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Paccmorpum moBenenue 1u@poBBIX cucTeM (a30BOW CHHXPOHM3AIMM IEPBOTO M BTOPOTO HOpPSIKa
(cootBerctBenHo LICPC1 u ILCOC2) mpu Hammuum B 3ajaromieM KoyieOaHWM (UKCHPOBAHHON YacTOTHOM
paccTpoiiku f, ¢ OJHOBPEMEHHBIM HAOXKEHHEM Ha HETO aAJUTHBHOTO KaHAJIBHOTO IIymMa. B OCHOBY mocTpoeHms
anammsupyeMbix [[COC momoxkuM mpuMmeHsemble B Mofemax [1,2] anroputmbl mudpoBoi QribTpannu, KOTOPHIS
3aJ]al0TCS CIICAYIOINMH Pa3HOCTHBIMHU YPaBHEHUSIMHU:

HCOCl1-
plkl=@[k—1]+o-Ag[k-1], (1)
HCPC2-
o[k]=2-¢[k—1]-0[k-2]+k1-A@Q[k—1]+k2-A@p[k-2], 2)
rre (k] — 3HaueHue aswl MOACTpauBaeMoro Kosiebanus Ha k-oM 11are KOppeKunmy;
A@[k] — 3HaueHue curHana Ha BeIxoze (azoBoro nuckpuMuHaropa (PJ1) B k-TbIif MOMEHT BpeMeHH;
o, k1, k2 — mocrostaHbIe KOAddUIMEHTHI, onpeaesstomue xapakrepuctiku LICDC.
JIucKpMHHAIMOHHYIO XapakTepucTuky ®JI Oyzem mojiarath CHHYyCOUAANbHON. [Ipy 3TOM MOXKHO TIOKa3aTh,

qTOo
A@[k]=sin y[k]+n.[k], 3)
rae
YIKI=P[K]-9[K], )
®[k] — oTcueTsl (asbl 3aaar01Iero Koyebanus, onpeesieMble B pacCMaTpUBacMON CUTyalny Kak
olk]=w, ki o, =2-n-f /f, (5)

f4— yacToTa AUCKpeTU3aIY;
n.(k) — OTCYETBI AUCKPETHOTO LIEHTPUPOBAHHOT'O OEJIOr0 rayCCOBCKOTO LIyMa C KOPPEISIMOHHON (QyHKIMEH BUa

B=D-x[k], (6)
D- mucniepcus myma;
1, k=0
X [k] = — IIOCJIEIOBATENLHOCTD “‘€ IMHUYHBIN OTCUET” .
0, k#0

Vpasuenus (1), (2), (3) u (4) mo3BostoT M300pa3uTh 000OIIEHHYIO CTPYKTYPHYIO CXEMY paccMaTpHUBaeMbIX
HC®C B Buze, nokazaHHOM Ha puc.l.

Bynem paccmaTpuBaTh peXHM CIICKCHUS, IMOJIaras OTHOLICHHE “‘CHTHANI — IIyM~ B KaHAJC JOCTATOYHO
BBICOKUM (>6 nb). DTO MO3BOJISIET JMHEApHU30BaTh CHCTEMY, M300pakeHHylo Ha puc.l, Tak kak mpu Y(k)<<l
| sin(y)=y, u MI03TOMY 3BEHO c
! HEIMHEWHOCTRIO  sin Y “myHTHpYeTCH
1 nyHKTHUpHOW JunHued. Ilpu 3TOM B cuiy
1
I MPUHIUIA  CYINEPIO3UIMA  OKAa3bIBACTCS
1
1
1
1
1

k)

KOPPEKTHBIM Da3lIe/IbHBIA aHAIU3 PEeaKIuu
cuctemsl Ha BozaercTBus P(K) u n (k).

