MATEMATUYECKAA MOQOENb UUPPOBbLIX CUCTEM ¢A3OBOI7! CUHXPOHU3ALIUN,
NOCTPOEHHAA HA OCHOBE METOOA ®YHKLUMOHAJIbHbIX PA3NOXXEHUU BOJIbTEPPA

Cynranos b.B.
[Ten3eHckmii TOCYyTapCTBEHHBIN YHUBEpCUTET, Kad. "3ammTa nHhopManuy B CHCTeMax CBs3n"

1. Beenenue.

B noknane pa3zsuBaroTcs Waew, MpeyioxKeHHbIe B paboTe [1], MPUMEHHUTENIBHO K aHAIN3Y HU(POBBIX CUCTEM
¢aszooii cuaxponmanuu (LICOC). O6bexkrom uccienopanus spisrorcs L[CDOC, oTHECEHHBIC B OHOM W3 TOCICIHUX
cHCTeMaTH3allMii B 3TOM 00NMacTH K KJIACCy CHCTEM, pEaM3YIOIMX auropuTMbl HudpoBod ¢unsrpamun [2].
Wznaraercss MeTommka ¥ TIPHBOIATCSA pPE3yiabTaThl ONpeNesieHHMst z - TpeoOpasoBaHus suep Bonbreppa
(YHKIIMOHAIBHBIX CHCTEM, BXOISIINX B COCTaB MOJIMHOMHAIBHOTO (DMIBTpa 5-r0 MOpsAKa, allpPOKCHMHUPYIOMIETO
nccinemyembie [ICDC.

2. Crpyktypa HCDC, peanm3yronux alropuT™Mbl ITUPPOBOH GriIbTpanuy.
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Pucynok 1

Ha pucynke 1 mnpexacraBiena oGoOmieHHast cTpykrypHas cxema L[COC, Brmouatomas B ceOs (azoBblid
muckpumuHaTop @DJ] ¢ CHHycOMTANbHON HENMHEHHOCTHIO, oOecreuuBaromuii BeiaencHue pasHocta ¢as Y(k)

3agarontero ®(k) 1 nogcrpanBaeMoro (I)(k ) KoJsieOaHMi 1 IpeoOpas3yronuii OTCYeThl BXOJHOTO IryMa B n.(k),

nuppoBort GuiIbTp ¢ mepenatouHor ¢ynkmmerd H(z) W nmudpoBol CHHTE3aTOp TMOACTPAaUBAEMOrO KOJeOaHMS,
-1
z
3a/IaHHBINA TIEpeIaTOYHON (YyHKITHEH

B o6nactu z - mpeoOpa3oBaHus 3Ta CXeMa ONHCHIBASTCS YPABHECHUEM
-1
. z
Y(z)=(z)-[Z(Sin(¥))+n ()] H(z) ——. (1

-z
rze Z(-) - z - npeodpa3oBaHKe OT BBIPAXKEHHS B CKOOKaX;
n.(z) - ycioBHOE 0003HAUCHHE HE CYLIECTBYIOLIETO CTPOTO Z - TpeodpazoBanus curnaia n.(k).
[IponenaB HecnoxHBIE PeoOpa3OBaHUS U BBeIsS 0003HAUCHHE

X(2)=®() -z )-n(2) =" H(z). )

ypaBHeHHe (1) MOKHO MPEICTaBUTh B BUJIC

W()- (1= )+ Z(Sin®) 27 H(z)= X (2). )

[epexons ot z - npeoOpa3oBaHuU K BpEMEHHBIM MTOCIICIOBATEILHOCTSM Ha OCHOBE (3) moiryyaem

W(k)—¥(k —1)+ Sin[P(k —1)]* h(k)=x(k). @)

31ech CUMBOII * O3HA4YaeT JIMHEHHYIO CBEPTKY;

hk)=2z"[H@F  xk)=2"[x ()}

Z''(-) - obpatHOe z - IpeoGpa30BaHKE OT BHIPAKEHHS B CKOOKAX.

