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Pedepar. VccnenoBaHbl 4acTOTHBIE CBOMCTBA JBYMEPHBIX HEPEKYPCHUBHBIX LH(POBBIX (QHIBTPOB mepBoro nopsaka. OmpenencHs
obmacTH mapamMeTpoB LU(MPOBOK CHCTEMBI, COOTBETCTBYIOIME JOMACTHBIM (GuabTpaM. IlomydeHsl BBIpaKEHUS JJI8 TUHUHA CPe3a MX YaCTOTHBIX
XapaKTEPUCTHK.

1. BBenenue

Hcrmonb30BaHre JBYMEPHBIX HEPEKYPCHBHBIX IHU(GPOBBIX (UIBTPOB B 00pabOTKe W300paKeHUH |
TEJICBU3MOHHBIX CHTHAIOB OOYCIIOBJICHO HANMYMEM Y HUX YHUKAIBHBIX CBOMCTB — YCTOWYMBOCTH CHCTEMBI IMPH
MOO00M BEIOOpE 3HAYCHHN MMApaMETPOB, a TaKXkKe BO3MOXHOCTHA pealM3allii CTPOTO JIMHEHHOW (a3oBoii
xapakTepuctuku. [locieqHee 0cOOCHHO Ba)KHO, MOCKOJIBKY YEJIOBCCCKHI Ta3 BechMa YYBCTBHUTENICH K (ha30BBIM
ucKakeHUsIM. B pabGotax [1-7] mpoBeAeH aHANIM3 YacTOTHBIX CBOMCTB HEKOTOPBIX THIIOB JABYMEPHBIX IH(POBBIX
cucreM. JlaHHas paboTa MOCBSIICHA WCCICIOBAHUIO BO3MOXKHOCTH pEaM3alliH JIOTACTHBIX (UIBTPOB Ha 0ase
JBYMEPHOW HEPEKYPCUBHOM ITUPPOBON CHCTEMBI IIEPBOTO TIOPSIIIKA.

AnroputM paboTHl JIBYMEPHOTO HEPEKYPCHBHOTO IH(POBOTO (WIBTpa MEPBOTO MOPSAKA OMHCHIBACTCS
Pa3HOCTHBIM ypaBHeHHEM Buja [7]:

y(ny,ny)= x(ny,n)+a(1,0)x(n;-1,ny)+a(0, 1)x(ny,no-1)+a(l, 1)x(ny-1,n,-1), (D)

rae x(ny,n,) — IBYMEpPHBIA CHUTHAN Ha BXojae (QUIBTpA,

1 o y(ny,n,) - CHTHAJ Ha ero BBIXOJIC,
x(n, , n,) % >4 (n ,n,) a(i,j) — mapameTpsl GWIbTpa, MPHUYEM MPHUHATO, UYTO
;s 1, N Yt 2/ a(0,0)=1. BssB z-peobpazoBaHre OT OOCHX YacCTeH
v ~ ” ypaBaeHuss (1) w®m TpoBeds  COOTBETCTBYIOIIHE
P P mpeoOpa3oBaHus, MONYYUM TepeNaTouHyo (DYHKITHIO
%2 - CHCTEMBI

¢ H(zy, z)=1 + aZl_I + bZz_I + CZI_I Zz_l
, CrpykTypHas cxema (uibTpa TpuBeAcHA Ha puc.l.
zZ, 3mech W janmee JUIS  YIPOIICHUS  HCHOJB3YIOTCS

CIIEyIOIINEe 0003HAYCHUS:
Puc.1. a=a(1,0), b=a(0,1), c=a(1,1).

qaCTOTHyIO XapaKTCPUCTUKY HaﬁﬂeM, caeiaB MMOoJACTAaHOBKY

i 0}
leej 1,Z2:ej 2,

TOoraga

H(ej“)1 e/® )=1+ ae’® +bel® + cel @)
b s

rae ®;, 0, — MPOCTPAHCTBCHHBIC YaCTOTHI.

Jlns WcclaemoBaHUsS 4YacTOTHBIX CBOMCTB CHCTEMBI yAoOHee pabOTaTh C KBaApaTOM MOJMYNS YaCTOTHOM
XapaKTEPUCTHKH, KOTOPHIi MocjIe Mpeodpa3oBaHmii MOYKHO 3aIIUCATh B BHJIE:
|H(e™™ e/ )1*=1+a% +b* +c* +2(a+bc )cosw, +2(b+ac )cos 0, +
+2ccos(®; + 0, )+ 2abcos( ®; —, ).