3HaycHUS (bUrypupyrommx B
ypaBHenusx (1) u (2) mapamerpoB o, k1 u k2
MPOTHBOPECYMBEIM ~ 00pa3oM  BIHSAIOT Ha
XapaKTCPUCTUKA CHUCTEM: C HUX POCTOM
yBEeIMUYUBACTCsA (DIYKTyallMOHHAs OIIUOKa,
OJTHAKO OJTHOBPEMEHHO COKpaIaeTcs
JUINTETTFHOCTh ~ TIEPEXOMHBIX  IPOILECCOB.
[TombITaemcst MOMTyYUTH KOJMYECTBEHHBIE COOTHOIICHNUS, OIICHIBAIONINE 00a 3THX (haKTopa.

OyKTyalMOHHYI0 OIMMOKY CHCTEMBI OyIeM OIICHHBATh C IMOMOIIBI0 JUCTEPCHH Dy, BBIXOTHOTO IIyMa
Ny (K). IIpu aToM ananu3 [ICOC2 npoBeneM OTHOCUTEIHHO JBYX BO3MOKHBIX BAPHAHTOB €€ IPUMCHEHUS:

1) cnexxenue 3a ¢a3oi 3aaaromero KojaeoaHus,

2) u3MepeHue yxo/a 4acToThl f, 3a7aromero Koieoanus.

B mepBoM cinydyae B kKauecTBE BBIXOJHOH BENWYHMHBI OyZeM paccMaTpuBaTh ((k), a BO BTOPOM — pa3HOCTh
¢[k]-¢[k—1], koTopass B ycTanoBmBmeMcsa pexumMe BBuUAY OTcyTcTBHA B LICDC2 cratndeckoil OmMOKH CIEKEHUS

Pac.1

nmponopuruoHaJbHa OTHOCHUTEIIBHOM YaCcTOTHOM paCCT‘pOﬁKI/I fr /fd .
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olk]-oplk -1]= ok]- @[k —1]=2x-f, /t, . 7)

Jlnst OLEHKM JAWCTIEPCHHM BBIXOJHOTO IIyMa HEOOXOAMMO ONPEACHUTH IEPEaTOYHYI0  (YHKIHUIO
JIMHEAPU30BAHHON CHCTEMBI, MpeoOpa3yroliell CiIyd4ailHyr0 MOCIEI0BaTeNFHOCTh N [K] B OTCUETHI HIyMa Mgy (K),
HEINOCPECTBEHHO HaJIOKEHHBbIE Ha BBIXOAHYIO BenuuuHy. C ydyeroM BelpakeHui (1), (2) u (7), HeTpyAHO MOKa3atsk,
4TO

H,, @ =o/[z—(1-a]; ®)
H,. () =(kl-z+k2)/[z* -2 -k1)- z+ k2 +1]; ©
H,, @)=kl z+k2) -/ [22 - 2-k1) - z+ k2 +1]}, (10)

rae Hyw(z), Hyw(z), Hpw(z) — HasBanHbIe BbIIe nepenatounbie GyHknuu, coorBercrByromme [ICDCI, a Taxke
MepBOMY W BTOpoMy BapuaHTam npuMmeHeHHs [[CDC2, npencrasisromue coboil z-nmpeodpa3oBaHus OT “IIyMOBBIX
AMITYJILCHBIX peaknunit h;, (k) (i=1, 21, 22) 3TuX cucTeM.

JluHeapu3zaiusi CUCTEMBI TIO3BOJISIET OTMPEIEIIUTL OTCYETHI €€ BHIXOJHOTO ITyMa Kak

anIx [k] = qgohi”‘ [q] nc [k - q]

ITo onpenenenuto qucrepcus

i =M [k]= 2 Shila) by [m]n [k -qln [k -m] (an
q=0 m=

C yudeTtoMm BelpakeHus (6) umeeM

n[k-gl-n [k-m]=D-x,[qg-m]. (12)
IMoacrasnss (12) B (11) momyqaem

Dy =D 2, a] (13)

q:

Cymma B (13) MosxeT ObITh BRIYHCIIEHA HA OCHOBE paBeHCTBa [lapceBas [3], B COOTBETCTBUH ¢ KOTOPBIM

°° 1 _ _

>hilal=—fH,@ H, ") 2"dz, (14)