3. Mogens LICOC, nocrpoeHHast Ha OCHOBE METO/Ia (PYHKIMOHAIBHBIX pa3iioxkeHuid Bonbreppa.

OIHMM M3 YHHBEPCAIBHBIX COBPEMEHHBIX INOJXOMOB K AHAIU3Y HEJIMHEHWHBIX CHCTEM SBILSIETCS METOL,
OCHOBaHHBIM Ha WCIIONB30BAHUH (PYHKIMOHAIBHBIX pa3jioxeHwid Bosbreppa [3], B COOTBETCTBHH C KOTOPHIM
CHCTEMY, OCYLIECTBISIONIYIO ONMChIBaeMoe ypaBHeHueM (4) HenmHelHoe npeobOpazoBanue x(k) B W(k), Oymem
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anIpoKCUMHUPOBATH ITOJMHOMUAIBHEIM (GuiIbTpoM 5-ro nopsiaka. [Ipu aTom BeixoaHol curHan guibrpa ‘P(k) MoxHO
paccMaTpuBaTh Kak CyMMY

Pk)="P,(k)+ ¥, (k)+P5 (k) + P, (k) + W5 (k).

rae \Pl (k ),. ..,\PS (k ) - oTKHKK Ha BosneiictBue X(k) (QYHKIOHATBHBIX CHCTEM MEpBOTO,...,ISITOTO
MOPSAJIKOB C sIAPaMHU

hl (kl )9 hZ(kl’kZ )7 h3 (kl’kZ’kS )’ h4(k19k29k39k4 )7 hS (k19k29k39k49k5 )

s onpeneneHus smep BOCIIONB3YeMCS METOJOM BapHalMOHHBIX ypaBHeHHH [3]. [IpemmonoxknM, 4to B O
pa3 u3MeHmICS MaciTad BXOXHOTO Bo3aeHCTBHA X(K) M OHO paBHBIM

- x(k). (5)

[Tpu ATOM HU3MEHUTCS U OTKJIUK CHCTEMBI, KOTOPBIN OyIET ONPEACIATHCS KaKk
Yk)=oa- ¥ (k)+a® P, (k)+o’ W, (k)+a’ -, (k)+a’ ¥, (k). (6)
Paznoxus B (4) pynknuto Sin['W(k-1)] B cTermeHHOM psia, TOJCTABUB B MOJydeHHOE PaBEHCTBO BMecTO X(K) U

WY(k) Belpakenus (5) m (6) W TpUpaABHIB claraeMble C PaBHBIMH CTETICHAMH O, MOJYy4aeM CHCTEMY Pa3sHOCTHBIX
YpaBHEHUU

W, ()=, (k= 1)+, (k —1)* h(k)=x(k). 7
W, (k)— ¥, (k—1)+¥,(k—1)*h(k)=0. (8)

‘Ig(k)—‘lg(k—1)+‘ﬂ(k—l)*h(k)z%-‘l’f(k—l)*h(k), ©
W, (k)W (k—1)+¥,(k —1)=h(k)= % w2 (k1) W, (k= 1) 1K), (10)
\Ps(k)—‘f's(k—1)+\Ps(k—1)*h(k)=%-[\Pﬁ(k—l)-%(k—l)]*h(k)—

(11)
- W= 1) h(K).

KaXX/10€ U3 KOTOPHIX ONMMCHIBACT (DYHKIIMOHAIBHYIO CHCTEMY COOTBETCTBYIOIIETO TIOPSIKA.

[Tepexonst OT BPEMEHHBIX IMOCIECIOBATEILHOCTEH K MX Z - NMPeoOpa3oBaHUsAIM HAa OCHOBE ypaBHeHWH (7-11)
MOJXKHO TOJYYHTh BBIPAXKCHUS, ONPEACIIONUE sapa (YHKIMOHAIBHBIX cucTeM. B wactHocTH, ypaBHeHue (7) B
obacT z - mpeoOpa3oBaHusI MPUHUMAET BHT

