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107066, Mocksa, yi. HoBas bacmannas, . 20

IpennokeHa MeTOAMKA CO3MaHUs IBYXCIOWHON HEHPOHHOI CeTH, BBIMOIHAIOIIEH KyCOUHO-HEIMHEHHYIO alnpoKCUMALUIO 3alaHHON
¢byHkuuu. MeTonuka BKIIOYAaeT B ceOs ONMpPEACNICHHME 4YMCIIa HEHPOHOB CETH, TPeOyeMbIX AJs alnnpoKCUMauuu (yHKIUHM C OIIMOKOW He
MPEBBILIAOIIEH 3alaHHYI0, @ TAK)Ke ONpE/eIeHNE 3HaYEHUH BCEX BECOB CETH.

Beenenne

Ha ceromnsmHmWii f#€Hb HAaNHCaHO OrPOMHOE  KOJIMYECTBO  pabOT, IOCBAIICHHBIX  aHAIHU3Y
anmpPOKCUMUPYIOIINX CBOWCTB HEHPOHHBIX ceTeil [1-4]. Bce aBTOphI 3THX pabOT MPUXOIAT K BEIBOAY O CIIOCOOHOCTH
JIBYXCJIOMHOW HEWPOHHOW CETH ammpOKCUMHPOBATH JIOOYIO OJHO3HAYHO 33/JaHHYI0 (YHKIIMIO, OJJHAKO, HH B OJIHOM
13 9THX paboT HE yKa3aHO, KaKk MOCTPOUTh TAKyI0 CETh. 3HAYMTEIBHBIX YCIEXOB B JTOI 00JacTH, Ha MOW B3IJIAA,
nocturmn Nguyen u Widrow B cBoeii pabote [5], mpemnouB METOIMKY BbIOOpa HavalbHBIX 3HAYCHHH BECOB
JBYXCIOMHOH CETH, XOTSI BOIPOC O YHCIIE HEHPOHOB CKPBITOTO CI0S CETU OHU OCTABUJIA OTKPBITHIM.

B nanHO# pabore mpeioxkeHa METOAWKA CHHTE3a ABYXCIOHHOW HEWPOHHOW CETH NMEPEMEHHOH CTPYKTYpPbI

* *
JUISL allIPOKCHMAIIMK OHOMEPHOH GyHKInu Y (X) , TIe X - BXoxm ceT, Y - JKemaeMblil BBIXOJ, IO U3BECTHBIM P

npuMmepaMm oOyuaromied BbIOOpKH. CTpYKTypa CeTH Ha3bIBa€TCS «IIEPEMEHHOW», MOTOMY YTO YHCIO HEHPOHOB
CKPBITOTO CJIOS CETU 3apaHee HE U3BECTHO, a OMpEAENseTcs B MPOIEcCe CO3AAHUS CETH, U HANpsMYIO 3aBHCHUT OT

CJIOKHOCTH 3aJaHHOM (YHKUMM ¥ OT 3aJaHHON I0JIb30BATENleM MAKCUMAJIbHOH ommOKku anmpokcumamun AE .
Brixon HelipoHa BRIMHCIAETCS M0 GopMyIe:

Hi-y

yhk(p) =1 E Z th'h<k—1) I:yh(k—l)(P) E D

(-1 =0
rue hk - nHzekc HelipoHa k-ro cnost cetw; H | - uncno ueiiponos k-ro cmost cetu; p — Homep npumepa,
P D{l,..., P}; Yhe(p) yh(k_l) (p) ~ BBIXOIBI hk-ro u h(k_l) -r0 HEHPOHOB, COOTBETCTBCHHO, K-ro M (k —1) -To

cnoes npu nogaue Ha Bxox HC p-ro npumepa; W, - BEC K hk -My HelpoHy K-ro ciost ot h(k_l) -TO HEWpoOHa

Dok

MPEABIIYILErO (k - 1) -ro cnos; f(Q) =—arctan(g) - dynxums axtusanuu TMMA apKTaHreHCa.
T

