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AnHoTanus. IToka3aHo, KaKk paclpOCTPAHUTh PE3yNbTaThl, MOJYYEHHbIE B Kjaccuueckoil 1-D panuoHanbHON anmpokcHMaunuH, Ha
PalMOHANBHYIO AMIIPOKCHMALNI0 MHOTOMepHBIX ¢yHKImi (M-D). Beibop onpeznensroniero (HHTEpHOIUPYOIIEro) MHoxkecTBa I(n, m) mo3Boiser
pemuTh IpodneMy HomydeHHs HeperatodHoil ¢yHkuuu M-D nudpoBoil cucTeMsl, KOTOpas 3aaHa CBOMM IPEICTABICHHEM B IIPOCTPAHCTBE
COCTOSTHUH.

Beenenue

3a mociexHee BpeMsl CYLNIECTBEHHO BO3POC MHTEPEC K PELICHUIO LIMPOKOro Kilacca MpobieM s
MHoromepHsIx (multi-dimensional - M-D) cucreM, KOTOpble MOTYT OBITH ONMCAHbBI PAlMOHAIBHBIMU (QYHKIMSAMH (MIIH
MaTpUI[AMH) OT HECKOJBKHX KOMIUICKCHBIX IMEPEMEHHBIX. PallMOHaNbHAs TEOpHs ANMpPOKCHMAIMK HAalUla MHOTO
WHTEPIpETalnii M pa3INdHbIe MPWIOKEHHS B TEOPHHM CHUCTeM M o0paboTke curHamoB. OHH BKIIOYAIOT CHHTE3
IUPPOBHIX (HIBTPOB IO 3aJaHHOW HMMITYJIBCHOW TepenaToyHoil (yHKIuH [3], MOAETNHPYIOT MPHUBEICHUE CHCTEM
ynpaBneHusI[6], cuHTe3a meneil u mpobieMy MUHHUMAIBHOW YacTHYHOW peanm3anud. B TedeHWe TOCIeTHUX
JNECATHIICTHN TPYyIIa MaTeMaTHKOB HccienoBana mpobnemy mnpuommkenns M-D dyakomii ([1], [4], [5]). Meton
anmpokcuMmarmu Tumna [lage ams ogHOMEpHBIX (YHKIHHA OBLT pacmpocTpaHeH Ha alNpOKCHMAIio (YHKITMH ABYX-
(v GOMBIIIETO YHCTIa) MEPEeMEHHBIX.

Onucanye CHCTEMBI

[pu parmonansHOM MonenmupoBanud M-D cructeM, cucteMa MOKET OBITH CMOJICIIMPOBAaHA B COOTBETCTBHU C
€c OMMUCAHUEM B IMPOCTPAHCTBE COCTOSIHUN. B 3TOM ciydae nBymMepHas z-mpeoOpa3oBaHUE MOXKET JAaTh MePEIATOTHYIO
MaTPUIy CHCTEMBI
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I'maBHas 1enms pabOTHI COCTOMT B TOM, YTOOBI pa3paboTath MeTon i Beraucienus H(zl; z2), ucnoms3ys
PaLHOHATIBHYIO alPOKCUMAIIHUIO.

H(z1.20) = C| —A}_lB.

M-D annpoxcumanTsl THna Ilane.
H(z1, z2) 3apan qBYMEpHBIM psIOM Tannopa U paBeH
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rae W(zl, z2) ato nenast pynkmus, Q(z1, z2) ato 2-D MHOTOUIIEH.
O0606mmennsiii ammpokcuManT [lage (Uucxonwm [4], BaBumos [5]) H(zl, z2) ans 3amaHHeix n = (nl; #2) ¥ m =
(m1; m2) onpenenseTcs Kak pallioOHATbHAS QYHKIINS, KOTOPAast MPUHAJICIKUT KI1acCy

il T2 my a2
P P s
R(n,m)={r= o p(z1,22) = E E pijziza a2, 22) = E E arp2r 25, q(0,0) =1
i=0 j=0) k=0 p=0

(utst cmydasi [ByX MEpPEMEHHBIX), TaK, 4TO
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Tam = (n1 + 1)(no + 1) + (my + L)(ma + 1) — 1,

rae v(i; j=0 mns (i; j)e I(n; m). PazmMepHOCTH ompeaenstoniero MHOXecTBa I(n, m) paBHa
Unciao HEW3BECTHHIX KOI(D(UIMCHTOB pAIMOHATIBHON (YHKIMM T COBMAgaeT C Pa3MEPHOCTHIO
OTIPEIEIISAIONIETO MHOXKECTBA.