=0 2n-j ¢

IJIe KOHTYp HHTErPHPOBAHHS BHIONPAETCs B mepecedennn obmnacreit cxoaumocti Hiy(z) 1 Hin(z ™).
B gactHocTHn, mis [ICDC1 Ha ocHoBanuw (8) 1 (14) MOXKHO 3amucaTth

Solfal=l/@ w i) fole- (ool -a-a)fh e as)

IMonsIHTErpanbHOe BHIpaKeHHE B paBeHcTBE (16) mmeer 2 momioca: z;=1-00 U Z, = 1/ (1—0(). Kontyp
WHTETPUPOBAHUS B OTOM BBIPOKEHUH TOJDKEH OBITH B obOyiacth cxomumoctd Hi,(z) u, ciemoBaTenbHO, OyaeT
OKpy’XaTh MOMoc Z;=1—0. UToOBI onpenenuth, OyAeT U 3TOT KOHTYP OKPYXaTh MOJNIOC B TOUKE Z, = 1/ (l - OL),

ydreMm, uTO z-mpeobpaszosanme H,,(z) cxomurcs Tomeko mpH |z[>|1-0f. CremoBaTenpHO, COOTBETCTBYIOIIEE

Beipaskerne i Hiu(z ') crpaBemmBo Tompko mpn ‘1/ Z‘ > ‘1—0&‘. Takum oOpaszom, eciu ‘1/ Z‘ > ‘1—(1‘, TO

‘1/(1_ax > ‘Z‘ . CHGILOBaTCJ'H)HO, OTOT MNOJIKIOC HAXOAUTCA BHE KOHTYypa HUHTCIPUPOBAHUA IO Z. HOSTOMy npu

BBIYHCIICHUH KOHTYpHOTO HMHTeTpana B (15) ¢ moMompio TeopeMbl O BhIYeTax [3], Hy’)KHO YUUTHIBAThH JIMIIb ITOJTIOC
z=1-0.

IIponenas Bce HEOOXOAUMBIE MPEOOPa30BaHMs Ul PACCMOTPEHHOTO, a TAKKE, PACCyKIasi aHAJTOTUYHO, IS
CJTy4aeB, COOTBETCTBYIOMUX BhipaxkeHMsM (10) u (11), momydaem cieayromnme pe3yabTaThl:

Dy, =D a/(2-a); (16)
D, =D (k1-k2-2-k1-2-k2-k2? )/[k2- (k2 -k1+4)]; a7
D,,. =D- [kl-kz-(kl-kz)- (k1+k2)° J/[k2-(k2-k1+4)], (18)

OTMeTHM, 4TO MHOXHWTETW Tociie D, ¢urypupylomme B mpaBeix dacTsax paBeHCTB (16), (17) u (18),
MIPEACTABISAIOT COOOM BBIPAKEHISI, OTIPECIIIONINE IITYMOBYIO TIOJIOCY [4] paCCMOTPEHHBIX CUCTEM.

Jns OUeHKH [UIMTENbHOCTEH MepexXOoAHbIX MpoleccoB B ‘“‘ManoM” (Takas OLEHKAa XOTS W HE JaeT
MPEJCTaBICHUS 00 aOCOJIIOTHOW PeabHOM MPOJOKUTEIBPHOCTH BPEMEHH BXOXKICHUS B CHHXPOHH3M, HO MO3BOJISIET
OTHOCHUTEIFHO TOYHO CYAWUTh O COOTHOIICHHH 3THX TUHAMUYCCKUX XapaKTEPUCTHK DPACCMATPHBAEMBIX KJIACCOB
CHCTEM) HEOOXOIMMO 3amKcaTh pPA3HOCTHBIC VpPABHCHHUS JIMHCAPU3OBAHHBIX Mopenei wusydaembix L[COC,