MeTtoaunka co3aaHus ABYXCJIOHHON HelPOHHOM ceTH
*
Kaxplit ipumep oGyuaromieil BHIGOpKH mpejcTaBiseT codoii mapy [X, Y ]. Jlo6aBuM k 3ToMy ommcaHmio
IpuUMepa elle OJHY XapaKTEpPHUCTHKY: XKETaeMoe 3HAadeHHE aKTHBAIMM HEHpOHA BBIXOJHOTO ciosi ceTH. st p-ro

npumepa, PLI,..., P, oo Beiumcasercs o popmyne:

G =195, Vi @

CozmaauM [IByXCIOWHYIO HEHPOHHYIO CEThb CJENYIOIIEeW CTPYKTYphl: OAMH BXOJl, OJUH BBIXOJ, YHCIO

Heiiponos nepporo cinos pasno Hymo (H; = 0), uncno ueiiponos Broporo cios pasuo exunnue (H, =1). B cetn

€CTb OJIMH EAMHCTBEHHBII Bec — 310 cmemenne H , -ro Heifpona, paBHoe Hy10 (Wy,0 = 0).

o.7=
0.5

LETR

co2s L
o.E

075

Puc. 1. KpuBas tuna apkranrenca, peanusyemasi HEHPOHOM CETH.

Jlanee HEWpOHBI TOOABISIOTCS TOJBKO B TEPBBIN CIOH ceTH. Kakmbrid Hl-Hﬁ HEUpOH, JT00aBIIIEMbI B

TIEPBBIN CIIOH CETH MPENCTaBIsIeT COO0H B MPOCTPaHCTBE {Y, X} KpHUBYIO THIIa apKTaHreHca (puc. 1).

ByaeM TOBOPUTH YTO MPUMEP 06yqaromel71 BI)I60pKI/I HaXoIuTCs B 00J1aCTH «HETUHEHHOCTUY HeﬁpOHa, €CJIn
3HAYCHUEC C€T0 KECJIACMOr'0 BbIXOJad MO MOAYJIKO MCEHBLIIC WJIM PABHO HEKOTOPOI'0 3aJaHHOTO IIOJb30BATCIIEM YHCIA

6 — 1, 1 B 00JIACTH «HACBILICHUS» €CIIM 3HAUYCHHE €ro JKeJIaeMOIo BbIXOJa IO MOIYJIFO Oouiblie 6 .

@2001, anekTpoHHas Bepcus nogrotossieHa 3A0 ABTIKC Cankr-lMeTtepbypr, http://www.autex.spb.ru
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Kaxnplil 106aBnsemblii B nepsblii cnoit H | -blif HelipoH 10/DKeH anmpoKCHMUPOBATH C 3a1aHHON OMMOKOI
He npesbnnaromeii AE  HEKOTOPOE KOJNMYECTBO MOCIENOBATENBHO PACIONOKEHHBIX HA OCH X MpUMepoB. Ilon

BBIPAKCHUEM « H 1 -blil Heﬁpou annpoxkcumupyem HeKomopoe Kojiuiecmeo npumepoes) noOHNMacCTCs CIICAYIoNIIee:

*  ommbka annpokcumaumn € Ul anNpOKCHMUPYEMbIX H -biv Heiiponom npumepos He mpesbimaer A€, To

ecth &y <AE; npu 5TOM anmpoKCUMHpyeMble HEHPOHOM MpUMEphl MOTYT JIe)KaTh Kak B 00JACTH
HEJIMHEIHOCTH, TaK ¥ B 00J1aCTH HACHILICHHUS HEWPOHa;
¢ B oOnactn Henmueitnoctn H | -ro HeiipoHa oTCYTCTBYIOT IpHMEpEI, OmMOKA ANMPOKCHMMALMA KOTOPBIX JaHHBIM

HeitpoHom npesbimaer AE ;

e npuMephl, OMIMOKA ANNPOKCHMALMM KOTOPHIX JaHHBIM HelpoHoM npesblmaer AE, Haxoisrcs B 00nacTH
HACBHIIICHUS HEHpOHA.

