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B omimume OT 3amadd MPOCKTHPOBAHUS JIMHEHHBIX (DHIBTPOB, KOTOpas, Kak MpaBWIIO, Oa3upyercs Ha
anMpoOKCUMAIMU 33J]aHHOW YaCTOTHOW XapaKTePHCTUKU HIeaTbHOTO (GWIbTpa (HAmpUMep, HU3KUX WU BBICOKHX
4acTOT), CHHTE3 HEJTMHEWHBIX (DUIHTPOB B YACTOTHOM OOJIACTH HE JOMYCKAET TAKOW MPOCTOM M HATIATHOW TPAKTOBKH.
[IpeoOpa3oBanue criekTpa BXOJHOTO MpoIecca NMPpH HEIMHEHHON (QUIbTpanmuu SBIAETCS ropa3fo Ooyiee CIOKHBIM
MIPOIIECCOM, TPUBOISIINM K PACIIUPEHHUIO BXOJHOTO CIIEKTPa, BOSHUKHOBEHHIO MHOTOYHUCICHHBIX KOMOMHAIIMOHHBIX
TapMOHUK M IPYrUM HelnHeHHBIM 3ddexTtam [1, 2]. B To ke BpeMst UCTIOIh30BaHHUE 3TUX 00JIee CIIOKHBIX U OOTaThIX
0 CBOEH MpHpOJe HETMHEHHBIX SBICHUN KaK pa3 W MO3BOJIET pelIaTh 3aadH, mepell KOTOPHIMH JIMHEHHBIE METOBI
(bUIBTpAIIUN 0KA3BIBAIOTCS OCCCHIILHBIMA.

B pabote paccmarpuBaeTcst Kiace IHM(PPOBBIX HETUHEUHBIX (QUIBTPOB, MPEICTABICHHBIX OTPE3KOM
JMCKPETHOTO psina Bombreppa, Ha3pIBaeMBIX Takke IOJMHOMHAIbHBIMH WM ¢uibTpamMu Bombreppa[l, 3].
[pencraBnenne Takux (GUIBTPOB B YACTOTHOW OOJIACTH TO3BOJIICT pacCMaTPUBATh HETUHEHHYIO (HIBTPAIMIO KaK
mporecc mpeoOpa3oBaHuss TAPMOHHUYECKUX COCTABIIAIONIMX BXOJHOTO CHTHAJa B MHOMXECTBO KOMOHMHAIIMOHHBIX
COCTABIIIONIMX BBIXOJHOTO CHUTHAJNA, OTPEACIIEMBIX YaCTOTHBIMU CBOMCTBAMHU M CTCIICHBIO HETMHEHHOCTH (UIIBTPA.
Jis OomUCcaHus YaCTOTHBIX CBOMCTB HEMMHEHWHBIX (DMIIBTPOB BBOISATCS MOHSATHUS HEIMHEWHOTO CIIEKTpPa BXOIHOTO U
BBIXOJHOTO CHTHAJIOB M HHTETPAIBHON YaCTOTHOW XapaKTEPUCTHKH.

Kax u3BectHO [2, 3], HenmuHEHHAs cucTemMa M-ro TIOpsKa B YaCTOTHOM 00JacTH XapaKTepHu3yeTcsi Habopom
U3 M 4YacTOTHBIX XapakTepucTtuk (smep) Hi(w), Ho(wy, ay),....Hy(®y, ..., (), TO3BOISIONMX PACCUYUTATh YaCTOTHBIN
OTKIIHK Y(() CUCTEMBI Ha JIF000¢e Bo3eiicTBUE X(W) 1O hopmyIie

M
Y(w)=Y Y, (w)=H (0)X(0)+

m=1

M 1 T T mn
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rae X(w) — npeobdpazoBanue Pypbe BxonHoro curnana x(n). Ilepsolii wien Yi(®) B BelpakeHuu (1) Xxapakrepusyer
JIMHEHHYIO COCTaBIISIOUIYI0 CHCTEMBI, a ocTajbHble (M — 1) — mpencraBisioT coOOH HEIMHEWHBIE COCTaBIISIONIME
Y, (@), m= 2,..,M pasnuuHoro mnopsiika. HecMOTpsi Ha cBOH HcuepnbIBarOIIMi Xapakrtep, mnpencraieHue (1)
HEyZOOHO Ul MPAKTUYECKOTO CHHTE3a CHUCTEM, TaK KaK HEIMHEHWHBIC WICHBI ONPEAEIAIOTCS 4epe3 MHOTOMEPHBIE
HHTErpabl.