JIByMepHBIN XapakTep aMIUIMTYIHO-YaCTOTHBIX XapakTepucTHK (AUX) Takux (QHUIBTPOB IMO3BOJSIET KPOME
(UIBTPOB HIDKHUX M BEPXHHUX YaCTOT, M3BECTHBIX W3 TEOPUH ONHOMEPHBIX (PHIBTPOB, Pea30BHIBATE (IUIBTPHI C
apyrumMu Bugamu AUX, KOTOpHIX B OJTHOMEPHOM cillyyae HE CYyLIECTBYeT. B kadecTBe mpumepa MOKHO MPUBECTH
JIOTIACTHBIC  (DUIIBTPBI, KOTOPBIC WCIONB3YIOTCA TPU OO0pabOTKE CEHCMHYCCKUX CHTHAJIOB. OTO (DUIBTPHI,
YIOBJIETBOPSIONINE CIEIYIOMNUM YCIOBUSIM:

JNOMACTHOM QUIBTP MO () NPOIYCKaeT 4acToTsl, Jexamme B obmactu | ) IK 0Ll M, | u 3apepxusaer
YacTOTHI JI)KAIIUE BHE 3TOH 00nacTH (puc.2a);

JNONAacTHON (GUIBTP IO (¥ NPOIyCKAeT YacTOThl, Jexamme B obnactu | 0] >0l 0y | u 3anepxusaer
YaCTOTHI JISKAIe BHE 3Tol obiactu (puc.26).
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B pagmorexHumke BechMa BaXKHBI CBOWCTBA CHUCTEMBI B CIIEKTPaJIbHOM 00JACTH, B YAaCTHOCTH TaKHE €€
XapaKTepUCTUKN KaK YacTOTHI CpPe3a CHCTEMBI, ITOJIOCHI MPOIYCKAEMbIX YacTOT, pe30HAHCHBIE YacTOTH. IMeHHO OHHU
OTIPENIEIISTIOT BO3MOYKHOCTh IPUMEHEHHUS KOHKPETHOW CHCTeMBI JUIS TOW WIIM WHOW 3aJadd, ¥ WMEHHO IO 3THM
rmapaMeTpaM CHCTEMBI OoJpa3aessioT Ha THIEL. [lockonpky AUX nn¢poBeX GUIBTPOB CHMMETPHYHA OTHOCHUTEIHHO
Havaja KOOPJAWHAT, TO NANTbHCHIITNE UCCIICTOBAHUS MOXHO IMPOBOIUTH, PacCMaTpUBast 0071aCTh YaCTOT (), > (.
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OmnpeneneHue yciaoBH, KOTOpbIE HEOOXOIMMO HAJIOXKHTh HA MapaMeTpbl CHCTEMBbI, YTOOBI MOJYYHThH
JIOTIACTHBIC (DUIBTPBI, TPOBOIMIOCH C MCIOJIb30BaHHEM ammapaTa JuddepeHnnaabHol reOMETPUH B MPOCTPAHCTBE.
OrtoT Meton ObuT mpeayokeH B [1]. OH 3akirodaeTcss B ompeielieHMH 3Haka OTKIOHEHHWs moBepxHocth AUX ot
IUIOCKOCTH, KacaTeNbHON B JKCTPEMANbHBIX To4kKaX. s nomactHoro ¢uusTpa mo ) MakcumyM AUYX nomkeH
HAXOJIUThCS B TOUKE (T, 0), 9TO COOTBETCTBYET YCIOBHIO

(a+c)(1+b)<0
(a+c)(l+b)(b—c)a—-1)—(c—ab)* > 0.
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2. YacToTHBIE XapaKTepUCTUKN

Kpome Toro, Heob6xoanmo, urods! 3HaueHne AUX B Touke (0, ) HEe MPEBHILIATIO 1/ A/2 0T MakcUMaNBbHOTO

3HaueHHMs (B ToUKe (T, 0)), T.€. TOJDKHO BBINOJHATHCS YCIOBUE
2
fOm) (l+a-b-c 1

f(m0) (l—a+b—c| 2

B cmywae nomactHoro ¢unbrpa mo ), MakcumyM AUX nomkeH HaxoauTbess B Touke (0, m),
COOTBETCTBYIOIIEE YCIIOBUE NMEET BUJI

(a—c)(b-1)<0
(a—c)b-1)(b+c)a+1)—(c—ab)* > 0,

u 3naueHne AUX B Touke (7, 0) HEe JOKHO MPEBBIILIATH l/ A2 oT MakcumanbHOro 3HaueHus (B Touke (0, 7)), 4TO

COOTBETCTBYET YCJIOBHIO
2
f(n0) (l1-a+b-c 1

fom) \1+a-b-c 2

OTH ycnoBus 3amaloT o0JacTH MapaMeTpoB YKa3aHHBIX THMOB (QHUIBTPOB. ['padudueckas HHTEPIpETALNS
pelieHns TpuBeneHa HAa pHC.3. 37ech MNPEACTaBIEHO CEYCHHWE NPOCTPaHCTBA TapamMeTpoB ¢wibTtpa (a,b,c)
IUIOCKOCTSIMH, COOTBETCTBYIOLIMMHE PA3IMYHBIM 3HAYSHUSIM MTapaMeTpa c.