Hanee Ha 3tarne H00aBICHUS HEHPOHOB B CKPBITHINA CIOH CETH HaM MOTPEOYeTCS M3MCHSATh KPUBYIO THIIA

apkTanreHca (puc. 1), cxumas/pacTaruBasi €€ W CIBUTas BBEPX/BHU3. J[JIs1 3TOTO BBeIEM IMOHSATHE IOJHOTO BBIXOIA

H , -ro neipona ceru:

Yiup) = Yoo X Wi o) + Wht, oou) )
rae. Wy oy — BBIXOJHOH Bec Hl—ro HEWpOHa, MO3BOJIIONINIA H3MEHSATh BBICOTY KpuBod (puc. 1),
CKUMast/pacTSTUBasi ee;
Wy, 0tout) ~ BbIXOZHOM Bec H | -ro Helipona, nmososstiomuii ciBurath Kpusyio (puc. 1) BBepX/BHU3.
[loHATHS TONTHOTO BBIXOJHOTO CHTHANAa HEHpOHA )_/hl » BBIXOAHBIX BECOB Wi 1) M Wi o(ou)

HCIOJB3YHOTCA TOJIBKO IMPU CO3JaHUU CETU, ITPU €€ UCIIOJIb30BaAHUN TAKUC MMOHATUSA OTCYTCTBYIOT.

Ommbka anmpokcumanuu p-ro npumepa H 1 ~bIM HEHPOHOM onpezenseTcs no popmyie:

2 ( ) .
Enyp) = narctan ROV LOIE )
Hrak, Oyaem co3maBaTh JABYXCIOWHYIO HEWPOHHYIO C€Th, peajM3yIoNyl0 KyCOYHO-HEIHMHEHHYIO
anmpokcumanuio GyHkuu Y (X) no ee¢ P wm3BecTHBIM 3HaueHusIM. Kakmpli Hl—LIﬁ HEHpOH, NO0aBIsACMBIN B

o o o from
NEPBbIKM CJIOU CETHU, OOJDKCH alllpOKCUMHUPOBATH MOCICAHUU TIPUMED (0603Ha‘{I/IM €ro HOMEp Yepe3 P ),
o o o from _
AlMPOKCUMUPOBAHHBIN TPEALIAYIIUM HCEUPOHOM €CJIM TAaKOBOU HMECTCA (CCJ'II/I HC HUMCCTCA, TO P —l), u
to o -
MaKCHUMaJIbHOC KOJMYCCTBO MOCICAYIOIUX NPUMEPOB 10 IpUMepa P C OIHI/I6KOI/I HE MPEBbIIAOIICH Ag .

Ipu poGaenennn Hj-ro Heiipona crepsa BbIYMCISEM 3HAYCHHS €TO BBIXOAHBIX BECOB: Wi, ooty ¥
W, 1(out) » 1O (hopmynam:

max _ * * A min _ . * * A
yHl _max{g(Pfrom)yg(Pto)} 3 yHl _mln{g(Pfrom)yg(Pto} 3

min min
yHl - yHl 4 ymin yH1 — yH1 5

WHl,O(out) 2 yH1 ' Hl,l(out) 2 @ ' ( )

TenepL MbI MOKEM OIPEACINTD 3HAYCHUEC JKCITACMOT'0 BbIXOAa H 1 -ro HeﬁpOHaZ

. 9p ~ Whiyoteu)
N R vva— ©)
H,1(out)

U, PEIINB CJIEIYIONIYIO CUCTEMY YPaBHEHUIL:

02 ( ) .

Q]T[arCtg H 0 + WH A D( Pfrom yHl(Pfrom)

D L

*

2
D_ar(-\'tg(WHl,o T Wy (X (P®) ) yHl(P"’)

B

NOJIyYrM 3HA4YCHHA BXOJHBIX BECOB H 1TO HeﬁpOHaZ

th”l Y, oo Erthﬂ Y, o H

W1 = ; WH 0 :thIy

X(P from) - X( Pto)

Eer By
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Ipu srom Bec W, |, OT 100aBICHHOIO H, -ro Heiipona k He#poHy BBIXOZHOIO CIIOS YCTAaHABIMBACTCS
PaBHBIM:
Wi, 1y = Wh, agout) » ©)

a cmemenne Wy, o HelpoHa BBIXOIHOTO CJI0sI OOHOBJISIETCS IO popMmyIie:
*
Wh,0 = Wi, 0t Wi, 0wy = 9prromy - ©)

Takum 0Opa3oM TpoaoIDKaeM M00aBIATh HEHPOHBI B TIEPBBIN CIOH CETH JIO0 TEX MOp, MOKa 3HAYCHHE p
OUYEepPEIHOTO TOOABICHHOTO B MEPBHIH CIOH HEHPOHA HE CTAHET PABHO YHCITY IPUMEPOB 00y4aromiei Beioopku P.