C 1menpi0 yIpONIEHWS] YacTOTHOTO aHAlM3a PAacCMOTPHM CIIEKTp M-H CTENEHHM BXOAHOTO CHTHana x(n),
omnpenenseMsii onepatopoM S,,[X(w)] Buna [3]

T T

X, (@=5,[X]= .. [3w+o —...—mm)ﬁ X.(0,)do,, @)
-T -7 i=1

B YacCTOTHOM JHama3oHe KOTOPOro IMPEACTaBICHbl BCE CIEKTPAJbHbIE COCTABIIOLIUE, OOYCIIOBICHHBIE
HEJMHEWHOCTBIO m-To mopsaka. HazoBeM mist KpaTkocTH X,,(W) HeaunetnbiM 6X0OHbIM CHEKMpPOM, a COCTABIISIONTYIO
Y, (®) — renunelinvim 6bIX00HBIM cnekmpom nopsoka m. JIJise OMUCcaHus 3aBUCUMOCTH, CBS3BIBAIONIEH KOMITOHEHTHI
JAHHBIX CIIEKTPOB HA YaCTOTE (0, OTIPEACITUM (PYHKIIHIO

Y, (®)

G, (o, X(w)= X (0

3)

st X, (w) # 0. Jlannas GyHkius npu m = 1 coBmagaeT ¢ 4aCTOTHON XapaKTepucTukoi H () muHeHoTro QuiabTpa 1
3aBUCHUT TOJBKO OT . J[1s m = 2 oHa 3aBUCHT Tarke OoT X((0) U NaeT KBa3WIMHEHHOE ONMCaHUe HEJTMHEHHOCTH M1-TO
nopsinka. Kak cnemyer u3 (2)—(4) dyakmus G, (o, X(0)) onpeaenseT TMHSHHYIO B3aUMOCBS3b MEXKIy YaCTOTHBIMH
KOMIIOHCHTaMH CIEKTPOB X,,(®) u Y,,(®), MOIy4YCHHBIX UHTEIPUPOBAHUEM BIOJb THIIEPILTIOCKOCTEH ) + ...+ @), = (.
IMosromy B oTimuuue ot sinep H,(wy, ..., 0),), ONPEICISIIONIAX YACTOTHBIC CBOWCTBA CHCTEMBI B OTACIBHBIX TOYKAX
yacToTHOW obOmact, QyHKIHIO G,(0, X(®)) MOXKHO pacCMaTpUBATh KaK UHIMESPAIbHYIO  HYACHOMHYIO
xapaxmepucmuxy m-2o nopsioxa [3].

Ha ocHoBannm omnpeneneHus (4) YacCTOTHBIM OTKJIMK HEIWMHEWHOTO QMIbTpa M-ro TOpsSIKa MOXKHO
MIPEJCTaBUTh B BUJIC

M
Y(@) =G (o)X (®)+ Y, G, (0 X)X, (o). 4)

m=2
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JlaHHBIH psI AaeT SKBUBAJICHTHOE MPEICTABICHUE HETMHEHHOTO (WIBTPa B BHJIE CTPYKTYPHI, aHAJOTHIHOMN
Mozenu ['aMmmepIiTeiiHa ¢ TeM OTIInYKeM, 4To 37ech GyHKmu G, (0, X(0)) 3aBUCAT OT BXOJAHOTO CIEKTpa X(M).

