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Pedepar. Paccmorpena koH(Urypanuss BO3MOXKHBIX ITOJOXKEHHI KOMIUIGKCHO COIPSDKGHHBIX IOJIIOCOB DPEKYPCHUBHBIX ITH(POBBIX
(UIBTPOB BTOPOTO MOPSIIKA B Z-TIOCKOCTH. 110TydeHbI COOTHOIICHYS TS IPEACTABIICHHS TTOJTIOCOB B BHIC (GyHKIIUH HAPaMETPOB KOH(PHTypaIHH.

1. NOCTAHOBKA 3ALAYU

KBanrosanue koaddurmenros nuppossx Guistpos (LID) oOycnaBmiBaeT BO3MOKHOCTh PACIIOJIOKEHUS UX HYJIEH 1
MTOJTFOCOB TOJIBKO HA CTPOTO (PMKCHPOBAHHBIX MO3UIHAX Z-TUIOCKoCcTH [1 — 3]. B paboTax aBropa [4, 5] oTMeueHO, 4TO
3a7a4ya auckpeTHor ontumuzanuu [{d Ha MHOXKECTBe HyJIeH U TMOJIOCOB MMEET MEHBIIYI0 Pa3MEpPHOCTb, Y€M Ha
MHOXecTBe Kod(pdurmentos. [losromy B mporecce CTpykTypHOro cuHTe3a L@ menecoobpazHo ompeneiuTh
3HAYCHUS HyJIeH U MMOJIIOCOB HA JUCKPETU3NPOBAHHOM Z-TUTOCKOCTH, a YK€ 3aTeM IPOU3BECTH pacdeT KO3 PUINESHTOB

®.

Lenbto manHON paboOTHI SBISETCS HM3YYCHHE TOMOTpauy MUCKPETH3MPOBAHHOW Z-TIOCKOCTH, T. €. IOJTydeHHE
COOTHOIIICHHUH, TIO3BOJIIOMIMX OINPENENUTh IIOJIOKCHWE HyJiell W TIONIOCOB TpH  3aJaHHOW  pa3psIHOCTH
KO3 puIueHTOB. AHaiu3 B paboTe OTpPaHMYCH TOJBKO H3YyYCHHEM IOJOXKCHUS KOMIUIEKCHO COMPSDKEHHBIX U
JIBYXKPATHBIX BEIICCTBEHHBIX MoNtocoB [[® Broporo mopsaka, paboTaromux B apu(MeTHKe ¢ (UKCHPOBAHHON
TOYKOM.

2. TONOINrPA®UA z-NMINOCKOCTU
[Tepenarounas ¢pynkmus L[ BTOpOro mopsiika UMeEeT CIEAYIONTHA BH/T
2 2
H(z)=(a0z +a,z+a, )/(z —blz—bz), (1)
TZIe a, 4, a5, by U b, - BemecTBeHHbIC KO3 dunmeHTsl. [Tomocs! [I® paBHbI

z,=0.5b, £/0.25b] +b, . )

ITpu peanm3arnmu [{D 1o mpsiMoii WM KAHOHHYECKOH CTPYKType KOIPPHUITUESHTHI IepeIaTOIHON QyHKITUN

ABJIAI0TCA KodpduumenTamu ctpykrypsl LI®. Ecnu ¢ — koapdunment LD, To ¢ =k, 8m , e ¢ - ko3¢ puument L[D;
c

—m o
kc’ m, - OCJIbIC YHUCJia, 8m == 2 ‘. miar KBaHTOBaHUA KO3(1)(1)I/IHI/I€HT21 c.C Y4€TOM BBCACHHBIX 0003HaYeHUI
c

MOXHO 3amnucarb

— 2 Q2
7, =05K, 3, + /025K 8], +k; 5y, )

Ha puc. 1 nokasaxo nonoxenue nontocos L@ Broporo nopsiika B z-1iockocty it m = My 1= my 5 = 3

(31ech M HMKE TOKA3BIBACTCS TOJIBKO MEPBBIN KBAJPAHT Z-TNIOCKOCTH). Ha 3TOM pHCYHKE OTYSTIMBO BHIHO, YTO BCE
MOJIFOCHI PACIIOJIOKEHBI HAa CHCTEMaX KOHIIEHTPHYECKUX OKPYKHOCTEH ¢ IIEeHTpaMu, HaxoJsuuMmucs Ha ocu Re z.
PaccMOTpHM 3TH CHCTEMBI OKPYKHOCTEH O0Jiee IO poOHO.