3. JIunus cpesa

CeneKkTupyroIme CBONCTBa OTHOMEPHBIX MU(MPOBEIX (IIBTPOB MPHUHATO XapaKTEPH30BaTh YacTOTOH cpesa,
cooTBeTcTBytolIel 3aryxanuto AUX Ha ypoBHe 3 nb. Jlns nBymMepHOro ciydast BBEEM MOHITHE JIMHUU Cpe3a, TOUKU
KOTOPO# IMEIOT KOOPIUHATHI ((c1,Wc2), YAOBICTBOPSIONINE YCIOBHIO:

IH|2(03€1,0362)=1
2
IHImax 2

-2-
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ypaBHCHI/Ie JIMHUU Cpe3a JIONAaCTHOIO (1)I/IJ'Ipra II0 ®; DOJYYECHO B CIICAYIOLIECM BUJIC:

1+a%+b* +c? +2(a+bc)cosw, +2(b+ac)cosw,, +

+2ccos(®, + O, )+2abcos( W, — O,y )=%(1—a+b—c)2,

a 1A JIOIIaCTHOTO q)HHpra 110 (1), €ro MOKHO 3aIIMCaTh KaK:
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[Mpumepsr AUX nonacTHEIX GUIBTPOB IO () U (), IPUBEJICHBI HA PHUC.4 g U O COOTBETCTBEHHO.
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1+a> +b° +¢? +2(a+bc)cos®, +2(b+ac)cos®,, +

+2ccos( W, + 0., )+2abcos( W, — O,y )=%(1+a—b—c)2.

OtH (HOpMyIBl OTHOCHTEIBHO CIIOKHBI JUIi aHAIW3a, MO3TOMY OblIa MPOBEACHA ANMPOKCUMAIMS JIUHHU Cpe3a
YPaBHEHUEM 3JUTUIICA, KOTOPOE HAUOO0JIee TOYHO €ro OIUCHIBACT:
AX,*+2BX,X>+CX,*=R?,
rae ko3hdurmentsl A, B, C, R u xoopauHATH X, X, ONPEACISIOTCS CICAYIOIIUME BBIPAKCHUSIMH:
JUTSL JIOITACTHOTO (PUIIBTPA IO ()
A=-2(a+c)(1+b), B=-2(c-ab), C=2(b-c)(1-a),
R=(1-a+b-c), X;=n—0¢|, X2=0c2; 2
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JUTSL JIOITACTHOTO (PHUIIBTPA IO (D
A=-2(a-c)(b-1), B=-2(c-ab), C=-2(b+c)(a+1),
R=(1+a-b-c), X;=¢i, Xo=T—0c>. (3)

PaBencTBa (2) 1 (3) MO3BOJISIOT KOJMYSCTBEHHO OLICHUTH 3HAUCHHS (D¢ IT0 00EUM YaCTOTHBIM KOOPAWHATAM.

Takum oOpa3oM, HcciieoBaHa AByMepHasl HepeKypCHBHas NHU(POBasi CHCTEMa MEPBOTO MOPSAAKA, TTOTyISHBI
OTpaHMYEHHS Ha TMapaMeTphl CHCTEMBI JUIS CYIIECTBOBAHUS JOMACTHBIX (UIbTpoB. [lomydeHO ypaBHEHHE JHHUHU
cpe3a AByMepHOH H(POBOH CUCTEMBI B YIOOHOM UIS IPAKTHYECKOTO IPUMEHEHUS BHE.

PesynpraTtel paboTBI MOTYT HCIIONB30BATHCA IJIS pacdyeTa M aHAIN3a ABYMEPHBIX (PHIBTPYIOMINX CHCTEM,
HCIIOJIb3YEMBIX JIJISl IBYMEPHOH M TpEXMEPHOH 00pabOTKH CUTHAJIOB W U300payKECHUIMA.
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DIGITAL FAN-FILTERS OF THE FIRST ORDER
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Abstract. Frequency properties of 2-D first order nonrecursive digital filters are researched. Domains of the filter
parameters corresponding to fan-filters are established. Expressions of the cut-off line of their amplitude-frequency response are
derived.

