bomsin HAWTH BETUYHMHY TIEpHONa, €CM OH He mpeBbiman 32768. Ecnu ke mepruon He HaXOIWJICS, BTOPOM
OTPE30K CTHPAJICS W3 ONEPaTHBHOHN MaMsATH, W HAaYMHAIACh T€HEpalus CIeXylomero cermenra. Jlamee mpoBOIMIICS
KOPPEIJAIHOHHBIN aHAIW3 BHOBH BBIYMCIICHHOTO CETMEHTA, NMPHCOCIMHEHHOTO K mepBoMy. M Tak 10 HaXOXICHHS
meprona. B Xoxe BbUMCIEHHWH OOHAPYXKIIOCH, YTO HE BCE BEKTOPA, B3AThIC B KAYCCTBE HAYAIBHBIX YCIIOBHH,
MIPUHAAJICKAT IUKIaM. BobIast 4acTh 3THX BEKTOPOB BXOJUT B TaK Ha3bIBacMbIe OacCCEWHBI ITUKIIOB. BBIXoa Ha UK
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C TaKMX HAYAJBHBIX YCJIOBHH TMPOJOJDKAICA B TEUEHHE OOJBIIOTO YHCIa WTEpaIfid, 3a9acTyl0 IPEBBIIIAIONIETO
Meprol NUKIa. B cBs3M ¢ 3TUM MOWMCK IHKJIa ObUT HECKOJBKO BHIoW3MeHeH. CHavalla TeHEpHPOBaIach HEKOTOpas
JUIMHHAS pean3aIisl IMOCIeHOBAaTeIbHOCTH, W 3alIOMHHANCS KOHEYHBIH €€ CEerMEHT B IPEONOI0KEHHH, YTO STOT
OTPE30K YK€ NMPHHAMISKUAT caMOMy IUKITy. KoppeauuoHHBIH aHANMN3 IPOU3BOIMICS IUIS TTOCIEAYIONINX CETMEHTOB
MTOCTICIOBATENIEHOCTH YK€ B COIOCTAaBICHWH C MJaHHBIM. B ciydae IOATOTO OTCYTCTBHSI 3HAYMMOTO YPOBHS
KOPPEJIINH B Ka4eCTBE CErMEHTa CpaBHEHH BBIOMpaics eme OoJiee MO3AHMI CerMEHT MOCTIeI0BATEIEHOCTH U T.1.
IIpu uccnenoBaHuM anropuT™Ma ¢ pa3MEpPHOCTHIO d = 2 BBISBHJICS CIICKTP IMKIIOB:
«1», «d», «T», «22», 25», «T6», «127», «382».

[Ipu 3TOM peanu3anuu MociaeI0BATEIFHOCTH B IIMKIIC JAHHOTO MOPSIKa OBUIM MOTHOCTHIO WACHTHYHEIL. McKimoueHue
COCTaBHJI TOJIbKO LHUKI «25», B KOTOPOM HAONIOMANUCh pEaaM3aldd JBYX THIIOB. YCTOHYMBOW TOYke |
cooTBeTcTBOBaNM HavanbHble ycroBus (0, 0). PasMepsl OacceliHOB, T.e. KOJIMYECTBO UTEPAIM, MPEIIISCTBYIOIINX
BBIXOJly Ha IMKJ, KaK MMPaBHJIO, MPEBhIIAIN pa3Mepbl MAKCHMATBHOTO IMKIIA. BennyrHa MakCUMabHOTO IUKIa 382
6biTa GOIIbIIE KOIMIECTBA HCIOIb3yeMbIX drceT M = 256, HO MeHbIIe «00beMay MPOCTPaHCTBa 2567,

IleHeparust TICEBIOCITYYaliHBIX TIOCIEIOBATEIBHOCTEH alrOpUTMOM pasMepHocThio d = 3 mpuBena k
CYIIIECTBCHHOMY YBEJIMYEHHUIO BEIMYMHBI MaKCHMAJIBFHOTO IMKJIA, B TO BpPEeMs KaK KOJMYECTBO THIIOB ITHKIIOB
YBENMYMIOCH He3HAUNTENHHO. CIIEKTp HUKIOB B 3TOM CITy4yae BBITJIAACI CIeTyIONIIM 00pa3oM:

«I», «5», «T», «28», «43», «117», «1313», «4566», «5292», «46894».