DKcnepumenmal u 6b1600b1

Bbun mpoBeCHBI SKCICPUMEHTHI Ha JBYX BUAAX (DYHKIWN: HA HU3KOYACTOTHOW (QyHKImMHU (puc. 2), U Ha
BBICOKOYACTOTHOW (pyHKITHH (pHC. 3).

OOyuaromas BEIOOpKA HU3KOYACTOTHOH (hYHKIMU y* (x) = Sil’](Tle) SIN(271X) coctosna u3 21 npumepa,
B3aThIX Ha uHTepBate X [] [— l+]] C MHTepBaJoM JucKkpeTusanuu paBHbM 0.1 (3T npuMepsl 0003HAYEHBI YEPHBIMU

Kpyxkamu Ha puc. 2). TecroBas BbeIOOpKa cocTtosuia u3 201 mpumepa, B3STHIX Ha WHTEpBale XD[—].;+]] c
HHTEpBaJIOM IuckpeTu3anuu paBHsM 0.01 (Ha puc. 2 3TO CIUIONTHAS YepHAS JTHHUSA).
OGyuaromas BbiGopka Beicokouactotroit dymxumu Y (X) = SIN(L07x?) SIN(107KK)  coctosma ns 201

npuMepa, B3AThIX Ha wuHTepBanme X[ [— 1,+]] ¢ wuHTepBaIOM mauckperusanuu paBHbIM 0.01 (3TH TpuMeps
0003HaueHbI YepHBIMHU Kpy)KKkamu Ha puc. 3). TectoBas BeIOOpKa coctosuia n3 2001 mpumepa, B3THIX Ha UHTEpBAJe
x [— l+]] ¢ uHTEepBaIoM Auckpernsanuu paBHbIM 0.001 (Ha prc. 3 3TO CIIIONTHAS YepHAS JTMHHS).

W oOydvaromas ¥ TecTOBass BBIOOPKHU UIT 00OWX BUAOB (DYHKIMA OBUTH B3STHI C TOYHOCTBIO JO JECSTOTO
3HaKa MOCJIe 3aITON

W AN ol 2 e
A, L R & t i
3 0:2 \ N !E 0.2 ' g 1 1 P3PS + +
:E 0.0 3z 0,0 @ J * ? f
\ § ! t i
oy mIERS Rt }
% 06 ﬂ & 06 % v il
. N s e :
w -1,0 -0,9 -0.8 -0,7 -0,6 -0,5 -0.4 -0,3 -0,2 -0,1 0,0 0,1 02 03 04 05 06 07 08 09 1,0 ’ -1,0 -09 -0,8 -0,7 -0,6 -0,5 -0,4 -0,3 -0,2 -0,1 0,0 0,1 02 03 04 0,5 06 0,7 0.8 09 1,0
Bxon Bxon
Puc. 2. Huskouacrotras dyskims Y (X)=sin(10é)sin(Tx). Puc. 3. BeicokouactoTHast GyHKLIUS

y' (x)=sin(10m¢)sin(107).

Tak xak ucnonb3yemasi GyHKIMS akTHBALMU (puc. 1) B 00nacTn HACHIMIEHUs, ONPEACIIEMOI MapaMeTpom

O — 1, Bce-raku ocraeTcs HENMHEHHOM, TO JOCTIKEHME 3ajaHHON ommOku ammpokcumamuu AE — O mpu

CO3JJaHUM CETH KaK IPaBUIIO HEBO3MOXHO. [103TOMY 1OCIIe co31aHusl HEWPOHHOW ceTH, OHa 00yYanach IpagueHTHBIM

MetonoM. [Ipu 3TOM HCHoNB30Bajack METOJMKA HACTPOWKHM Iara oOydeHus 1o ciosM (y KaXIOoro cjosi CBOI miar)

[6].