KBanroBanue kod(p(UIMEHTOB MPHUBOJUT K JUCKPETH3ALUH Z-TVIOCKOCTH. OTO YTBEpPXKACHHE CIEAyeT
MOHUMATh B TOM CMBICIIE, YTO BO3MOKHBIC MOJIOKEHHUS MOJIOCOB B Z-TUNIOCKOCTH 00pa3yloT HEKOTOPYIO TUCKPETHYIO

CTPYKTYPY.

@2001, anekTpoHHas Bepcus nogrotossieHa 3A0 ABTIKC Cankr-lMeTtepbypr, http://www.autex.spb.ru
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Puc. 3. luckpernszanus z-miocKOCTH

Ha puc. 3, a mpencrasiena Tonorpadust z-miockocty mpu MMl = mbl = Illb2 =1 , IEHTP OKPY>KHOCTEH paBeH Z

= (.5. YBenuueHue pa3psaHOCTH HA €IUHUITY PUBOJIUT K CIEAYIONMM TociencTsusaM. “Hoswle” momock (kpyru 6e3
3aJIMBKH Ha puC. 3, 0) pacroyiararoTcsi, BO-TIEPBBIX, Ha “CTapbIX’ OKPY)KHOCTSX (CIUTOMIHBIC JHHUU I m=0 u
MTPUXOBBIE 1 mM=1) TO OJAHOMY MEXAY “‘CTapbiMH~ TIOJIOCAMH, W, BO-BTOPHIX, Ha “HOBBIX~ OKPYXHOCTSIX
(TIyHKTUpPHBIE JTUHUH ), TIOSBIISIONINXCS TI0 OJTHON MEXIY “‘CTapbIMH’ OKPY>KHOCTSIMH.

l[OHy'CTI/IM, 4qTOo ZO = TOYKa Z - IUIOCKOCTH, SBJAKOMIAACA HEHTPOM COOTBCTCTBy}OIHGﬁ CHCTCMBI

OKpY’KHOCTEH. B 3TOM Cilyqae MOKHO 3anucath

Rez, -z, )+ jImz, = (0.5b, —z, )+ jy/- (0.25b> +b, )
Rez, —z,)-jImz, = (0.5b, —z,)- jy/— (0.25b2 +D, ).

“4)

Iepemnoskas ypaBHeHus ( 4), HOIYy4UM IPH Z, = Z YPABHEHHs OKPYXKHOCTEH
(Rez—z )2+Imzz—zz—bz -b (5)

0 - %0 140 2°

C yuetom kBaHTOBaHUs K03 durrienToB 1D ypaBHEHUS OKPYKHOCTEH MIPHOOPETAIOT BUJT
2 2 2

(Rez-z,) +Im*z=1z] _kblsmb, Z, —kaSmbz. (6)
Jnst noKanu3alyy TOJIIOCOB B TUCKPETU3UPOBAHHOW Z-TUIOCKOCTH OTKAXEMCSI OT JeKapTOBOI CHUCTEMBbI
KOOP/MHAT U BBEIEM HOBYIO, B KOTOPOil KOOPAMHATHI T0JII0CA GyyT 3a/aBaThCs napoii (X, r°), rae X = Re Zp, r’ -