Haubomemmm GaccefiHoMm obmaman mukn «4566». O peamusoBbBasicss B 60% ciaydaifHO BBEIOpaHHOTO BEKTOpa
HAYaJbHBIX ycIoBHU. [Ipy 3TOM KOJIMYECTBO WUTEpAIIHid, MPEIIICCTBYIOMIUX BBIXOIY HA IUKJ, COCTABISUIO B CPEIHEM
BenuuuHy 5-16384 = 81920. MMmena MecTo Takke MHOKECTBEHHOCTh IHUKIIOB «7» (0K0JI0 60 THITOB) M ITUKIIOB «28»
(2 Tuna). Haubonpummii muxn «46894» mpu 3amycke ciry4ailHO BBHIODaHHBIMH TpeMs YMCIaMH HaydaJbHBIX YCJIOBHH
Berpevancs npumepHo B 10% ciygaeB. Brixony Ha 3TOT OMKIT HpeAmIecTBOBaii0 B cpemHem 2-16382 = 32764
UTEpaIHU.

Ausroput™ ¢ pa3MepHOCTBIO d = 4 He BHEC B KAUECTBEHHYIO KapTUHY HUYEr0 HOBOTO. CIIEKTP IMKIIOB:

«1», «15», «13107», «17671», «978927».

HauOonpmmii nukn Berpeyanics B 60% ciydaeB u oOnanan HanbonpmuM OacceiiHoM. i BBIXOAa HA 3TOT IMKI CO
CJIy4aifHO BEIOpaHHOT'O BEKTOpa HadaJIbHBIX YCJIOBUH TpeboBanock B cpenueM  50-16384 = 819200 nrepanuid.

Takum 00pa3oM, MOKHO YBEPEHHO YTBEPXKIATh, YTO MAKCHMAIBHOTO IMKJIA BEIHMYHHON, OJU3KOH K 00beMy
MPOCTPAHCTBA PEIICHHH B MAaHHOM KJacce alrOpUTMOB HE CYIIECTBYeT. DTOMY IPEMSATCTBYeT Hajamdue Ooiee
KOPOTKHX LHUKJIOB, a TakKe CYIIECTBOBAaHHE OOMIMPHBIX OAaCCEHHOB NPUTSDKEHHS K PAa3IMIHBIM IHKIaM. TeM He
MEHEee, C YBeIMUYEHHEM pa3MEepHOCTH MpocTpaHcTBa pemeHuid ¢ d = 2 1o d = 4 mMeeT MeCTO CYIIeCTBEHHBII
(cTenmeHHOM) POCT BEIMYMHBI MaKCHMAaJIbHOTO IMKIA. [IpOoBeIeHHBIE pacdeThl MO3BOJSIOT OLEHHUTH XapakKTep pocTa
BEJIMYMHBI MaKCHMAJBHOTO NHKJIAa C yBelWdeHHeM pasMepHocTd. OtioxuM Ha amarpamme puc.l mo ocm X
Pa3sMepHOCTh ANTOPHTMA, @ IO OCH Y - JECATHYHBIC JIorapu(MBl BEIHMIHMHEI 00beMa (ha30BOTrO MpocTpaHcTBa V U
JICCATUYHBIC JIOTaPU(MBI JUTHHBI MAKCUMATBHBIX IUKIOB N.

