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Pedepar. B pabore paccmarpuBaroTcs ABa METOJAa OLCHMBAHMSA KPHBU3HBI 3allyMJICHHOW AMCKpEeTHOH KpuBoi. IlepBblif Meron,
Ha3BaHHBI METOJOM T€OMETPUYECKOTO CITIAKMBAHMS, OCHOBAH HA BHIYMCICHHU MEP MepecedeHus 00NacTH, OrpaHMYEHHOH paccMaTpHBAEMBIM
KOHTYPOM, C HEKOTOPBIMH I'€OMETPHYECKHMHM TPUMHTHBAMH — KPYTOM, KBaJpaToM M T.1. BTopoii cmoco6, Ha3BaHHBIA alNpOKCHMAaTHBHBIM,
OCHOBaH Ha BBIYMCJICHUH OLIEHOK IMPOU3BOIHBIX ITyTEM aHAIUTUYECKON alIpPOKCHMALUK JUCKPETHOH KpuBOi. B craThe mpuBeaeHb pe3yabTaThl
OIIEHKH MOTPEITHOCTEH ITUX METOIOB U BBIOOPA ONTHMANBHBIX 3HAYCHHI UX MapaMeTPOB.

1.BBenenue. PacnoznaBanue (OopMbl IUIOCKHUX JABYMEPHBIX M300pa)KCHUH OOBEKTOB OCYILECTBIISETCS, KakK
NIPaBWJIO, IIyTEM CPaBHEHMsI BHELIHEr0 KOHTypa MCXOIHOTO M300pa)KCHUsI ¢ KOHTYpaMH STaJlOHHBIX 00bekToB. [Ipn
9TOM Ha KOHTYpE CTaparoTcsi BBIACIMTh HauOosee WMH(GOPMATHBHBIC, TAaK Ha3bIBAEMbIC KOHTPOJIbHBIE, TOYKH. B
Ka4eCTBE TAKUX TOUEK OOBIYHO MCIOJB3YIOT TOYKH C BHICOKUM 3HauCHUEM (DYHKIIMU KPUBHU3HBI.

Ecimm HCOPEpbIBHAs KprBas 3a/laHa YPAaBHCHHUEM B SIBHOU (bopMe y= y(X) , TO KpMBU3HA BBIYUCIIACTCA IO

dopmyne k= ‘y”/(1+ y'? )3/2 .

3aIIyMIIEHHOTO IU(POBOro n300paskeHus. Takas JUCKpETHAs KpUBasi B OOIEM CITydae MOXET COJIepKAaTh Pa3phIBHI U
OTHENBbHO cTosmme, "BbIOWTHIE" TOukW. Kak muddepeHnnanpHas XapaKTepUCTHKA, KPHWBH3HA SIBISAETCS OYCHB
HEYCTOMYMBON K JAHUCKPETH3alMH M 3allyMIIeHWIO wu300pakeHus. [losToMy, s oOecriedeHHus PHEMIIEMOM
MMOMEX0YCTOWIMBOCTH TIOUCKA KOHTPOJBHBIX TOYCK (DYHKIIMIO KPUBU3HBI OIICHUBAIOT KOCBCHHO.

B nmanHO# paboTe paccMaTpUBAIOTCS N1Ba CIOCO0A OICHUBAHWS KPHBH3HBI, MPHUTOJHBIC Ui 00pabOTKU
3alIyMIICHHBIX W300pakeHud. [lepBeii croco0, HAa3BaHHBIH METONOM TEOMETPHUYCCKOTO CIIIaKUBAHHS, OBLI
mpeyIokeH B padote [1]. BTopoit cnoco0, Ha3BaHHEIH aMMPOKCUMATUBHEIM, OMUCHIBacTCs HIDKE. OICHKH KPUBU3HBEI,

PeanpHO wWMeeTcs TONBKO MAWCKPETHAs KpHBas, Ioiydaemas oO0paboTKoH

a
TIOJIy9aceMBbI€ C ITOMOIIBIO 3TUX METO/I0B, 0003HAYCHBI k;i n km COOTBECTCTBCHHO.
bes OrpaHNYCHUSA 06HIHOCTI/I MOXHO CHHUTAThb, YTO KpUBAAd IMPOXOAUT YEPEC3 HA4Yajl0 KOOPpAUHAT U KPpHUBHU3HA