B ommmune oT JMHEWHBIX (QHUIBTPOB IIPH CHHTE3E HEMMHEHHBIX (WIBTPOB C 3aJaHHBIM YaCTOTHBIMHU
CBOWCTBAMHM HEOOXOJWMO 3apaHee OINpeNelInTh KIacC BXOAHBIX CHTHAJOB. lcmomb3oBaHWE CHHYCOMTAITBHBIX
BO3JICHCTBUI TP TMPOCKTHPOBAHWM HEITMHEWHBIX (HIBTPOB, Tak JXe, KaK M B JIMHEHHOM CIly4ae, TO3BOJSAET
CYIIECTBEHHO YIPOCTUTHh aHAJN3 W CHHTE3 B YAaCTOTHOH OOJIACTH M TOJNyYUTh HE TOJNBKO KaueCTBEHHYIO KapTHHY
MIPOUCXOIAIMINX MPOIECCOB, HO U AaTh MPAKTUUECKUE PEKOMEHIANH TI0 BEIOOPY ITapaMeTpOB HEIMHEHHBIX (QHIIBTPOB
B 3aBHCUMOCTH OT CTICHH(HUKH perIaeMoi 3a1auH.

B wuyactHOCTH, AN TPAaKTUYECKH BAaXKHOTO KIAacca KBAAPATHYHBIX (QHIBTPOB TPH CHHYCOUAATBHBIX
Bo3zeicTBIAX X(11) = Ao + A cosAn BeipakeHus (2), (3) mpuoOpeTaroT BUj

X, (@) = 27f(A2 +242)8(0) + 24,A80 A)+AZ(@ 2],

[ 45 H,(0,0) + 247 Hy (-A, 1)
Al +247 ’
GZ((D’AO’AI): H2(0’7\’), ('0:7\’; (5)

=0

H,(A,N), =24

CrnenyeT 3aMeTHTh, UTO UHTETpajibHAs 4aCTOTHAs XapakrepucTuka G,(m) omnpeneneHa Ha yactorax @= 0, ®
= A, ®= 2\, wis koTopbix X5(®) # 0, U MOXKET ObITh BBHIPAXKEHA YEepe3 CPe3bl IBYXMEPHOro supa Hy(w;, o).
AHaNOTMYHO m-MEpHAas WHTErpajbHAs YacTOTHAs XapaKTEPUCTHKA OIpPENEIsIeTCS OJHOMEPHBIMH Cpe3aMH sipa
H, (o, ..., ®,) nopsaka m.

TakuM 00pa3om, YaCTOTHBIE CBOMCTBA CHHTE3MPYEMOro (HIBTPAa MOXXHO (OPMHPOBATH IMyTEM 3aJaHUs
3HAYEHMH sAEP B YaCTOTHOW OONACTH BIONb IUIOCKOCTEH, XapaKTEepU3YyIOMNX BKIAJ PA3IMYHBIX KOMOMHAIMOHHBIX
rapMOHMK B CyMMapHylo peakiuio ¢uiabrpa. Hampumep, s nonasieHHs MOCTOSIHHOM COCTaBISIIOLIEH M BTOPOH
rapMOHMKH BBIXOJHOTO CUTHAJa KBaIpaTH4HOro (GuibTpa HeoOxomumo, uToObl  H,(0,0)=H,(—A, )= H,(A, L)=0.
TpeOoBaHus, TpeabsABIIEMbIE K CEYCHUSIM sJIep B YaCTOTHOW oO0nacTu, MOTyT OBITH IpeoOpa3oBaHbl B
SKBUBAJICHTHBIE YCIOBUS OTHOCUTENBHO HEIMHEHHBIX UMITYIbCHBIX XapaKTePUCTUK h(n,n,).

Jnst cuHTe3a HENMHEHHBIX (QUIIBTPOB C 3aJaHHBIMM YaCTOTHBIMH CBOWCTBAMH MOXHO BOCIIOJB30BaThCS
XOpOILIO pa3paboTaHHBIM apCeHAIOM CPEJCTB IPOEKTUPOBAHUS JIMHEHHBIX (WIbTpOB [4], ecnu cBecTH 3anady
MIPOCKTUPOBAHMS HEJIMHEHHOTO (QHIBTPA K IIOCTPOCHHUIO JMHEHHOTO (GribTpa-mporoTuna. [lokaxkeM mpaBoMEpHOCTh
TaKOTo IOJX0/1a Ha IPUMEPE CHHTE3a HETMHEHHBIX (DMIBTPOB VIS OLICHKH NTapaMETPOB CHHYCOUAATbHBIX CUTHAJIOB.