-1 -1
¥ (2)-¥(2) "' + ¥, ()2 H(z)= X (2). (12)
Ecmu B xauecTBe BXOJHOTO BO3ICUCTBHS PACCMATPHUBATH MMOCICIOBATEIBHOCTD Xo(K) "eMHUYHBIA OTCUeT" ¢
z - npeoOpasoBanneM X (Z) =1, to onuceBaemas ypasHenuem (12) Benmumuna W,(z) GyaeT npeacTaBuaTh coboit

nepenatounyto Qyskuuro H(z) nuHelHON QyHKIMOHANBHONW cucTeMbl. Perias moinyd4eHHOE TakuM 00pa3oM
asreOpandeckoe ypaBHeHHe oTHocHTeNnbHO H (z) Haxonum

H,(2)= Z—[liH(Z)].

Brrumciss z - npeobpazoBanue 0T 00eHX yacTell paBeHCTBa (8) momydaeM

‘{’2(2)— ‘I’z(z)- z7'+ ‘I’z(z)- z7h. H(Z)z 0,
otkyza caeayet, 4to W,(z)=0, u coorBeTcTBenHo, ‘¥(k)=0.

[TocreqHee 006CTOATENHLCTBO O0YCIIABIUBACT MOJIHYIO HASHTHYHOCTh ypaBHeHHH (8) u (10), (a Takke U Bcex
OCTAJIbHBIX IMOJYYCHHBIX AHAJIOTUYHBIM 00pa3oM ypaBHeHuid mis W,(k) ¢ 4eTHBIM n), U3 YEro BBITEKAET, YTO BCE
¥,.(K) ¢ 4eTHBIMHU N paBHBI HYJIO. ITO TOBOPHUT O TOM, YTO (DYHKIIMOHAIBHBIC CHCTEMBI YCTHBIX MOPSAKOB B COCTABE
paccMaTpUBaEMOTO AMMPOKCHMHUPYIOIIET0 TOIHHOMHAIBHOTO (PUITBTPA OTCYTCTBYIOT.

Bo3sspamasice k (7) OTMETHM, 9TO 3TO ypaBHEHHE OMHCHIBACT JIMHEHHYIO CUCTEMY C MUMITYJILCHOU peaKIuen
h;(k), mpencrasinstomeii coboii oOpatHoe z - mpeoOpasoBanme oT Hi(z), BCiencTBHUE 4Yero e€e BBIXOIHOW CHUTHAI
MOJKHO OTIPENIENTUTH U TO-JIPYTOMY:

¥, (k)= x(k)= b (k). (14)

13)
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PasnoctHOE ypaBHeHuWe (9) MOSHOCTHIO aHANOTHYHO (7) W OTIAMYaeTcs JUIIb TeM, 4To poib x(k) 3mech

1

3 . o
BBITIONTHSET g : \Pl (k —1)* h(k ) I[Moatomy mo anamormu ¢ (14) BBIXOJHOW CHTHAJI TaKOH CHCTEMBI

OIPCACIIACTCA KaK

) =| L) n0) | 1) 0

VYpaBaenuto (15) cooTBEeTCTBYET CTpYKTypa, [TIOKa3aHHas Ha PUCYHKE 2 M MOCTpoeHHas ¢ yuetoM (14). U3
CXeMbl BHJHO, YTO aHaJu3MpyeMmas (YHKIMOHAJIbHAs CHCTEMa 3-ro IPEJCTaBIseT COOOH I0CIeA0BATEIBHYIO
KOMOMHAIIHMIO CHCTEMBI 3-TO TIOPSAKA C SIPOM

3
_ -1
H3n(zla22a23)—HH1(Zi)'Zi (16)
i=1
B T e s i e |
| CuHcTeMma 3-To nopAdkKa |
I Jamepmea |
l hl Iik] HTlI?TaJ{T | D et oot ongn |
1 | I JInHeiilHada cHCTeMa
I3 l\p 3 ; (1
(k)8 3 PPk —-1) 3 (k)
4 A I" AN e KR A ! ~ P
L1 hl "k] Ha 1 TawT ®| | h[k:] hl (kj _!—‘
| el
e JamepirKa |
i
I Akl Ha 1 TaxT |
P U R UL R T s S T |
Pucvaok 2
Y JIMHEHHOM CUCTEMBI C TIepeaTOYHON (yHKIHEH
H,,(z)=H(z) H(z). (17)
MoHO noKa3aTh, YTO B TAKOM CUTYyallMd UCKOMOE SIPO MOJTHOW CHCTEMBI OTIPEJIETISICTCS KaK
H3(Zl,Zz,Z3)= H/vzuH(Zl "Zy 23)' H3n(21722723)’ (18)