Lenbro SKCIEpUMEHTOB OBIIIO HCCIIEIOBAaHHE CIIEAYIONINX 3aBUCUMOCTEH!

+  cpenHeil M MAKCHMAIBHO# OIIMGOK aNMpOKCHMAIHH (Ha 06ydaromeil 1 TeCTOBOI BRIGOPKAX) OT BETHUMHE O HA
sTamnax co3manus u ooyuenus HC;

s cpeaHei U MakcMMaJbHOM OMMOOK anmpokcumanuu (Ha oOydaromieil u TecToBOM BhIOOpKax) OT BenuuuHbl AE
Ha 3Tanax co3fanus u o0ydenus HC;

*  u4ucya HeifpoHOB mosyumBIIHXCA B IepBoM croe HC ot Bemmunn A€ u O ;

a TaKXKe YCTaHOBJICHHE IPEAEIbHO BO3MOXXKHOH MHMHMMAJIBHOM OINMOKM annpokcuMauuy (yHKIMM HEHpOHHOM

CETBIO.

Ha ocHOBaHMYM IPOBEIEHHBIX HKCIIEPUMEHTOB OBUIN CIIETIaHbI CIIEYIOIINE BBIBOJIBI:

*  Cpenssis 1 MaKCHUMaJIbHasl OIIMOKY ammpoKcuManuy (Ha oOydarolle M TeCTOBOM BHIOOpKAX) Ha JTare CO3JaHus
HC y6sBatorip 0 — 1u A — 0.

e Cpensss 1 MakcHMallbHasi OIIMOKH anmpoKcHManuu (Ha oOydaromeid M TecTOBOI BBHIOOpKax) Iocie oOydeHus
HC BenyT cebst mo pa3HOMY IUIsl BBICOKOYACTOTHOM M HHM3KOYAaCTOTHOW (PyHKIWH. B0O3MOXXKHO, 3TO CBSI3aHO ¢
UCTIONB30BaHHBIM METOJOM OOYy4YEHHsS HEHPOHHBIX CETeH, HE NMPHUBEAIINM K IJI00aNbHBIM 3KCTpeMyMam (IIpu
ob6ydennn HC He HCIONB30BaIOCh HUKAKOH METOIMKH BBIXOJA U3 JIOKAJIBHBIX SKCTPEMYMOB). XOTS, MOXHO
cAeNaTh CIEAyIoNIe 0000IIeHNs: CPEeIHAS M MaKCUMallbHAsl ONTHOKY armpoKCHUMaly Ha 00ydJaromel BhIOOpKe

-3-
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nocne o6yuenns HC mvenn munmManbmble 3Hadenns mpu O — 1 uw AE — 0; a cpennsas u MakcuManbHas
omuOKM amnmnpoKCUMAIlMd Ha TECTOBOW BBIOOpKe mociie oOyuenns HC wMenu MUHHMMANbHBIC 3HAYCHUS IPH

Ag =0.01+0.1 (Ag = 0.5+ 5% or mmanasona m3menenus pynxumn) u O = 0.65+0.75.
*  Yucio HeHpOHOB MEPBOrO CJOS CETH, KaK M CJIEJ0BANO0 OKUIATh, 3aBUCHT Tobko oT AE (uem menbure AE

TeM GOJbIIE HEHPOHOB B MEPBOM CIIOE), H BOOOIIE HE 3aBMCHMT OT O . 3aBHCHMOCTH uMcla HeipoHoB o1 AE
HEJIMHEIHas ¥ OYeHb N0X0%Ka 1Mo (opme Ha KpUBYIO THIAa apKkTaHreHca (puc. 1). MakcumanbHOE YHCIIO HEHPOHOB
PaBHO YKCITy IPUMEPOB MUHYC JIBA.