OLICHMBAeTCs B Havane Koopaunar. [loa 71 — oneHkoii GyHKUMM KPUBA3HBI KpUBOii OyemM nonnMath Gyrkumio K, ,

3aBucsuty0 ot mapamerpa m >0, xoropas yposnersopser ycmosusm lim k, =k . Kax npasuio, napamerp
m—+0

m >0 onpenenser crenenp rmagkoctd GyHkuun kpuBu3Hbl. Ouenkn K, KpuBH3HBI K, HCCIEIYIOTCS Ha OCHOBE
aHaM3a WX CMCIUCHHS S, =k —M[K m] M CPEIHEKBAPATHIHOTO OTKIOHCHHS G[K m ]

B [2] uccnenosanack 3a1a4a OLECHMBAHMS 3HAYEHUA M1, IPU KOTOPOM JOCTUIA€TCs MUHUMYM (DyHKLMH

2 1 .
max{sm,c [K m ] | UT1 METO/Ia TEOMETPHYECKOTO CriaxuBanusi. B janHol paborte mis 000MX paccMaTpuBaeMBbIx
2 2 .
METO/IOB MPOBOJUTCS CTAaTHCTHYECKOE HCCIef0BaHne 3aBucumoctn mucnepcuu D, =5, +06° [ K, | cymmapHoit

OHII/IGKI/I, a TaKXKC aHaJIUTUYCCKOC OICHHWBAHHUC 3HAYCHUA mo, B KOTOPOM JOCTUTACTCA MHUHUMYM q)yHKIII/II/I

' + G[K m] JUTA METO/Ia TEOMETPHYECKOTO CTIIAKIBAHUS.

R<l> :‘sm

2. Mertox reomerpmueckoro criaaxuanusa [1,2]. Ilyctp omeHmBaeTcsi KpHBH3HAa IUIOCKOH 0e3

caMonepecequI/Iﬁ KpHBOﬁ y , npoxoaﬂmeﬁ 4yepe3 Ha4YaJI0 KOOpAUHAT U Q - M — OKpECTHOCThL Hayajla KoopAuHaT

m
(me N ) B uexoropoii MeTpuke P . Borauciaum m — Bec kpuBoii Y 1o dpopmyne v, = ‘Sm —§m‘/max( Sm,gm ),
rne S, n S, - mwiomamm duryp, orpannuennsx rpannueii okpecrnoctn 0, u kpusoii Y . B [2] mokasauo: a) B
Metpuke P ( 5,k )= maxﬂs|,|k|} uMeeT MecTo acumntoTHyeckas dopmyra k =3v, /m+O(m), m—0; 6) B

EBKIM/IOBOH METPUKE MMEET MeCTo acummroTudeckas (popmyna k =3mv,, /(4m)+O(m), m—0. Tosromy

M —oueHka (YHKIMH KPUBU3HBL B METONEC I'COMETPUYECKOTO CIUIXHBAHUS BBIYUCISACTCS 10 (opMyIie
g _ -
k$ =3v,, /m,asec v, paccuursiaercs B metpuke Q,, = [— m,m]x [— m,m].
PaccMOTpuM 3afady OLCHMBAHHMS ONTUMANBHOTO 3HAYCHHS IapameTpa /7,, B KOTOPOM [OCTHIAeTCS
(1)
MuHEMYM QyHKIIH R,/ = |sm|+ o|K,, |. 3amernM, 4TO HCTIOIB30BAHIE ITOTO KPUTEPHS ONTHMAIBHOCTH [I03BOJISICT

TOJTYYHTh MHTEPBAIBHYIO OLEHKY [Tl /1, He 3aBHcAuLyio oT K . Byxem cunrath, 4TO TOUKa KpHBOil Y/, B KOTOPOH
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OLICHHBACTCS KPMBHM3HA, WMEET 71— BEC, OrpaHMuCHHBIA HwKkHAM mnoporosbiv suauerwem he (01), o ects
v, > h. TlpegnonoxuM, 4T0 KpuBas Y IOABEPrHYTa LEJOYUCICHHOMY HEKOPPEIMPOBAHHOMY OJHOMEPHOMY
3alllyMJICHHIO, OIHMCAHHOMY B [2], TO €CTh OTKIOHCHHE CIy4ailHOH OpAMHATHI Y, OT CBOErO CPEIHEro 3HAYCHHS
M/Y; ] =y, Ha j emMHHL OCYLIECTBIAETCS C BEPOATHOCTAMH P, (j=-l,...,1), npuuem pP_;=Dp;

(j=1,...,0). Tlpumenss mertonuky [2] MOXHO MOKa3aTb, YTO ONTHMAIbLHOE 3HAYeHHs M1, OyjeT JeXaTb B

HHTEpBae

o 16 <my <e¥? [I(h)>

rae J(h)=0.076h> +0.107h+0.292, 6% = 222=1 kzpk - JIUCIIEPCHS 3AIlyMIICHHS KPHBOM B TOUKE.