Two-dimensional nonrecursive digital filters using in image and TV-signal processing is due to their unique
properties. These are system stability by any parameters and the possibility to construct linear phase filters. The lather
is especially important, as the human eye is rather sensitive to phase distortions. Frequency properties of some 2-D
digital systems are researched in [1, 2]. This paper is devoted to the realization of fan-filters on the base of 2-D
nonrecursive digital system of the first order.

The algorithm of 2-D first order nonrecursive digital filter is described by the following difference equation
y(ny,ny)= x(ny,ny)+a(1,0)x(n,-1,n)+a(0, x(ny,no-1)+a(l,1)x(n,-1,n,-1),
where x(n,ny) — is a 2-D signal on the filter input, y(n,nm) - is a signal on its output,
a(i, j) — are the filter parameters, whereby it’s assumed that a(0, 0)=1. Performing z-transform of this equation we
obtain the transfer function of the system
H(zy, z2)=1 +az, '+ bz '+ ez 2!

Here and further for the simplification sake the following denotions are assumed: a=a(1,0), b=a(0,1), c=a(1,1). The

amplitude-frequency response we obtain after the substitution z; = e/ , 2 = e’

H(ej“)1 ,ej(”z) =1+ ae’® +be’™ + ce/(@1+®)

where m;, 0, — are space frequencies.
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To investigate frequency properties of the system it is preferable to investigate the squared modulo of the
amplitude-frequency response, which can be written as follows:

IH(ejwl,ej(’)2 )|2=1+a2 +b%+c? +2(a+bc)cosw; +2(b+ac )cos®, +
+2ccos(®; + 0, )+ 2abcos( ®; —, ).

The 2-D character of amplitude-frequency responses of such filters allows to realize not only low pass band
and high pass band filters known from the theory of 1-D filters, but also filters with other amplitude-frequency
responses, that can not be obtained in 1-D case. For example it can be a fan filter. These are the filters that satisfy the

follow conditions: a fan filter along o lets the frequencies from the domain | ®; I< 0Ll @, | pass and suppresses

frequencies outside this domain; a fan filter along o, lets the frequencies from the domain | ®; I> L1 ®, | pass and

suppresses frequencies outside this domain.

Conditions that the system parameters should satisfy to construct a fan filter were found by methods of
differential geometry in space. This approach was proposed in [1]. It consists in determining the sign of the elevation
of amplitude-frequency response surface from the plane tangent in extreme points. The maximum of amplitude-
frequency response of a fan filter along ®; must be at the point (7, 0) that conforms to the conditions:

(a+c)(1+b)<0
(a+c)(l+b)(b—c)a—-1)—(c—ab)* > 0.

In addition it’s necessary that the magnitude of the amplitude-frequency response at the point (0, ) does not
exceed 1/ \/5 of the maximum (at the point (7, 0)), i.e. the condition should be held

.ﬂom)_F+a—b—cT 1

f(m0) \l—a+b—c| 2

For a fan filter along @, the maximum of the amplitude-frequency response should be at the point (0, 7). The
corresponding condition is this

(a—c)(b-1)<0
(a—c)(b=1)(b+c)a+1)—(c—ab) > 0,

and the magnitude of the amplitude-frequency response at the point (w, 0) should not exceed l/ \/5 of the maximum
(at (0, 1)), that is

.ﬂnp)_p—a+b—cT 1
2

= <—.
f(0,m) l+a-b-c

These conditions determine the domains of parameters for the mentioned filters.

Selective properties of 1-D digital filters are usually characterized by the cutoff frequency at which the
amplitude-frequency response suppressed at 3 dB. In 2-D case let us introduce the notion of the cutoff line. It can
rather exactly be approximated by an ellipse equation:

AX,*+2BX,X>+CX,’=R?,

where coefficients A, B, C, R and coordinates X;, X, are determined by the following expressions:
for a fan filter along o,

A=-2(a+c)(1+b), B=-2(c-ab), C=2(b-c)(1-a),

R=(1-a+b-c), X|=—0ci, Xo=0c>»;

for a fan filter along m,

A=-2(a-c)(b-1), B=-2(c-ab), C=-2(b+c)(a+1),

R=(1+a-b-c), X;=0¢ 1, Xo=T—W®c>».
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These equations make it easy to estimate the values of ®¢ along both frequency coordinates.
Two-dimensional nonrecursive digital system of the first order is investigated. The domains of parameters
corresponding to fan filters are established. The equation of the cutoff line for the 2-D digital system is derived in a
form suitable for practical use.

The results of the work can be helpful in design and analyze of 2-D filtering systems used in 2-D and 3-D
signal and image processing.
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