Pnc.1
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Kak BuzmHO U3 Tpaduka, mpsiMas, COOTBETCTBYIONIAS [UTHHE MaKCUMAJIbHBIX ITUKIOB, IIPOXOIHUT CYIICCTBEHHO
HIDKE TIPSIMOIl 00bEMOB M MIMEET MEHBIINHA HAKIOH. HeTpymHO BBISBHTH AMIMPHYECKYIO 3aBHCHMOCTH BEITHYMHBI
MaKCHMAaJBHOTO IHUKJA Ny, OT pa3MepHOCTH anropuTMa d. 3aBUCHMOCTH BBITIISIIUT KaK

N e =256%%% 2

DT0 3HAYHT, YTO OKHAACMBIN MAKCHMAILHBII UK B 5-MEPHOII CHCTEME COCTABHT BEIMUHHY mopsika 4-10”.

Ha ocHOBaHWUM TMONYYEHHOrO BBIpaXKeHHWs (2) ClieAyeT, UYTO OICHKY BEJIMYHHBI IEPHOJA
T0C/IEI0BATEILHOCTH, (POPMHUPYEMOii aropuTMoM ¢ 3amaszsiBanueM N = 256° | npusesennyio B paGore [3], Hamo
paccMaTpUBaTh KaK CYIIECTBEHHO 3aBBIIICHHYIO.

JITMTeTbHOCTh  HENEPHUOIMYECKOTO CeTMEHTa XaOTHYECKOH ITOCIEeTOBATEIBHOCTH MOXKHO YBEIHYUTH IO
CPaBHCHHMIO C BeNWYMHON (2) 3a cueT (OpPMHUPOBAHMS IIOCIEAOBATEIHLHOCTH B 00OBeMe OacceliHa MPUTSHKCHUS
HaliIEeHHBIX LMKJIOB. YBEIMUYMBAs K€ PasMEPHOCTh AITOPUTMa, MOXKHO IIONYYUTHh HEMEPUOTUYECKHH CErMEHT
TICEBAOCTYyYalHON MOCIEA0BATEIbHOCTAM 3aJaHHOM JIJTMHBI.

PaboTta BBIIONIHEHA TipW TIojepkKke Poccuiickoro GoHma GyHAAMEHTaIBHBIX HCCICIOBAHHUMA, MPOCKTH No
98-07-90299 u Ne 00-07-90147
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THE LARGEST PERIOD OF PSEUDO-RANDOM SEQUENCE FORMING BY DISCRETE ALGORITHM
WITH DELAY
Belyaev R.V.,.Vorontsov G.M, Zalogin N.N., Kolesov V.V.

Institute of Radioengineering and Electronics RAS
103907, Moscow, Mokchovaya, 11

For transmitting of signals with large base in communication, navigation, radar and also for cryptography it is
necessary to use pseudo-random numerical sequences with large period. Commonly such type sequences are
generated by computing because the technique of shift-registers, ordinary used for obtaining M-sequences, doesn’t
allow to have large period. There are known the algorithms that are used in variety of applied mathematics program,
forming pseudo-numerical sequences with uniform distribution on interval [0,1]. These algorithms are based on
recursive transformations of some number taken as a start condition. At that for providing uniform distribution there
are used the procedures of multiplication, adding and logical operations such as "mode". As the calculations of
sequence are carried out with finite digit, i.e. on finite numerical set, and algorithm of calculations is deterministic
then the length of nonperiodical realization of sequence is inevitably limited.

Every step of the generating recursive algorithm, fixed on numerical section with length M, is defined
uniquely by an actual value of d-dimensional vector of start or current conditions. The dimension d of this vector
defines the dimension of geometrical space of algorithm and by this the volume of all values of vectors. This volume
is equal to M®.  Every step of calculation of algorithm is corresponded to a definite value of vector in d-dimensional
space. If algorithm hits into the same point of d-dimensional space then it signifies that process of calculation has got
on the cycle. Under the condition of algorithm’s single-valuedness all cycles of sequence do not able to have two
common points in d-dimensional space. In opposite case the solution of algorithm on the step will be ambiguous. But
at the same time there is possible to have equal members in realization of sequence.