3. AnnpokcuMaTUBHbBII MeTol1. B 3TOM MeTo/ie HCXO0qHast AUCKpETHast KpUBasi B /11 — OKPECTHOCTH Hauaja
KOOpPJIUHAT aIPOKCHMHUPYETCS aHATUTHYECKH 3a]1aBaeMOi HETIPEPBIBHOW KPUBOH, IMapaMeTpbl KOTOPOH MOTYT OBITH
OLICHEHBI, HAmpHUMep, METOAOM HAaWMEHBIINX KBaApaToB. B KadecTBe ammpoOKCHMHPYIOMHUX KpPUBBIX YHZOOHO

2 2 2
HCIOJIb30BaTh, B YaCTHOCTH, OKPYXKHOCTb (X—a )" +(y—b)° =r" c napamerpamu @, b, 7 wumm nonuHoM
BTOPOT'O NOPSJKA BUAA Y = Co+CiX + 0.5¢,x°.
Vcnonp30Banue s anmpoKCUMANUH YKa3aHHOTO TIOJIMHOMAa BTOPOTO IMOPSAKA YKBUBAJIICHTHO NPUMEHEHHUIO
MpOIenypsl CriaXuBaHWsA [3] B OKPECTHOCTH Hadana KOOpPAWHAT OIM(POBAHHBIX 3HAYCHUH KPHUBOM Vi

(k=-m,..,m) ¢ noMOWBI0 MHOrOWIEHa BTOPOro MHOpsiAKa C( + ¢k +O.5C2k2 =y, A1 peryiaspu3aluu

npolesypsl uucieHHoro auddepenuuposanns. Koabduuuentsr €, C,npH 3TOM ABIAIOTCS OLEHKaMU 3Ha4YeHMIt
MepBOM W BTOPOH MPOHM3BOAHOW oOmM(PpOBaHHOW KPWBOW B Hadayie KOOpPAMHAT. Torga ammpoKCHUMAaTHBHYIO

M — OUEHKY KPUBHM3HBI MOYHO BBIYHCIUTH TI0 dopmyne K =‘02 / ( 1+cl2 )3/ 2‘. 3Hasg OLEHKY KPUBHM3HBI MOXHO

TaKKe HATH OLIEHKM KOODAMHAT LIEHTpa alnpoKCHUMHpYOLIell OKpyXKHOCTH pajauyca 7, =1/ ky, 1o dopmynam

a*=7rc1rm/ 1+c12,b*=irm/\ll+clz.

4. CpaBHeHue ABYX MeToa0B. CBOMCTBA OLEHOK KPUBM3HBI M3yYaIUCh MOCPEACTBOM UX CTATUCTUYECKOTO
MOJICITUPOBaHMUs. B KauecTBe MCXOMHON MHCKPETHONH KPUBOM HCITONB30BANACh Jyra OKPYKHOCTH yi=V R 2_k*.R
(k =—m.,...,m) pamuyca R. DTa KpuBas MoBeprajach OJHOMEPHOMY 3aIIyMIEHHIO, B PE3yIbTaTe Yero Moaydanach
ciaydaiinas pyHkuusa Y, =y, + S k (k=-m,...m), tne 5 ¢ - HOPMaJIbHBIM HEKOPPEIMPOBAHHBIN OIYM C HyJIEBBIM
CpeHIM M[ k ] =0 u aucnepcueii 0°.