* IlpemensHO BO3MOKHBIE MHHHUMAJbHBIC OIIMOKM AalPOKCUMALMH IS BBICOKOYACTOTHOH M HH3KOYaCTOTHOM
(GYHKIMI M3MEHSIOTCSI B ClEAyIoUMi mpenenax (omuOKka NpHBEAEHa B IPOLEHTaX OT AWAlla30Ha M3MEHEHUS

GbyHKINM):
Tun omuoKn Ommnodka, %
Iocae cozpanusa HC:
CpenmHsIs OINOKa anmpOKCUMAITH Ha 00yJaromieil BRIOOpKe 0.001+0.002
MaKCUMallbHasl OIIMOKa anmpoOKCUMAIIMU Ha 00yJaroliei BEIOOpKE 0.004 = 0.006
CpeIHsist OIMOKA alMmpPOKCUMAIIMU Ha TECTOBOM BHIOOPKE 1.7+24
MaKCUMaJIbHasl OIIMOKa anmpoOKCUMAIIMU Ha TECTOBOM BRIOOPKE 85+11.2
Iocsie 00yuenuss HC:
CpemHsIs OINOKa anmpOKCUMAITH Ha 00yJaromieil BRIOOpKe 0.00003+0.00020
MaKCHMaJTbHas OIIMOKa armpoKCHMaIiK Ha 00yJaromeii BEIOOpKe 0.0006 = 0.0010
CpeIHsist OIIMOKA anMpPOKCUMAIIMU Ha TECTOBOM BHIOOPKE 0.7+0.9
MaKCUMaJIbHasl OIIMOKa anmpoOKCUMAIIMU Ha TECTOBOM BRIOOPKE 35+-48

[Ipu 5TOM COOTBETCTBYIOIIME 3HAYCHUS OIIMOOK I HU3KOYACTOTHOW (DYHKIIMM BCETJa MEHBINE YeM IS
BBEICOKOYACTOTHOM.
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ABOUT ONE METHOD OF FUNCTIONS APPROXIMATION PROBLEM DECISION USING TWO-LAYER
NEURAL NETWORK OF VARIABLE FRAME
Tomashevich N.S.
Scientific Center of Neurocomputers
107066, Moscow, st. Novaya Basmannaya, 20

The method of creation of two-layer neural network, which realize piecewise-nonlinear approximation of a given function, is proposed.
The method involves determination of network’s neurons number, which are necessary for function approximation with error not exceeding the
given one, and determination of weights values for all neurons of network.

Introduction

For today it is written alot of activities dedicated to analysis of approximation properties of neural networks
[1-4]. All authors of these activities come to conclusion about capacity of two-layer neural network to approximate
anyone uniquely defined function, but they don't explain how to construct such network. Considerable successes in
this area, in my opinion, have been reached by Nguyen and Widrow in their activity [5], in which they propose the
method of selection of initial weights values for two-layer neural network, though a question about neurons number in
the hidden layer they |eft opened.

In this paper the method of synthesis of two-layer neural network of variable frame for approximation of one-

dimensional function y* (X) , where X - input of network, y* - desired output, by P known examples of learning

sample is proposed. The network frame is named «variable», because number of neurons of hidden layer of network is
unknown beforehand, but it is determined during network creation and it directly depends on complication of a given

function and from the given by user value of maximum approximation error A€ . The output of neuron is computed
by formula:

H 1)

yhk(p) =1 E Z th'h<k-1) I:yh(k—l)(p) E D

(k-1)=0
where hK - index of neuron of k-th layer of network; H | - number of neurons in k-th layer of network; p —
number of example, pU{L,...,P}; Y, () Yhyu (p) - OULPULS OF h -thu by, -thneuron of k-thand (k —1)-th
layers, correspondingly, at feeding on NN input of p-th example; th'h(k_l) - weight to h.K -th neuron of k-th layer

2
from hy,_y) -th neuron of preceding (kK —1)-thlayer; f(Q) = Ear ctan(g) - activation function of arctangent type.

Method of two-layer neural network creation
Each example of learning sample represents a couple [X, y*] . Let's add to this example description one

more feature: desired activation of neuron of output network layer. For p-th example, p [ {l, cees F} , it is computed
by formula:

gzp) =tg§g yZD) E (2

Let's create two-layer neural network of the following frame: one input, one output, number of neurons of
first layer is equal to zero (H,; = 0), number of neurons of second layer is equal to one (H, =1). Thereisasingle

weight in network — the bias of H , -th neuron, which is equal to zero (WHz,O =0).

v

I I fﬁ: AT S }
s oo ot mz b ga ga

VERENE

Fig. 1. Curve of arctangent type, realized by one neuron of network.