KBaJpaT paaunyca OKPYXKHOCTU C LCHTPOM B TOUYKE Z, npoxozmlueﬁ qepes HaHHLIﬁ noioc. Ilocie BEIIONTHEHUS
QJIEMCHTAPHBIX PACYCTOB U T€COMETPUICCKUX HOCTpOCHI/Iﬁ, WILTIOCTPUPYIOIIIUXCA PUC. 2, MoJIy4um

. 2 2
zp=xih/r — 8" ux=0.5b;, r* =27)" - byzy - by. (7)

C y4eToMm KBaHTOBaHUsI KO3()(PUINEHTOB

_ 2 2
X = kb] 8mb1+1’ r -_ ZO - kbl Smbl ZO - ka 8mb2 . (8)
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Jis panponansHoro zy = n/d (n, d — uensle uncna) npu I = mb, = IIlb2

2 2 2 m
r’=n /d —(kbln+kb2d)2 d. ©)
CootHorrenue (9) kenaTenbHO mpeoOpa3oBaTh TAKMM 00pa3oM, 4TOOBI r* Gbio (hyHKIMEH TOIBKO OIHOTO
mapameTpa l, — HoMepa OKpY)HOCTH. DTO JIETKO JOCTHYb MPU B3aMMHO MPOCThIX N 1 d. B 3ToM cinyuae nrodoe menoe

yuciao I, MOXHO TpencTaBUTh B BHIE lr = —kbln— kbzd' DTO BEIpaXXEHWE TNPEACTABISET COOOW JTMHEHHOE

muodanToBo ypaBHeHue [6]. [ToaToMy KBaapaT paguyca OKpy>KHOCTEH MOKHO BBIPA3UTh B BHIIC
2 2 2 m
r =n/d +lr/(2 d), (10)
roe 1. = -trunc(Zng/d), eee 5 0, 1, ... ; trunc(x) — nenas yactp yrcna X. [lodr0CHl HAXOAATCS HA MEPECEUECHUU ITUX
OKPYKHOCTEH c TIPSIMBIMH, napasuieIbHBIMU ocu OpIMHAT, OIpEIeIIICMBbIMU apaMeTpoM
k, =dl, -1, modd, npul=0,11,12,....
Hanee ompenmenuM, KakuM OOpa3oM CHCTEMa OKPYKHOCTEH, Ha KOTOPBIX PACIONaraloTcss KOMIUIEKCHO-
conpshkeHHbIe OMoch! L[D, oToOpaskaeTcs Ha MIOCKOCTh K03 ummenToB (by, b,). M3 cooTHOmEeHwMi (7) moaydum
2 2 )
b, =—z,b, +(z(, -r’ ). (12)
Takum 00pa3oM, cucTeMe KOHIIEHTPUYCCKUX OKPYKHOCTEH Z-TUIOCKOCTH COOTBETCTBYET B ILIOCKOCTH
KOX((PUIMEHTOB CUCTEMa SKBHIUCTAHTHBIX MPSIMBIX JHHUH, HAKIOH KOTOPBIX OMPEICIIACTCS [IEHTPOM OKPYKHOCTEH.
3T0 00CTOATENBCTBO WILTIOCTpUpPYeETCs puc. 4 mis zy=0.25.
Ha puc. 4 6 TpeyroJbHUK OTpaHHYMBAET O0JACTh YCTOHUYMBOCTH I[P, KOMIUIEKCHO-COMPSOKEHHBIM mostocam 1D
2
COOTBETCTBYET 00J1aCTh bz < —0.251)1 .

Teneps Boipazum nonockl 1D B Buge dhyHkmii nepeMeHHsIx ly, 1. YauteBas (3), (8) - (10), momydum mpu
MIEPECCUCHUH PSMBIX H OKPYKHOCTEH, onpeaenseMbix ly u I, cooTBEeTCTBEHHO

2
dl_—1_modd , , [ndl, —nl, modd+1. (dl_—1 modd)
7 = + ] - (12)
p 2m+1 d2m 22m+2
1@
a N|A' m=3 6 b,
3 1
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Puc. 4. OToOpaskeHne CUCTEMBI OKPY)KHOCTEH Ha IIIOCKOCTh KOAPHHUITUSCHTOB Puc. 5. ITomrocet
KaHOHMYECKOU U CBSI3aHHOM
CTPYKTYp