A value M defines the maximum possible length of nonperiodic realization of sequence. On practice the
length of such period may be less of the shown value on the number of start vectors which are leading to cycles of less
periods if ones exist.

If on a numerical experiment for reasonable time it was occurred to find that algorithm generates Cy cycles of
length k and ki, is the length of the most longest of them than the maximal length of nonperiodic realization of
sequence L., will not more than value

kmax
Lo =M= Y C -k ()
k=1
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The expression (1) gives the upper rating of a length of nonperiodic realization of the sequence generated by
algorithm. So in expression (1) there is not taken into account the cycles of more high order which may be exists in
reality but were not found.

For generating pseudo-random sequences it was proposed in [1] to use the algorithm, founded on the base of
mathematical model of generator of UHF- noise named shoumotron [2]. In this algorithm it is used a ring-circuit of
transformation with delay and instead of one number subjecting to transformation there are d-numbers, i.e. d-
dimensional vector. The power character of dependence in relation (1) allows to hope on essential period increasing in
spite of that there are possible an existence of cycles with less periods. The evaluation of maximum period in
sequences generated by this algorithm in dependence of its dimension d is the object of this study.

A little value of d makes possible to find cycles for reasonable short time of calculation by means of selection
of start values. Therefor this study is limited by consideration only algorithms with dimension d = 2+4. The search of
cycles was fulfilled by correlation analyses with Fast Fourier Transformation of sequence’s segments with length
16384. The algorithm with dimension d =2 had the follow spectrum of cycles:

«I», «d», «T», «22», 25», «16», «127», «382».

At that realizations of sequence in the cycle were completely identical excepting the cycle «25». The size of
basin, i.e. the quantity of iterations before exit on cycle, were more as a rule the size of maximal cycle.

Generation of pseudo-random sequence with d = 3 results in substantial increasing of maximal cycle value.
The spectrum of cycles in this case shows as:

«I», «5», «T», «28», «43», «117», «1313», «4566», «5292», «46894».

The cycle «4546» had the most basin. It was realized in 60 % of cases of start value vectors. At that number
of iterations before achievement of cycle was equal to 5-16384 = 81920 on average. There was also a number of
cycles «7» (nearly of 60 types) and cycles «28» (2 types). The cycle of most length was «46894» and it was realized
under the conditions of randomly selected start value for 3 numbers in 10% of sampling. Number of iterations before
achievement of this cycle was equal on average 2-16382 = 32764 iterations.

Algorithm with dimension d = 4 didn’t make any news in quality pattern. The spectrum of cycles has the
structure:

«1», «15», «13107», «17671», «978927».

The cycle of most length was occurred in 60% of sampling and it has the most basin of attraction. To
achievement of this cycle with starting from randomly selected start conditions it was needed on average 50-16384 =
819200 iterations.

So it is possible to state positively that maximal cycle with a length nearly equal to volume of space of
solutions for algorithm of this class does not exist. It is opposed to this the presence of other cycles with periods of
less values and existence of. basins of attraction to cycles having rather large values. Nevertheless on increasing the
dimensions of solutions space from d = 2 to d = 4 there were observed substantial growth of maximal cycle’s period.
The calculations allow to give estimation for dependence of maximal length period on dimension d. Such empirical
dependence may be shown as:

N, =256%63 )

This means that expected maximal length period for algorithm with dimension d=5 will be equal 4 10".On
the base of expression (2) it is followed that the evaluation of sequence period generated by algorithm with delay N =
256" given in [3] is essentially overestimated.

The nonperiodic segment of pseudo-random sequence duration may be increased in comparison with value
given by (2) at the expanse of sequence forming in volume of founded cycles basin attraction. By increasing the
algorithm dimension it is possible to get nonperiodical segment of pseudo-random sequence with needed length.

This study was fulfilled under the support of Russian Foundation of Basic Research, projects Ne 98-07-90299
and Ne 00-07-90147.
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