-2-
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omMchIBatoIye dBojronuio (azoBoit ommbku Wlk]. D10 HeTpyaHO cpenartbh, 3aMeHMB B BhIpaxkeHWsX (1) u (2)
BemunHBl AQ[k] m @[k] Berrekatommmvu w3 (3) u (7) MX SKBHBAJICHTaMH (B CHIIy HPWHIWIA CYMEPIO3UIHN
¢urypupyromuii B (3) mym n.[k] B 1aHHOM aHajM3e HE YUUTHIBAEM, T.€. rojiaraeM paBHbIM 0):

Ap=v; o[k]=®[k]-w[k]. (19)
[Ipu 3TOM MOCIIe HECIOKHBIX MPEOOPA30BAHMUI TOTydaeM:
s HCPCI —
Ylk]-(1-0)-y[k—1]=@[k]-P[k-1]; (20)
st LICDC2 —
Wlk]—(2-k1)-ylk—1]+(1+k2)-y[k—2]=D[k]-2-P[k—1]+DP[k-2]. 21

[Tpu ycnosuu, uto 3akoH n3amenenus P[K] 3amaercs BeipakenueM (5), pernenne ypasHeHus (20) umeeT BUA
k
¥k]= (o, /o) - (1-0) | @
PaBeHcTBO (22) OTpakaeT M3BECTHbI (AKT HATMUMA B YCTAHOBHBIIEMCS pexume (mpu k—eo 1 (1-00) —=0)
TIOCTOSHHOM CTATHUECKOi OmmOKH creenns A = Wy, / a.

IIpu 3TOM KOJIMYECTBO TAaKTOB AMCKpeTu3auuu k., omnpexpenstoniee BpeMs, B TeueHue Kotoporo WY(k)
JOCTHTAeT yCTAHOBUBILETOCS 3HAYCHUS C OTHOCUTEIIFHON TIOTPEITHOCTRIO € OTIPENEeNIeTCs KaK

k, =In(e)/In (1-0). (23)

Hanee pacemotpum LICOC, paboTtaroniyio B pexkuMe CIe:KeHHs 3a (a30ii 3aJar0Iero KojaeOaHus.
Pemenne ypaBuenus (22) npu ycnoBu (5) BBITISANT Tak

¥lk]= o - (b} -p% )/, -p,) (24)

Pis =O,5-[2—kli\/(2—k1)2—4-(1+k2)J— (25)

TIOJTFOCHI COOTBETCTBYIOIIEH ypaBHeHUIO (2 1) mepenaTtounoit Gpyrkimu (9).
CoBMECTHBIN aHAM3 YCTOWYMBOCTH M KayecTBA MEPEXOJHOT0 IPOILeCca MOKA3bIBAET, YTO HAMWOOJIbIlEee
MPAKTUYECKOE 3HAYCHUE UMEET CIy4ail KOMIUIEKCHBIX MOIIOCOB. [Ipu 3ToM BhIpaskeHHE (25) MOKHO 3amicaTh B BUJC

P, =05 [2—k1i W4 kl+4-k2—k1? J= Ip|- e, (26)

rac

rac

p|=~1+k2; &= arctgl(\/4 k1+4-k2-k1? )/(2—k1)J.

[MoncraBnsst 3HayeHUs! p; U p,, omnpenensieMble (26) B cooTHomeHue (24) M NpojenbiBas HECIOXKHBIE
peoOpa3oBaHus MOJIydaeM

W] = |2- 0, )/ (V4 K1+ 4 k2—k2® )| (Vivk2) -sin(k-2). @)

OdeBHAHO, YTO JJIMTENBHOCTH PAacCMATPHBAEMOT0 KOJIEOATENBHOTO IMEPEeXOJHOTO Ipolecca MPaKTHUECKH

OTIpesieNseTCsl BpeMEHEM 3aTyXaHHs ero orubdaromieit C - (\/ 1+ kZ)k ,
e

c=(Z-mOr)/(\/4-k1+4-k2—kl2)_ (28)