3. TONOIrPA®UA z- NIOCKOCTU ANA CBA3AHHbIX CTPYKTYP

B pszme pabor [2, 3], oTMeuaeTcsi, 4TO HEKOTOpbIe CTPYKTyphl [P XxapakTepusyrorcss KOHUTYparusiMu
MTOJTFOCOB, OTIMYAIOIIAMUCS OT KOHPUTYPALUH sl KAHOHHYSCKOW U MpsiMOi (hopMbl. Hanpumep MoITIOCH CBA3aHHON
cTpyKTypsl LD BTOpOTrO MOpsIKa PACIIOIOKEHBI B y3JIaX KBaJpaTHOHN pemeTku (OONbIIME TOYKH HA PHUC. 5 IS M =
2). B neiicTBUTEIRHOCTH HUKAKas W3 CTPYKTYP HE MOXKET MMETh IOJIOKEHHUH ITOJIFOCOB, OTIMYHBIX OT BO3MOYKHBIX
TOJIOKCHUN 1 KaHOHMYECKOW CTPYKTyphl. [loMMHOM 3HaMEHATeNs TepenaToYyHOW (YHKIMH PacCMOTPEHHOM
CBSI3aHHON CTPYKTYpPHl HMEET BHI D(z)=z2-(c1+c3)z+(c1c3+c2c4). [Ipn omuHAKOBOW pa3psTHOCTH IPOOHON YacTh
ko3¢ punMeHTOB ¢;, paBHOK M, Tomorpadus Z-MIOCKOCTH OblIa OBl TaKOW ke, KaK W JIJIsi KAaHOHUIECKOW (OPMBI ITPH

I'Ilb1 =M u me =2m (npousBeneHrne KO3(h(GUIMECHTOB B BhIpaXKEHHUHU T by MPUBOINUT K YABOCHHUIO JTHHBI

paspsaHON ceTkn). DTa KOHPUTyparus MmokazaHa Juisi KaHOHHYECKOH CTPYKTYPHI € mbl =2u mbz =4 na puc.

5 (mameie Toukn). Ongaako kodpdunmenTsl D(z) “cBsi3aHbBl” ypaBHEHUSMH €1 = C3; €3 = C4. [[0-BUAMMOMY Ha3BaHHE
CTPYKTYpBI OOYCJIIOBIIEHO UMEHHO 3THM (PakToM. DTH OrpaHHUuYEHHs] MPUBOAAT K TOMY, YTO HEKOTODPBIC IMOJIOCHI

-3-
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HCKITIOYAIOTCS M3 BO3MOXKHOW KOHQUTYypamuu. DTO XOpOmio BHAHO Ha puc. 5. Takum ke oOpa3oMm o00Opa3yroTcs
“HOBBIE” KOH(UTYpamMi W I IPYTHX CTPYKTYp C OTpaHMYCHHSIMH Ha KO3(PQOUIMEHTH [3], KOTOpBIE TaKke
1eNiecoo0pa3Ho Ha3bIBaTh CBSI3AHHBIMH.