PaccMOTpUM OTHOMEPHBIH KBaIpaTHYHbINA (UIBTP C CHHYCOMIAJIbHBIM CUTHAIIOM X(1) = AsinAn Ha Bxone. B
COOTBETCTBHHU C (5) MHTETpanbHas YaCTOTHAS] XapaKTEPUCTHKA B 3TOM CIIy4ae HMEET BH],

G, (0) H,(-\,0\), ©=0; ©
W)=
? H,(MA), ®=2A\.
Ha BeiXonme ¢uibTpa OyAyT MPUCYTCTBOBATH MOCTOSIHHAS COCTAaBISIONIAs W BTOpas rapmoHuka. [Ipu sTom
BBIXOJHOM CTIIEKTp OyAeT paBeH

Y(0)=G,(0)X,(0)= A*H, (-1, 1)d(0) + A* H, (A, L)d(w — 21)..

Ilpu cuHTe3e (uUIbTpa C LENBI0 U3MEPCHHS MAPAMETPOB BXOIHOTO CHTHANIAa HAa BBIXOJNE JKEJIATEIBHO
MOJIYYHUTh MOCTOSIHHBIA CHUTHAJ, MPOMOPLIUOHAIBHBIA HU3MEpseMoMy mapamerpy. Jlis TOJaBICHUS HEKEIATCIBHON
BTOPOH TApMOHHUKH HEOOXOAMMO, YTOOBI ceuenue H,(m, ) = 0. B 3aBucumocTtu ot BeIOOpa cedeHus H,(—, @) MOTyT
OBITh MOJYYEHBI (DMIIBTPHI C PA3TUYHBIMU CBOHCTBAMU, B YACTHOCTH:

1. Ecmu Hy(—o, ®) = o, o € [0,0.], uTto coorBercTByeT ®HY ¢ wacToToii cpesa @, BEIXOAHON cUTHAN (pHIbTpa
GyZeT MPOIOPIMOHAICH MOIHOCTH CHTHANA, T. €. y; (1) = 0A”.

2. Ecmn Hy(—o, ®) = Bw, ® € [0,,.], 9T0 cOOTBETCTBYET AndPepeHInaTopy, Ha BeIxoae GuiabTpa GopMupyercst
curHain y,(n) = BAZ(D, MPONIOPLUHUOHATIBHBIN MPOU3BEICHHUIO YACTOTHI HA MOIIIHOCTh BXOJIHOTO CUTHAJIA.
Jlerko BHIETh, YTO B KaYECTBE OICHKHM YaCTOTHI CHHYCOHMJAILHOIO CHUTHAJIA C W3MCHSIOIICHCS aMIUTUTYIOH MOXHO
HCIOJB30BaTh OTHOIICHHUE

Y, (n) :Em

(N
»(n) o
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Takum oOpa3om, cormacHo (7) HEOOXOAMMO CHHTE3WPOBATH JIBA HEIUHEWHBIX (QHIBTPA C BBIXOJIHBIMH
curHamaMu B Bume y,(n)=0A’ u y,(n)=PA’0. JJaHHble CHrHAmbI OGYCIOBICHBI 3HAYCHHSAMH YaCTOTHOTO SIPa
Hy(—o, ), nexampMu Ha TuaroHanu o; — o, =0, nepecekatonieit 11 u IV xBagpantel yactoTHO# 001actu. [ToaTomy
JUTSL TIEpBOTO (DHUIIBTpa CeUcHHE sIpa BAOJNb JAHHOW MTUArOHAIH OJDKHO MMETh MOCTOSIHHOE 3HAYCHHUE, a ISl BTOPOTO
— JNUHEHHO BO3pacTaTh B 3aBUCHMOCTH OT YaCTOTHL. B TO ke BpeMs C IENBI0 UCKITIOUCHHS HEXKEIATSIFHOW BTOPOH
TapMOHHUKH, O0YCIIOBICHHOM 3HAYCHHUSMHU S/Ipa Ha AUaroHamu @ + ) = 0, He00X0AUMO 00ECIICUNTh PABCHCTBO HYIIIO
sapa Hy(w;, 0,) dunbrpa B I m I11 kBampanTax 4acTOTHOM 0OJIACTH.