N3 Gopmynsl (27) HETPYTHO MOIYUUTH BRIpAKECHUE IS YHCIA TAKTOB Kg, 00ECTIEUMBAIOIINX CXOIUMOCTD K
YCTaHOBHMBIIEMYCSI 3HAUCHHIO C 331aHHOM aOGCONMOTHOM MOTPEITHOCTRIO O

k; =[in (5)~1n (c1))/1n (V1+k2) e

Jns amanmza guHamuke [[COC2, pabortaromelt B peknuMe H3MEpPEHHS YXOJa YacTOTHl 3aaroliero
KoJjebaHus, HAa OCHOBaHWHU pe3yibTara (27) ¢ momMoInpio Broporo u3 paBeHCTB (19) ¢ yderom (5) u (28) mMoxkHO
3aIucaTh:

olk]-olk-1]= 0, +c-M1+k2)" U sin(k-&+a) . (30)

rac

U=y2+k2-2-1+k2-Cost ; o= arctg{[Sin(&)]/[\/l +k2 - cOs(a)I} .

PaBenctBo (30) IIOKa3bIBACT, 4YTO AJIUTCIBbHOCTH Ko0JIe0aTeIbHOrO NEepexoHoro mnpouecca MNpakTUYICCKU

-1
ompesieNnsieTcss BpeMeHeM 3aTyxamus ormbaromein C- U - (\/1+k2)k . 3amaBasch HEKOTOpPOH aOCOIOTHOM

MOrPENIHOCTBIO O, XapaKTepU3YIOILEH CTeNeHb 3aTyXaHus, Ha ocHoBaHuH (30) 3TO BpeMsi, BEIPAXKEHHOE B KOJIMUECTBE
TaKTOB TUCKPETU3ALNH K¢, MOXKHO OIPEACIUTD KaK
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k; ={in (5)=1n (- U)/In (WVi+ 12} 1 31)

Takum oOpa3oM, B pabOTe MOIy4YEHBI KOJMYECTBEHHBIE COOTHOLIEHHS, ONpEIEIISIone (UIyKTyalnOHHYIO
ommbOky (Belpaxenus (16), (17), (18)) m mmrensHOCTH TepexoaHoro mporecca (paBenctBa (23), (29), (31))
PacCMOTPEHHBIX CHCTEM CHHXPOHM3AIMU. JTH PE3yJIbTaThl MOTYT OBITH MCHOJIB30BaHBI JUIsl aHAIM3a M ONTHMHU3ALUH
rapamMeTpoB MOJAOOHBIX YCTPOHCTB.
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FLUCTUATION ERROR And DYNAMICS of DIGITAL PHASE-LOCKED LOOPS
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Let's consider behavior of the first- and second-order digital phase locked loops (accordingly DPLL1 and
DPLL2) at presence in input oscillation of a fixed frequency detuning f; with simultaneous imposing on it of an
additive channel noise. In the basis of construction parsed DPLL let's assume used in modems algorithms of a digital
filtration, which one are set by following difference equations:

DPLL1-
o[kl=p[k-1]+crAq[k-1], (1)
DPLL2—-
o[k]=2-o[k—1]-0[k-2]+k1-A@Q[k—1]+k2-A@p[k-2], 2)
where @[k] — phase of set up oscillation on a k-ohm clock tick of digitization;
A@[k] — output signal of a phase discriminator (PD) in a k-ohm clock tick;
o, k1, k2 — constant coefficients, defining performances DPLL.
Discrimination performance PD we shall suppose sine-wave. Thus it is possible to show, that

Ag[k]=sin ylk]+n[K], 3)
where

y(k]=®[k]-@[k], )
®[k] — phase of assigning oscillation, defined in a considered situation as

ok]=0, k o, =2-1-f,/f, 5)

f4— sampling rate; n.(k) — sampling of the discrete centered white Gaussian noise with a variance D.

Let's consider a tracking mode, supposing the ration « a signal - noise » in the channel high enough. It allows
to linearize an analyzable system, as at Y(k)<<1 sin(y)=y. Thus by virtue of a principle of superposition there is a
correct separate analysis of system response on actions ®(k) and n.[k].