Pesynberatel Mmogenuposanus aiast R=10 u 6=0, 6=0,1 1 6=1 wutocTpupyroTcsa pucyHkamu 1 - 3, Ha KOTOPBIX

npuBeeHbl TpaQuKy OLIEHOK CMELIEHHS S, =k—M[Km], CKO cny4aifHOH cocTaBisFOIEeH oueHOKG[K m] u

2 .
aucnepcerun Dp,=m (K, — k)~ fcymmapHoii omuOku, momydeHHsle 1o aHcamOmo 600 IHCKPETHBIX 3allyMIICHHBIX
KPHBBIX. B anmpokcuMaTHBHOM METO/IE NCTIOIB30BAJICS MTOJIMHOM BTOPOTO MOPSAKA.
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Puc.1 - CMmemenue orieHoOK: 1 - METOT TEOMETPHUYECKOTO CTIKUBAHUS, 2 - alllIPOKCUMATHBHBIA METO/I.
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Puc.2 - Cnyyaiinas ommoKa: 1 - MeToJ1 TeOMETPUYECKOTO CTIIAKHBAHUS, 2 - alIPOKCUMATUBHBIN METO/I.
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Puc.3 - [lucniepcust cyMmapHO# ommOKH: 1 - aNropiuT™ reoMEeTpHYECKOro CITIXKMBAHHMS, 2 - allIPOKCUMATHBHBINA METO.

AHanu3 MOrpelmHoCcTe OUEHOK KPUBU3HBI pacCMaTpUBAEMBIMH METOJaMH MO3BOJIET CHENaTh CIeAyIOIIne
BEIBOJIBI:

(a) cMemeHrne OIEHOK KPUBHU3HBI MPHU MANBIX /1 <R 3aBHCHUT OT ypOBHS 3allyMJICHUS JUCKPETHOW KPUBOM;
IIPU OTCYTCTBUM LIYMOB CMEILIEHHE OLEHKU KPUBHU3HBI AlMpPOKCUMATHUBHOTO METOJA OMpPENEesieTcs MOTPEIIHOCThIO
aNMpOKCUMAIUN U OKA3bIBAETCS 3HAUUTEIBHO MEHBILIUM, YEM Y METO/1a TEOMETPUUECKOTO CTIIaKUBaHUS;

(b) mpu ManbIX 3HAYCHHUSAX /1 METOJ T€OMETPHUYCCKOTO CTIaKUBAHUS UMEET OOJBIIYI0 CHCTEMAaTHYCCKYIO,
HO MCHBIIYIO CITy4aifHYIO OINUOKH, YeM armpOKCUMATABHBINA METOI;

(c) mpu OompmMX 3HAYCHHAX M >R METOA T'COMETPHUYCCKOTO CIIAXKWUBAHHSA HMEET MEHBIIYIO
CHCTEMATHYECKyI0, HO OOJBINYI0 CIyYalHYI0 OINMOKH, YeM amNlpPOKCHUMATHBHBIH METOZ; CMEIUICHHE OIIEHOK
aNMpOKCHMATHBHOTO MeToAa mpu /1 >R MoXeT OBITh yMEHBIIEHO YBEIWYCHHEM CTEIEHH AalIpOKCHMHUPYIOMIETO
MOJINHOMA,;

(d) mpu onTUMaNBHBIX 3HAYCHUSX 1 (CM. pUC.3) aNMpPOKCHMATHBHBIA METOJ UMEET MCHBIIYIO TUCTICPCUIO
CyMMapHOW OIIMOKHU, YeM METOJ TeOMETPHYCCKOTO CIITAXKHMBAHUS, U TAKMM 00Pa30M MMEET NMPEHMYIICCTBO C TOYKU
3peHus 00CCIICUCHUS TIOMEXOYCTOHYUBOCTH MPOIIETYP BBIACICHUS KOHTPOJIFHBIX TOYCK HA 3alllyMJICHHBIX KPUBBIX.

Crnemyer TeM He MEHEEe OTMETHTh, YTO IUIATOM 3a yka3zaHHbBIC B I1.(d) mpeuMyIecTBa ammpoKCUMATUBHOTO
METO/Ia SBJSIETCS €0 OOJbIIasi BRIYUCIUTEIbHAS CII0KHOCTh U OOJIBIIEe BpeMs, TpeOyeMoe IJIsl BRIYHCICHUH.
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Abstract. In this paper two methods for curvature estimation of a noisy disrete curve are presented. The first method is called the
method of geometrical smoothing. It is based on the computation of a domain's crossing measure limited by the considered contour with some
geometrical primitives such as circle, square etc. The second method is called approximative. It is based on derivatives' estimations using the
curve's approximation by the polynomial of the second order. The paper gives the error estimate results of these methods and the choice of the
parameters’ optimal values.

1 Introduction. The recognition of the objects' planar two-dimensional shape at the image is realized by
comparison of the object's external contour with the prototype's one. The problem appears to extract a small number
of control pixels with the highest value of curvature.