Jiis cuHTe3a HENMHEHHBIX (WIBTPOB, OOJNANAIONIMX TAKUMH CBOWCTBAMH, YIOOHO BOCIIOJB30BATHCS
JIIByXMEPHBIMU TpaHchopmupyromuMu  QyHKIusMu  [5]. OOb4HO, B KadecTBe TpaHchopMmupyromend (QyHKIII
HCIOJB3YETCS YaCTOTHAS XapaKTEPUCTHKA 3 X 3-TOUEUHOro (PriIbTpa ¢ HyJIeBO# (hazoit

F(o,,m,)=A+ Bcos®, +Ccos®, + Dcos(®, —®,)+ Ecos(w, +®,), (8)

rae A, B, C, D, E — napameTpsl, onpeerstomue GopMy TpaHCHOPMHUPYIOUICH (QYHKITUH.
JIist Hamwmx 11esielt MOYKHO BOCTIONB30BAThHCS TpaHChopMaIueit Buia

F((y),,(x)2)=l cos(®, +®,)—cos(®w; —w,)
2

¢ mapametpamu A = B=C =0, D = —1/2, E = 1/2, npuanMaromeii mosoxurenabHple 3HadeHus B I u IV kBagpanTax
YaCTOTHOM MIIOCKOCTH M oTpunatenbHbie — B [ u I11.

W3 pacronoxeHuss JUHUH YpPOBHS M COOTBETCTBHS F(M),0)) <> cos(®) CIEAyeT, YTO AJs IOJaBICHHUS
YaCTOTHOTO OTKJIWKa HenmuHerHoro ¢wibtpa B I m III kBagpaHTax 49acTOTHON OOJIACTH B KAadecTBE MPOTOTHIIOB
HEOOXOIMMO WCIIOJIb30BaTh HHU3KOYACTOTHBIE (WIBTPHI C YaCTOTOM cpe3a @, = 7/2. IlepBbIii GUIBTP-IPOTOTHI
JIOJDKEH UMETh PaBHOMEPHYIO YaCTOTHYIO XapaKTepUCTHKY B rmosioce mpomyckanus [0, 7w/2]. Tak kak gacrtora ® = 0

npeobpasyetcst B Touky (—T/2,7/2) uYacTOTHOH IIOCKOCTH, JUIsl MONyYEHHs JHHEHHO BO3PACTAIONIETO HA

uatepBasie 0 + 72 ceueHus H,(-0,0) sapa B KadecTBE BTOPOTO MPOTOTHIIA HEOOXOAMMO HCIOJIb30BATh
HU3KOYACTOTHBIH (UIBTP C JUHEHHO HHUCIAJAIONICH YaCTOTHON XapaKTePUCTUKOW HAa TOM e HWHTepBaie. s
OIIpPEAENIeHN YacTOTHBIX simep H, (W, %), i = 1, 2 KBagpaTW4HBIX (HUIBTPOB, COOTBETCTBYIONINX JHWHEHHBIM

MIpOTOTUIIaM, NUCIIOJIB30BaJIOCh BbIPAKCHUC
(N=1)/)2

Hy,(0,,0,)=h(0)+2 Y hmT,[F(o,0,)] i=12, ©)

n=1

rae mosuHoMBI T,[x] UeObleBa pacCUUTHIBAIMCH TI0 U3BECTHOM pEeKyppeHTHOH (popmyite.

XOTSl UMITYJIbCHBIE XapaKTEPUCTHKU h, {7y, N,), COOTBETCTBYIOIME YacTOTHBIM siupam H, (®, @), MOTYyT
OBITH PACCYUTAHBI C MMOMOIIBI0 OOPATHOTO JABYXMEpHOTo MpeobpazoBanus Dypbe, 6osee d3h(HEKTHBHO HCIIOIH30BaTh
PEKYpPPEHTHYIO IPOLEAYPY, BEIYUCISA hy (1, ) OXHOBPEMEHHO C H, (0, 0).

B uTore W3 HMIYJIbCHBIX XapaKTEPUCTHK /A (n) (GUIBTPOB-MPOTOTUIIOB UIMTEIBHOCTBIO N OTCUETOB
dhopmupyrotest N X N-MaTpHIlbl

H, = [h2,i (ny,n, )], i=12,

COZEpIKallie OTCUCTBl HMITYIbCHBIX XapaKTEPUCTUK h, (1, n,) KBagpaTW4HBIX GUIbTpoB. Kak oKa3anocs,
MOJIy4EHHBIE B PE3yIbTaTe MATPULBI SBIAIOTCS CHIBHO Pa3psDKEHHBIMM, YTO MO3BOJSIET CYIIECTBEHHO CHU3MTh
BBIYHCIIUTEIBHBIC 3aTPATHI IPU peasIM3allii CHHTE3UPOBAHHBIX (DHIBTPOB.