Later neurons are added only in first layer of network. Each H  -th neuron, which is added in first network
layer, represents in space {Y, X} the curve of arctangent type (fig. 1).
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Let's talk that an example of learning sample is lying in region of «nonlinearity» of neuron, if its desired
output is less or equal in absolute value to some given by user number & — 1, and it is lying in region of neuron’s
«saturation» if its desired output is greater in absolute value than O .

Each added to first layer the H, -th neuron must approximate with error not exceeding the given value A&
some quantity of consecutively located on x-axis examples. The expression « H, -th neuron approximates some
guantity of examples» is understood as following:

*  approximation error €, for approximated by H; -th neuron examples doesn't exceed A€ , that is €, < AE;

at that, approximated by neuron examples may lay and in region of nonlinearity, and in region of saturation of
this neuron;

« in region of nonlinearity of H,-th neuron there is no examples, which approximation error by this neuron

exceeds A€ ;

» examples, which approximation error by this neuron exceeds AE , lay in region of saturation of neuron.
Then on the stage of neurons adding in the hidden layer of network we will need to change shape of curve of
arctangent type (fig. 1) by its compression/distension and its shift up/down. For this let’s introduce the notion of

complete output of H -th neuron of network:

Yiym = Yru(o) X Wity 10wy T Wi, oou) - ©)
where Wy 1oy — OUtput weight of H,-th neuron, alowing to change the height of curve (fig. 1) by its
compression/distension;

Wy, o(oury — OUtPUL weight of H, -th neuron, allowing to shift curve (fig. 1) up/down.

Notions of complete output of neuron Y, , of output weights Wy, 1oy and Wi, oy ae used only at

network creation, at its utilization these notions are absent.
Error of approximation of p-th example by H, -th neuron is defined by formula:

&

2 _ .
;arCtan(yHl(p) )_ Y- 4)

Now, let's construct two-layer neural network realizing piecewise-nonlinear approximation of function
Y (X) by its P known values. Each H, -th neuron, which is added to the first network layer, must approximate last

Hi(p) =

example (let’s note its number by P ™) approximated by preceding neuron if such exists (if preceding neuron

doesn't exist, then P ™™ =1) and maximum quantity of subsequent examples up to example P with error not
exceeding A€ .
At adding of H, -th neuron, let’s firstly compute values of its output weights: Wy, gy @d Wiy 10y » DY

formulas:

max _ * * A min _ . * * A

yH1 - max{g(Pfrom) 1 g(Pto)} 1 yH1 - mln{g(Pfrom) 1 g(Pto)} 1
— yITaX B lein min - leax B lein

Wi, o(out) = : 2 =+ Y, + Wi, 1wy = 12@ = ©)
Now we can determine the value of desired output for H, -th neuron:

9 ™ Whi, ocou
Yoy (p) = — o ()

WHl,l(out)

and, by solving the following system of equations:
2 ( )_ .
Q]T[arCtg WHlv() + WHl'l D((Pfrom) - yHl(Pfrom)
D ’

2 *
glzf[arCtg(WHl,o Wy, 1 D((P"’)): yHl(P'O)

we will get values of input weights of H, -th neuron:




3-a MexxayHapogHasa KoHdepeHuns DSPA-2000

Hyl
Xipramy ™ Xpro)

At that the weight Wi, 1, from added H , -th neuron to the single neuron of output layer is established equal

s Wy o = tg@%T y ) @— Wi 1 D((pw) (7

to:

WHz,Hl = WHl,l(out)’ (8)
and bias Wy, 0 of neuron of output layer is updated by formula:

WH2,0 = WHZ,O + WHl,O(out) - g(Pfrom) . 9)

In that way we continue to add neurons in first layer up to that moment when value P™ of the last added in
first layer neuron will be equal to number of examplesin learning sample P.

Experiments and conclusions
Experiments were carried out on two kinds of functions: on low-frequency function (fig. 2) and on high-
frequency function (fig. 3).