ui, ¢ yaetoM (13), (17) u (18),

H3(21,ZZ,Z3): 21'22'23']‘1(21'22'23) 3 1

1
6 z -2,z _[1_H(Zl ) '23)] =1 Zj _[1_H(Zi)]
VYpaBuenue (11) Takke UMeeT CTPYKTYpY, aHAJIOTHYHYIO0 ypaBHeHUsM (7) u (9) M oTIMYaeTcs JULIb BUIOM

HpaBOﬁ qacTu. HO3TOMy HpOBOﬂH paCCy)KZ[eHI/IH, HO,HOGHBIC HpI/IBCZ[CHHI)IM BBIIIC, HA €I'0 OCHOBC MOXHO HO.]'Iy'-H/ITI)
BBIPKSHUSI 1714 Z - peoOpa3oBanust sApa GpyHKIMOHATIBEHOI CHCTEMBI 5-T0 TOpsIKa, KOTOPOE UMEET BH]
H5(21,22,23,Z4,25)— :

5 5

[z -H(11z,

i=1 i=1
12 2

5
HZi_ 1-H HZi ) (20)

T ! J H(zy -z, - z5) _
gzi ~1-HE 25 2425 = [1- H(zy 2y 25)] Ol

Takum 00pa3zoM, MareMaTHYECKOH MOENBI0 PacCMaTPUBAEMBIX CHCTEM CHHXPOHM3AllMM IPH BHIOpaHHOM
TOYHOCTH aNIPOKCUMAIMN SIBJISICTCS TTOJMHOMUAIBHBINA (QUILTP, BKIIOYAIOMNH (YHKIMOHAJIBHBIE CHCTEMBI 1-T0, 3-
TO M 5-T0 MOPSKOB C sApaMu, 3aaBaeMbIMH BeipaxkeHussME (13), (19) u (20) u npu BXogHOM Bo3aelcTBuM BUna (2).

4. 3axmo4yeHue.

Haiinennpie B paboTe BBIpakeHUs Uil zZ - mpeoOpa3oBaHus saep Bosbreppa TO3BOJSIOT MPOBECTH
cTaTHCTHYEeCKU aHamm3 HenwHerHor Moxenu [[COC pasnuuHBIX TOPSAKOB, ompeaenseMblx BumoMm H(z), mpu
pa3HoOoOpa3HbIX (B TOM YHMCIE M CIydalHBIX) 3aKOHaX M3MeHeHus 3anatomei ¢aszer O(k) Ha QoHE agTUTUBHOTO
JUCKPETHOTO OENoro rayCCOBCKOTrO Imyma. MeToqonorust 3Toro aHaiusa OasupyeTcss Ha HCIOJIb30BAaHHU IIPAaBHIIA
aCCOLMMPOBAHNS MHOTOMEPHOTO Z - IpeoOpa3oBaHus, TEOPEM O KOHEUHBIX 3HAaUEHHAX, paBeHcTBa [lapcesans u 1.1.,

. (19)
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ero pe3yiabTaTOM SBIIIOTCS AHAIUTHYECKHE BBIPAXKEHHS [UII MaTeMaTHYeCKOro OXHAAHUSA ¥ JUCHEePCUH
craioHapHoi ¢azoBoit omubku (k).
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MATHEMATICAL MODEL OF DIGITAL PHASE-LOCKED LOOPS OPERATING A METHOD OF
VOLTERRA'S FUNCTIONAL DISINTEGRATINGS.
Sultanov B.V.