Ha ocnoBanmm (7) HenmuHEHHBIA (QWIBTP U1 OLEHKHM YacTOThl CHHYCOWAAIBHOTO CHUTHAjla MOXET OBITh
MIPECTABIICH B BU/IC OTHOLICHUS JIBYX KBaPATHIHBIX (HOpPM

V2 (I’l) — XZHZXn

(n) = ,
Y yl(n) XZ;HIXn

racx, — TeKyHlI/Iﬁ BEKTOP OTCYETOB BXOJHOI'0 CUI'HaJ1a, paBHI:Iﬁ

N -1 N -1

x =|x(n-— ) .. x(n-=1) x(n) x(n+1) ... x(n+T)

n
2
PC3yJ'IbTaTLI (IJI/IJ'II)TpaIII/II/I CUHYCOUAAJIbHOI'O CUrHajIa € JIMHEHHO BO3paCTaIOIII€I7[ YacTOTOM U PI3MCH$IIOH16ﬁC$I

aMHHHTyI[Oﬁ OpeACTaBJICHBI Ha PHUCYHKE, M3 KOTOPOrO BHUJAHO, YTO OICHKA YaCTOTbl HE 3aBHUCUT OT aMIUJIUTY/IbI
BXOIHOT'O CUTHAJIA.
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[orpemHoCTH W3MEPCHUs, BO3HHMKAIOUIME B OCHOBHOM Ha HHU3KHX YacTOTaX, 3aBUCAT OT IIHUPUHBI
MEPEXOIHON TOJIOCH (PIIBTPOB-IIPOTOTHIIOB U CBS3aHBI C MpocaunBaHueM BTOpoi rapmonuku u3 I u Il kBagpaHTOB
YaCTOTHOW OOJAaCTH B OKPECTHOCTH Hayajla KOOpPJWHAT. Bpemsi W3MEpeHHs 4YacTOThI ONPEHCIACTCS UIMHON
HUMITYJIbCHON XapakTepucTuku N (QUIIbTPa-IPOTOTHIIA U COCTABIISIET BEJIIMUUHY, TOPA310 MEHbIIYIO [IEpHO/ia CHUTHAA.
DTO TO3BOJSIET HCIOJIb30BaTh HEIMHEHHYIO (GHUIBTPALMIO Uil MOCTPOCHUs OBICTPOACHCTBYIOIIMX YaCTOTOMEPOB
nH(PAHU3KUAX YaCTOT.
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As opposed to designing of linear filters, which is based on approximation of a given magnitude
characteristic of an ideal filter (for example, low-pass or high-pass), a synthesis of nonlinear filters does not allow so
simple and evident treatment. In the nonlinear signal filtering, spectrum transformation is a more sophisticated process
resulting in intermodulations and other frequency interactions. At the same time using these more rich nonlinear
phenomena just allows us to solve tasks that linear filtering fails to do [1 - 3].

To describe nonlinear filtering effects in the frequency domain generalized frequency responses have been
used [3]. As these functions are multidimensional, it is rather difficult to apply them for nonlinear filter design. Under
some restriction on a class of input signals, for example, focusing solely on sine wave signals, efficient methods for
nonlinear filter design have been proposed.

In a class of polynomial (Volterra) filters, it is possible to extract filters with kernels expressed in terms of
delta-functions in the frequency or time domains [2]. These filters named delta-filters are powerful enough to resolve
a lot of tasks in practice. Definition of the delta-filters responses by one-dimensional slices enables to reduce a
problem to design of a linear prototype filter and make use of well-known methods of linear filter design [4]. Besides,
delta-filters are considerably easier to implement than common Volterra filters.

In this papers we shall present theoretical basis of the delta-filtering and demonstrate the design technique by
using sine wave parameter estimation as an example.