The values figuring in the equations (1) and (2) parameters a, k1 and k2 by a contradictory image influence
performances of systems: with their increase the fluctuation error is magnified, duration of transients however is
simultaneously reduced. We attempt to receive quantitative relations circumscribing these both factors.

Fluctuation error of a system we shall evaluate with the help of a variance Dy, of output noise n,x(k). Thus

the analysis LIC®C2 we shall conduct concerning two optional versions of its application:
1) keeping track of by a phase of entering oscillation,

2) measurement of an oscillator drift f, of entering oscillation.

In the first case as output magnitude we shall consider j (k), and in second - difference j [k] -j [k-1], which

one in steady conditions in view of lack in DPLL2 of a static following error is proportional of a relative frequency

detuning fr / fd :
olk]-olk —1]= o[k]- o[k -1]=2x-f, /f, . ©)
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For an estimation of a variance of output noise it is necessary to define a transfer function of a linearized
system conversing random series n.[k] in samplings noise ng,x(k), immediately overlapped on output magnitude. In
view of expressions (1), (2) and (6), it is possible to show, that

H,, @ =of[z-(1-al )
H,, (z)=(kl-z+k2)/[2> ~2~k1)- z+k2 +1]: ®)
H,, @)=kl z+k2) -z [2 - 2-k1) - z+ k2 +1]}, ©)

where Hi(z), Hy1u(z), Hpw(z) - called above transfer functions appropriate DPLL1, and also first and second variants
of application DPLL2, representing z-conversions from «noise» impulse responses h;, (k) (i=1, 21, 22) these systems.
In considered conditions the variance of output noise can be defined as

DiBLIX =D- ihfm [q] (10)
q=0

The sum in (10) can be computed on the basis of the Parseval's equality.
Having done indispensable conversions, on the basis of expression (10) with taking into account (7), (8) and
(9) is obtained following outcomes:

DIBHX = D a/(2—(x); (11)
D, =D-(kl-k2-2k1-2-k2-k2* )/[k2- (k2 - k1+4)]; (12)
D, =D- [k1~k2~(k1-k2)- (k1+k2)° J/[k2-(k2-k1+4)], (13)

We shall mark, that the factors after D, figuring in right members of equalities (11), (12) and (13),
represent expressions, a defining noise band of the reviewed systems.

For an estimation of a transients's duration in "small" (such estimation though does not give representation
about an absolute substantial duration of time of a coming into step, but allows rather precisely to judge a relation of
these dynamic characteristics of considered classes of systems) it is necessary to receive difference equations of
linearized models studied DPLL, which are circumscribing behaviour of phase errors y[k]. With taking into account
(1), (2), (3), (4) these equations become (by virtue of a principle of superposition figuring in (3) noise n.[k] in the
given analysis we leave out, i.e. we suppose equal 0):
for DPLL1 —

Wik]-(1-0)y[k-1]=®[k]-P[k-1]; (14)
for DPLL2 —
ylk]—(2—k1)-y[k—1]+(1+k2)-y[k—2]=D[k]-2-P[k—1]+DP[k-2]. (15)

Discovering and researching analytical solutions of linear difference equations (14), (15) with a taking in
attention (5), being set relative € or absolute & by errors of reaching of a steady-state value, we obtain following
expressions for an amount of clock ticks of digitization, defining transient period:

for DPLL1 —
k, =In(e)/n (1-a), (16)
for DPLL2 in a tracking mode behind a phase of entering oscillation

k; =[in (3)-1n(c))/In (\/1+k2); c=(2 0, )/(\/4-1<1+4~1<2—1<12 ) (17)

for DPLL2 in a condition measurement of an oscillator drift fr of entering oscillation

Ky ={in (5)=1n (- U))/in (V1+ k241 (18)

where

U=y24Kk2-2.414K2-Cost ;i = arctgl(\/4-k1+4-k2—k12 )/(2—k1)J_
Thus, in the report the quantitative relations, defining fluctuation error (expression (11), (12), (13)) and

transient time (equality (16), (17), (18)) reviewed digital phase locked loops are obtained. These outcomes can be
applied for the analysis and optimization of parameters of similar devices.