4. 3AKNIOYEHUE

B pabore moxa3aHo, YTO KOMIUIEKCHO COIPSDKEHHBIC IMOJIIOCHI peKypcuBHBIX [P BTOporo mopsnka B z-
IJIOCKOCTH PACIONI0KEHBI Ha MIEPECEUEHUH CUCTEMbI SKBUUCTAHTHBIX MPSAMBIX JIMHUMN, MapaUIeNbHBIX OCU OpAUHAT U
CHCTEMBI KOHIICHTPHUUYECKHX OKPYXXHOCTEH C LEHTPOM, JieKalMM Ha och abciwcc. IloxydeHsl mapaMeTpsl THX
NIPSIMBIX U OKpY)XHOCTEH. Pe3ynbTaThl paboTHI MO3BOJIAIOT MpencTaBuTh nomocskl 1{® B Buae (yHKIMM HOMEPOB
OKpY)XHOCTEH ¥ NpsiMBIX JTMHUH. [TokazaHo, 4TO BBeeHNE OrpaHHYEeHUH Ha 3HaYeHus ko3 dunnentos LI npuBoaut
K UCKJIIOUEHHIO U3 MHOKECTBA BO3MOKHBIX 3HAUEHUII TOJIIOCOB HEKOTOPBIX 3HAYEHUI.
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DISCRETIZATION of a z-PLANE OWING TO QUANTIZING COEFFICIENTS of RECURSIVE DIGITAL
FILTERS
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Abstract. The configuration of possible positions of conjugate poles of recursive digital filters of the second order in a z-plane is
reviewed. The equations for representation of poles as a function of parameters of the configuration are obtained.

The quantizing of coefficients of digital filters causes a capability of arrangement of their zeros and poles
only on strict fixed positions of a z-plane [1 - 3]. In publications of the report author [4, 5] is marked, that the problem
of discrete optimization of digital filters on set of zeros and poles has smaller dimension, than on set of coefficients.
Therefore during structural synthesizing of digital filters it is expedient to determine values of zeros and poles on a
discretized z-plane, and already then to make digital filter coefficients calculation.

The purpose of the given report is the analysis of topography of a discretized z-plane. In other words, our task
is deduction of equations that make possible to determine a position of poles with a fixed coefficient wordlength. The
analysis in report is limited only to analysis of a position of conjugate and double real poles of the second order digital
filters working in a fixed point arithmetics.

The transfer function LI® of the second order has a following view

2 2
a0, al, a2, bl and b2 are real coefficients. If ¢ is the coefficient of digital filter, then one may be represented as ¢ =
k. 8m . In this equation 8m =27 s quantization step size, k. — is integer, m, — is length of a fractional part of
c C

coefficient. In view of gated in identifications the poles can be calculated under the formula

— 2 Q2
7, =05K,, 8, +[025K 8, +k;, 5y, - )
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For localization of poles in a discretized z-plane we shall refuse Cartesian coordinate system and we shall enter new
coordinate system, in which one coordinate of a pole will be determined by a pair (x, r”), where x = Re z,, - square
of a radius of a circle with center in a point z, , on which one is arranged the given pole.

Again gated in coordinates can be expressed as follows

- 2 _ 2
X= kbl Smbl +1° r = Z0 _kbl ambl ZO _kb2 6mb2 . (3)

The poles place in a z-plane on intersection of straight lines parallel ordinate axis and concentric circles with
center zy. Let's allow, that z, - a rational number. That is zy = n/d, where n and d - integers. In this case poles can be
presented as a function of number of a straight line and number of a circle, intersected with it:

_dl,—1, modd _ . [ndl, —nl, modd+1, _(dl, -1, modd )’
P pm+ *J dam - y2m+2 :

z

“4)

1, is number of a straight line. Iy = 0, 1, 12, ... . I, is number of a circle. 1, = -trunc(Zmnzld), eee 0,1, ... . trunc(x) is
a integer part of x.
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Fig. 1. A position of the second Fig. 2. Mapping of a system of circles on a plane of coefficients
order digital filters poles in a z-
plane

In a fig. 2 is rotined, how the poles from a z-plane are mapped on a plane of factors of a digital filter. The
concentric circles from a z-plane are imaged in a plane of factors as a system of equidistant parallel straight lines, the
equations which one look like the following

_ 2 2

b, =-z,b, +(z0 -r ) (12)
In report is rotined, that conjugate poles of the second order IIR digital filter in a z-plane are arranged on intersection
of a system of equidistant straight lines parallel ordinate axis and system of concentric circles with center lying on an

abscissa axis. The parameters of these straight lines and circles are obtained. The outcomes of report allow to present
poles of digital filter as a function of numbers of circles and straight lines.
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