If the curve is presented as a function ) = y(x), the curvature estimation can be expressed as

k=

y”/ (1+ y'2 )3/ 2‘ . As a curvature is a differential characteristic, it has low noise stability. Consequently it is

estimated indirectly.
In this paper two methods of curvature estimation suitable for noisy curve processing are described. The first
one called the method of geometrical smoothing was proposed in the work [1]. The second, approximative method

is described below. With the help of these methods we can find the curvature’s estimations kK and &,

correspondingly.
Without restriction of generality we assume that the curve passes through and the curvature is estimated at

the origin of coordinates. Let the function km be m — evaluation of the curvature which satisfies the condition

lim k,, =k , where m> 0. As a rule the parameter 72>(0 determines the degree of smoothness of the curvature’s
m—+0

function. If the contour undergoes the probable noise the curvature’s estimation &, will be the random variable K,
with a bias (systematic error) s, =k — M[K m] and mean-square deviation (random error) G[K m ]
In the given paper the statistical investigation of functional dependence of the mean-square

error D, = S,i +0°[K m ] for the approximative and geometrical methods is carried out. It also describes the

. . .. . 1 .
estimated optimal value of #1,, where the minimum of the function R,§1> =‘sm +G[Km] for the geometrical

smoothing method is achieved.
2 The Method of Geometrical Smoothing[1, 2]. Let the curvature of the planer closed curve ¥, which

passes through the coordinate origin and Qm (where m — is neighborhood of coordinate origin and m € N ) be

estimated in metric P . The m —curve’s weight is formulated as follows: v,, = ‘Sm —§m‘/max( S S, ) where

S and Sm are figures’ squares limited by the neighborhood boundary Qm and by the curve Y . In the work [3] the

m

b

k|} the asymptotic formula

following conclusions were made: a) in metric pP_(s,k)= max{s

k=3v,/m+0O(m) where m—>0 takes place; b) in Euclidean metric the asymptotic formula

k=3mv, /(4m)+O(m) where m — 0 takes place. Consequently 7 —evaluation of the curvature in the

geometrical smoothing method is k,ﬁ =3v,, / m , where v, is calculated in metric Qm = [— m, m]X [— m, m]

3 The approximative method. In this method the input discrete curve in coordinate origin
m — neighborhood is approximated by the analytical function. The function’s parameters can be evaluated by method

of least squares. The circle (x—a )2 +(y-b )2 =77 with parameters @, b, 7 or a polynomial of the second

order y = co+¢x + 0.5¢,x” can be easily used as an approximative function.
The usage of this polynomial for the approximation is equivalent to the smoothing procedure [3] of digital

curve Y, , k = —m,...,m in coordinate origin neighborhood to regularize the procedure of numerical differentiation.

The estimations of the first and the second derivatives of the digital curve in coordinate origin are the coefficients ¢, ,

C, , and the approximative 71 — evaluation of the curvature is given by k,, = ‘62 / (1+ 612 )3/ 2‘. Now when we know
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the curvature estimation we can find the parameters of the circle’s function r,, = 1/ ki, a= +ar, / /1 +cl2 ,

b* =irm/\/1+c12 .

4 The comparison of the two methods. The characteristics of curvature estimation are analysed by means of

. - . . . . 2 2
their statistical modelling. As an input discrete curve the semicircle y, =+ R™— (k—a)  —b where
(k=-m,...,m), radius R=10, and b=-10,a =0 is used. Let this curve be exposed to one-dimensional noise.

As a result we get random function Yk =), + <§k (k =—m,...,m), where <§k is Gaussian uncorellated noise with

M[E, ]=0 and /&, ] =1.

The analysis of the curvature error estimate by means of the proposed methods allows to make the following
conclusions:

(@) The shift of curvature evaluation at low # <R depends on the level of discrete curve’s noisiness. With lack of
noise the shift of the curvature estimation got by approximative method is defined by error of approximation; and
its value is much lower then by method of geometrical smoothing.

(b) At low m - values the method of geometrical smoothing has a higher shift but a lower random error than the
approximative method;

(c) At high m >R values the method of geometrical smoothing has a lower bias but a higher random error then the
approximative method; the bias of estimator got by the approximative method at 72 >R can be decreased while
adding the degree of approximative polynomial;

(d) At optimal m - values the approximative method has a lower mean-square error than the method of geometrical
smoothing and thus, it is more preferable while extracting the control pixels on noisy curves.
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