Learning sample of low-frequency function Yy (X) = Sin(7x*) Sin(27X) consisted of 21 examples, taken
frominterval X [] [—1;+1] with quantization interval equal to 0.1 (these examples are marked by black circlesin fig.

2). Test sample consisted of 201 examples, taken from interval X [] [—1;+1] with quantization interval equal to 0.01
(itisasolid black lineinfig. 2).

Learning sample of high-frequency function Yy (X) = sin(107x*) Sin(107) consisted of 201 examples,
taken from interval X[ [— ZL'+ZI] with quantization interval equal to 0.01 (these examples are marked by black circles

in fig. 3). Test sample consisted of 2001 examples, taken from interval X [] [—ZL'+ZI] with quantization interval equal

to 0.001 (it isasolid black linein fig. 3).
Learning and test samples for both kinds of functions were taken with precision up to tenth digit after point.

1,0 1,0
o8 f"\\ 08 } [ [al®
5 oY R 5 0] 1
04 1 2 04+
‘g o,z./ \ ‘é 0,2 1+ & 4 —
L % Y Py
2 02 /‘ £ 024 =
2 04 \ f— Z 04
2 a8 )
0,6 0,6 ! L)
0.8 - 0,8 t'{
o \ e 'S\ \ \

<10 09 0.8 07 06 -05 -04 03 -02 01 00 01 02 03 04 05 06 07 08 09 10 41,0 09 -0.8 -0.7 0,6 0,5 04 -03 -02 0,1 00 0.1 02 03 04 05 06 07 08 09 10

Input Input

Fig. 2. Low-frequency function y" (x)=sin(rd)sin(Tx). Fig. 3. High-frequency function
y' (x)=sin(10m¢)sin(107).

Since used activation function (fig. 1) remains nevertheless non-linear in region of saturation defined by
parameter O — 1, then achievement of the given approximation error A€ — O at network creation is usually
impossible. Therefore after neural network creation it was taught by gradient method. At that the method of steps by
layers adjusting (each layer hasits own step) [6] was used.

The aim of experiments was an investigation of following dependencies:

« average and maximum approximation errors (on learning and test samples) from value of O on stages of NN
creation and NN learning;
» average and maximum approximation errors (on learning and test samples) from value of A€ on stages of NN
creation and NN learning;
«  number of neurons achieved in first layer of NN from valuesof A€ and O ;
and also determination of the possible limit of minimum function approximation error on neural network.
Based on carried out experiments the following conclusions was done:
* Average and maximum approximation errors (on learning and test samples) on stage of NN creation decrease at
* Average and maximum approximation errors (on learning and test samples) after NN learning have different
behavior for low-frequency and high-frequency functions. Possibly it is because of used method of neura
networks learning, which didn’'t lead to the global extremums (at NN learning there wasn’t used any method of
local extremums escaping). Though, it is possible to make following generalizations: average and maximum

-7-
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approximation errors on learning sample after NN teaching have had minimal valuesat 0 — 1 and A€ - 0;
and average and maximum approximation errors on test sample after NN teaching have had minimal values at
Ag =0.01+0.1 (Ag = 0.5+ 5% from size of function changing) and 0 = 0.65+ 0.75.

Number of neurons of first network layer, as it was expected, depends only from A€ (as less AE, as bigger
number of neurons in first layer) and doesn't depends from O . Dependence of neurons number from A€ is
nonlinear and is similar to curve of arctangent type (fig. 1). Maximum neurons number is equal to number of
examples minus two.

The possible limit of minimum function approximation errors for low-frequency and high-frequency functions
changesin following bounds (error was taken in percents from size of function changing):

Error type Error, %
After NN creation:

average approximation error on learning sample 0.001+0.002
maximum approximation error on learning sample 0.004 = 0.006
average approximation error on test sample 1.7+24
maximum approximation error on test sample 85+11.2
After NN teaching:

average approximation error on learning sample 0.00003+0.00020
maximum approximation error on learning sample 0.0006+0.0010
average approximation error on test sample 0.7+09
maximum approximation error on test sample 35+48

At that corresponding values of errors for low-frequency function are always less than for high-frequency.
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