@2001, anekTpoHHas Bepcus nogrotossieHa 3A0 ABTIKC Cankr-lMeTtepbypr, http://www.autex.spb.ru



3-a MexxayHapogHasa KoHdepeHuns DSPA-2000

OnHo#t n3 BaxHEeWmuUX 3amad B M-D parmoHaabHON anmpOKCUMAIIMH SBIISIETCS] BRIOOP HHTEPIIOIHPYIOIIETO
(ompenenstonmero) MHOXecTBa I(n,m). B pasnuuHbIX MyOnMKanmusx HENPaBUIBHBIA BBIOOpP ASTOTO0 MHOYKECTBA
MIPUBOAWI K HETIPABUIIHHBIM 3aKIFOUYCHISIM OTHOCHUTEIHFHO CYIISCTBOBAHMS FIJIM HECIMHCTBEHHOCTH IByMepHOil [lame
armpokcumaru [2], [3].

Hosbie pesynbTaThl, modydeHHbIE BaBWIOBBIM [S5], MO3BOJSIOT CIeNaTh TMPaBUILHBIA BBIOOP MHOMXECTBA
I(n,m) [7]. OcHOBHBIE CBOMCTBA OMPEIEISIONIETO MHOYKECTBA:

1. diml(n; m) = ™, m;

2. (n1 + ml; 0), (0; n2 + m2) € I(n; m) (30 rapantus toro, 4ro npu z1 = 0 (wmwm z2 = 0) Oyzxer noxyueHa
knaccudeckas 1-D parmonanpHas anmpokcuManys tama [ane.);

3.n = (nl; n2) € I(n; m); ecnm (k1; k2) € I(n; m) 1o [0, k] cI(n; m), tme [0; k] ={ (s; u) : 0<s<kl;0<Su <
k2 } - mpaBMIIO IPSAMOYTOJIHHHKA.

B [5] npuBomsATCS €IMHCTBEHHBIC IBa Cllydasl ONPEICIITIONIMX MHOXECTB, JJIS KOTOPHIX ObUIA JOKa3aHa
cienytommast Montessus de Ballore-type Teopema.

Theorem (]5]) [Montessus de Ballore-type theorem. ]
Ecaum = (ml; m2) ¢uxcuposanro, mo:

]
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011 6cex 00CmamoyHo 6orvuux n = min(nl; n2) cywecmeyem eourncmeennulii annpokcumanm Ilade
2. 015 Kavcdo2o uz 08yx mHodcecms lj(n; m); j = 1; 2; nocredoeamenvHocmu f j n;ym pagHOMEPHO CX0O0IMCS
K @ynkyuu H(zl; z2) énympu KOMnakmuvix nOOMHONICECME
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IIpumep
PaccMoTpuM aBoiHOM psix U3 [3], KOTOPBIN HAMO AMMIPOKCHMHUPOBATH C MTOMOIIHIO paIlMOHANBHON (PYHKITHH,
B KOTOPOIl MaKCHMAaJIbHBIE CTENICHN 110 KaKIOH MX ITEPEMEHHBIX B UHUCIIUTENIC U 3HAMEHATEIIe PaBHbI 1:
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HenpaBuneHblii BIOOp ompenenstoniero MHoxectBa I(n; m) B [3] mpuBen K HEBEpHOMY BBIBOAY, 4TO
anmpokcumarus Ilane HeeauncTBeHHas. ToT BRIOOP OBLT OCHOBaH Ha ompeaessomeM MHoxkecTBe [(n; m) = {(0; 0);
(1;0); (0; 1), (1; 1), (2, 2); (25 3); (25 3)}.

Kak yka3siBasiock, MpaBUIIBHBIA BBIOOp onpeaestsiiomero Muoxxectsa 3rol1(n,; m) nm 12(n; m).

Ecmu I1(n; m) BEIOpaH B KauecTBE ONPENEIISIOIET0 MHOKECTBA, TO

(I1(n; m) = {(0; 0); (1, 0); (O, 1); (1; 1); (2, 0); (2; 1); (0; 3)} ) u TorAa OBLIM MOJYYCHEI CIICAYIOIIUC
ypaBHEHUS ISl KOOPPUITMEHTOB 3HAMEHATEJIS:

(2,0) 0=2+ Qo
(2,1) 0=1-= Q0+ 2Qun + Q11
(0,3) 0=3+ Qo

Torma k03 PUIMEHTH Oy IyT PaBHBI

010=-2
001 =-3
011 =3:

KoadduumeHTsl YucIuTenss MOXKHO IONYYUTH IOCIE IOJCTAHOBKH OCTABINUXCSA TOYCK OMPEICIISIOIICTO
MHOXecTBa [1(n; m):
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(0,0) Py = 1

(1,0) Pio =1+ Qi

(0,1) Py =1+Qn

(1,1) Py = —1+ Qo+ Qo1 + Q1.

OxoH4YaTeIbHBIN pe3ynbTat ais 2-D anmpokcumanta [Tage Oynet

1 — 21— 220 — 32120
H(E].:g) =

1 -2z — 320 + 32129
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Abstract. This paper shows how to extend the results obtained in classical 1-D rational approximation for rational approximation of M-
D functions. The choice of the determinative (interpolation) set I(n, m) allows to handle the problem of deriving the transfer function of a M-D
digital system, that is described by its state-space representation.