1. Introduction.

The report is dedicated to development of ideas published in the article [1], with reference to the analysis of
digital phase-locked loops (DPLL). Object of research are the DPLL referred in one of last systematizations in this
area to the class of systems, realising algorithms of digital filtration [2]. The technique of obtaining is set up and the
resultant expressions for Z-transformation of Volterra's cores of functional systems which are included in a structure
of the polynomial filter of the fifth order, appoximating investigated DPLL are given.

2. Pattern of DPLL realising algorithms of a digital filtration.

The pattern includes a phase discriminator with sinusoidal non-linearity ensuring allocation of a phase

7AN
difference (k) specifying ¢(k) and adjustable \P(k ) oscillations, digital filter of a feedback circuit with a transfer
-1
function H(Z) and digital synthesizer of adjustable oscillation with a transfer function — It is possible to
1-Z~
show, that this scheme is described by a difference equation
W(k)-P(k —1)+ Sin[P(k —1)]* h(k)=x(k). ()

where * is the sign of a linear convolution, h(k) is inverse z-transform of H(Z) and x(k) are samples of input, spotted
by a specifying phase and additive noise.

3. Model of DPLL operating a method of Voterra's functional disintegratings.

The idea of the analysis DPLL with the help of Volterra's functional disintegratings consists in approximating
a system executing depicted equation (1) nonlinear transformations x(k) into (k) polynomial filter, the output signal
can be esteemed which one as the sum of responses n of functional systems 1,2,...,nth orders. (In the report it is
accepted n=5). The cores of functional systems can be defined on the basis of the variational equation approach [3].

Having decomposed in (1) function sin[y(k-1)] in a power series with the help of this method we receive a
set of difference equations, each of which describes a system of the applicable order:

W (k) (k —1)+ ¥, (k —1)* h(k)=x(k). @)

W, (k)—,(k =1)+ ¥, (k—1)*h(k)=0, 3)

W, (k)= (k—1)+ ¥, (k - 1)*h(k):é WP (k—1)*h(k). @)
W, () =W, (k= 1)+ W, (k —1)* h(k)= - [\p (k=1)-¥, (k—1)% k)] )

W (k)= W, (k= 1)+, (k —1)* (k) 1 [\y (k=1)-W, (k 1) h(k)-

| (6)
——W (k—1)*h(k),
2w - 1)<nle)

Deciding an equation (2) in the terms of z-transformation rather y,(z) at x(z)=1 we receive expression for
the z- transformation of a core of a linear system
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z
H,(z)= ©)
1 .
z— [1 -H (Z)]

The analysys of equations (3) and (5) demonstrates, that at even n y,(k)=0.

The equations (4) and (6) have pattern similar (2), and differ only by kind of a right member. Passing from
sequences to z-transformations, using properties of multidimensional z-transformations in view of this circumstance it
is possible to receive expressions for cores of systems of 3-rd and 5-th order, which one look like:

1 77,72, Hlz 2,2 : 1
H3(Z1,ZZ,Z3):—' 1742 %3 (1 2 3) H ' (8)
6 22,2, -[1=H(z -2,-2,)] =z ~[1-H(z)]

5 5
[z 411z
i=1

1

12

H5(21=22=Z3=Z4925):

5
Z.-|11-H|T]Z ' )

1 i=l

1

e 1 J H(zy -z, zJ) )
gzi _[1—]‘1(21.)]123 2425 _[I_H(Z3 " Zy 'Zs)] Ol

Thus, a mathematical model of considered DPLL at selected accuracy at approximating is the polynomial
filter including functional systems 1-st, 3-rd and 5-th orders with cores assigned expressions (7), (8), (9).

4. Conclusion.

The expressions, retrieved in this report, for z-transformation of Volterra's cores allow to conduct a statistical
analysis of nonlinear model DPLL of the different orders spotted by a kind H(Z), at miscellaneous (including random)
laws of change of a specifying phase ¢(k) on a background additive discrete white Gaussian noise. The methodology
of such analysis is founded on usage of a rule of association of multidimensional z- transformation, theorems of final
values, equaliting of the Parseval etc., its outcome are the analytical for expectation and dispersion of a phase error
(k).
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