A frequency response of an M-th order polynomial filter may be characterized with transfer functions
(kernels in the frequency domain) H,(®), Hy(®;,0%), ..., Hy{(®y,... ,a) and defined as summation

M
Y(@) =YY, () (D

m=1

of a linear component Y;(®) = H;(®w)X(®) and nonlinear components Y,,(®) (m > 1) which are given by
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1 T T m
Y, ()= W:[I~-~£Ym(wl,...,wm)5(w—§mi)dwi 2)
where Y,,(®, ..., ®,) = H,(0y, ..., ®,)X(0)-...-X(0y).

For simplification of the frequency analysis of nonlinear systems, generalized describing functions have been
introduced in [5]. These functions are defined only on the input frequency range and hence can not be used to describe
of nonlinear effects connected with new frequencies generation.

In order to overcome this limitation, let’s introduce some new concepts. At first, we consider a spectrum of
n-th power of an input signal defined by

T U m m
X, (®) =S,[X()]= j...ja(w— Zwi]]'[ X, (w,;)dw, . (3)
“n o o-n i=1 i=1
This function contains all frequency components of m-th order nonlinearity. We shall call X,,(®) a nonlinear
input spectrum, and Y, (®) given by (2) — a nonlinear output spectrum of the order m. To characterize the relation
between these spectra at a frequency o, let’s also define a function
G (0. X (@) = ~2(2)
X, (©)
for X,,(w) # 0. If m = 1, this function is the frequency response of a linear filter. For m > 2, this one depends on X(w)
and may be considered as a quasi-linear description of m-th order nonlinearity. As follows from (2) —(4) the function
G,(m, X(w)) describes a relationship between frequency components of the spectra X,,(®) and Y, (w) derived by
integration on hyperplanes ®, +...+®,=®. Therefore, function G,,(®, X(®w)) may be regarded as integral frequency
response of the m-th order.
Now using (4) we can rewrite the frequency response Y(w) of M-th order polynomial filter as follows

(4)

M
Y(0)=G(0)X(w)+ 2 G, (0, X(0)X,,(®).
m=2

This series is an equivalent representation of the polynomial filter in the form similar to Hammerstein's
model with input dependent frequency responses.

In contrast to linear case, for synthesis of nonlinear filters with given frequency properties, it is necessary
beforehand to define a class of input signals. In order to analyze possible output frequency component of the filter, at
first the input nonlinear spectrum can be derived. It allows one to choose the order and structure of the filter suitable
for the given task. Then, requirements to the integral frequency response are formed, and filter coefficients are
calculated.

In order to simplify the analysis and synthesis of filters in the frequency domain, a sine wave input may be
selected. In practice, by using even a single sinusoid it is possible to get qualitative picture of filtering process, but
also to gain insight into choice of a structure and parameters of a nonlinear filter being designed.

For an important subclass of quadratic filters with input signal x(n) = Ay+Acoshn, Egs. (3) and (4) can be
rewritten as

X, (@)= 2n[(A§ +2A2)3(W) + 24, 4,8(0 - ) + A25(® — 27»)]
—A(gHz (0,0)+247H, (A, A)
Ap +2A}
G2((D’AO’A1)= HZ(O’K)’(DZA’; (5)

,0=0;

H,(A,\),m=2A;

It should be noted that the integral frequency response is defined at the frequencies @ =0, ®= A, ®= 2\ such
that X,(®w) # 0 and can be represented by the three components {G,o(A)d(®), G, (M) (®—L), Gy r(A)d(w—2A)}
expressed in terms of one-dimensional slices of the two-dimensional transfer function Hp(®;, ). For m-th order, the
integral frequency response G,(®) of the m-th order nonlinear filter for the sinusoidal input is the following set
{GroM)(®), G, i (MO(®—A), ..., Gp(A)O(@—mA)} defined by the one-dimensional slices of the m-dimensional
transfer function H,,(0y, ..., ).

The slices specify a contribution of different harmonics to the output signal and, therefore, may be used to
provide the given filter performance. For example, to suppress DC and a frequency component at ®=2 A in the output
signal of the quadratic filter the following condition has to be satisfied: H,(0, 0) = H,(—A, L) = Hy(A, L) =0.

The requirements produced to the kernel slice in the frequency domain can be transformed into equivalent
ones to the nonlinear impulse response which are required for implementation of the filter to be designed.
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