Introduction.

Recently there has been a great deal of interest shown in the analysis and synthesis of a broad class of
problems in multi-dimensional (M-D) systems, which may be characterized by rational functions (or matrices) in
several complex variables.

Rational approximation theory has found many interpretations and different applications in signal processing
and systems theory. They include the design of digital filters from a prescribed impulse response sequence [3], model
reduction of control systems [6], network synthesis and minimal partial realization problem.

During the last decades a group of mathematicians have been researching the problem of approximating M-D
functions ([1], [4], [5]). The method of Pade approximation for single-variable functions was extended to the
approximation of two (or more) variable functions.

System description.

In the rational modeling of M-D systems, the system may be modeled by its state-space description. In this
case the 2-D z-transform may give that the transfer matrix of the system is

The main goal of the paper is to develop a method for computing H(zl; z2) by using the rational

Tz 0
H[ilw’v’zJ:C{{ .

o —1
; 2] A)'B.

approximation.

M-D Pade-type approximants.
H(z1; z2) is known by its 2-D power series and may be represented

W[Z], ,':2}
Q(21. 22)

Q(0; 0) = 1, where W(zl; z2) is an entire function, Q(z1; z2) is a 2-D polynomial.
The generalized Pade approximant (Chisholm [4], Vavilov [5]) of H(zl; z2) for given n = (n1; n2) and m =
(m1; m2) is defined as the rational function which, for two variables, belongs to the class

H(z,22) =

so that
B A
mi1 ma ny na _ oo 0o _
H(z1, 22) ZZ(}k,pzi“zg E ZZ;}M 22| = ZZf,p%z}' with v(i, ) = 0 when (i,j) €
k=0 p=0 i=0 j=0 i=0 j=0
I(n,m).

The dimension of the determinative set I(n; m) is m;m = (n1+1)(n2+1)+(m1+1)(m2+1) - 1.

The same is the number of unknown coefficients of the rational function r to be determined.

One of the most important problems in M-D rational approximation is the choice of the determinative
(interpolation) set I(n,m). In different publications the improper choice of this set gave raise to wrong conclusions
about nonexistence or nonuniqueness of 2-D Pade approximants [2], [3].The new results obtained recently by Vavilov
[5] allow one to make the right choice of the set I(n,m) [7].

Its most significant features are:

dimI(n,m) = 7y m; (n1+m1,0), (0, n2+m2) € I(n, m)
(it guarantees that in case when z1 = 0 (or z2 = 0) one would have the classical 1-D rational approximation of
Pade type.); n = (nl; n2)e I(n, m); if (k1,; k2) €l(n; m) then [0; k] I(n; m),
where [0; k] =f(s; u) : 0 <s <kl; 0 <u <k2} - the ’rectangle” rule.
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In [5] the only two possible choices were given for which it was proved the next Montessus de Ballore-type
theorem, which states that if m = (m1; m2) is fixed, then for all n= min(nl; n2) that are enough big, there exists only
one Pade approximant

gi . Pn
nam - i
ql'ﬂ
for each of the sets Ij (n; m); j = 1; 2; the sequences f j n;m converge uniformly to the function H(zl; z2)

inside the compact subsets of
G=C 2\ {":Im = ”}

An example.
Consider the double power series from [3], which is required to be approximated by a rational function,
where the degrees in each variable in the numerator and denommator polynomlals are setto 1:

2.2 3.2 .23
Hi{z,22)=1+2 + f}+9 +3~;—~1~g+ﬂ~z ~L~2+ .,1.,2 zf::‘_;—i-zzlzg—l—,.,

F(2.2) = FPoo + Proz + Ponze + Prizizo
<1 <2) — ;
1+ Qioz1 + Qor1z2 + Q112122

The inaccurate choice of the determinative set I(n; m) leads to erroneous statement that the Pade
approximation is nonunique. That choice was based on the incorrect determinative set

I(n; m) = { (0; 0); (1; 0); (O; 1); (1; 1), (2, 2); (2; 3); (2; 3)} . If I1(n; m) was chosen as a determinative set
I1(n; m) = { (0; 0); (1; 0); (0; 1); (1; 1); (2; 0); (2; 1); (0; 3)}) then one get the next equations for the denominator’s
coefficients: 0 = 2+Q10, 0 =1- 910 +20Q01 +Q11, 0 = 3+Q01. Then the coefficients will be Q10 =-2; Q01 =-3; Q11 =
3. The numerator’s coefficients may be found after substituting for the rest of the points from the determinative set
I1(n; m) and the final result for the 2-D Pade approximant will be

ﬂ( } 1— 21— 22y — 32129
14 32) = - - .
’ 1 -2z — 320+ 32129
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