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Pedbepar. B goknage aHanuampyloTCa NMKOBble 3HaYeHWA B3auMHOM Koppenduun m n GMW
nocnepoBartenbHOCTEN. Taknme nocnefoBaTenbHOCTU BblpaXatoTCA B BUMAE MaTpul, FOe Kaxabln
ctonbel 3a MWCKMOYEHWEM CToNnbUOB W3 Hynen SBNSETCS LUMKIUYECKMM COBUrOM  KOPOTKOW
ncesgocrnydyariHon nocnegoBaTenbHOCTU. CBepxBbICOKasi KOppensuus sSBnaeTcs pes3yrnbTaToMm
coBnageHuss OGonbloro u4ucna crTonbuos. TeopeTnyecknm TOYHO npeackasbiBalOTCA  Napbl
nocnenoBaTeribHOCTEN U UX LIMKIIMYECKME CABUMK, AaloLmMe CBEPXBbLICOKYIO KOppensaumioo. YJeT aTux
CABUIOB MO3BOSISIeT co3gaBaTb Oonblive MNOAMHOXECTBa MOCNeAoBaTeNlbHOCTEN C  XOPOLUEN
B3aMMHOWN Koppensaumnen. ATo MOXEeT OblTb MCMONb30BaHO Ansi cucTem cBsidan ¢ CDMA 1 undpoBbix
BOASHbIX 3HAKOB U300paKeHun.

BBeaeHue

Mepnogudeckaas B3aMMHaa Koppensums AOBOMMHBIX M M GMW  nocnepoBaTenbHOCTEN
npoaHanuanpoBaHa TEOPETUYECKM, a TaKkKe CTaTUCTUYECKMMMU M  BbIYUCNUTENBHBIMKU  MEeTOoAaMMU.
VMcuepnbiBalowmMii  KOMMNbIOTEPHBIA MOMCK BCEX B3auMMHbIX KOppensauuin m-nocnenoBaTenbHOCTEN B
HacTosiLee BPEMS OrpaHuWyYeH OUHON 2%°.1. CTaTUCTWYECKUil aHanus B3aUMHOIA Koppenaumm m-
nocrnegoBaTtenibHOCTEN C MoMOLbo MeTodoB dypbe Gbin npegnpuHAT ewe B 1965r. [1]. Mpu aTom Gbinm
o6GHapyXeHbl HEKOTOpble HEeOXWOaHHO OornbluMe 3HayYeHWst B3aMMHOW Koppensuun, gocturaiowme 1/3
ABTOKOPPENSLMOHHOIO MUKa U HE YMEHbLUAKLINECS C YBENUYEHUEM ANMHBLI MOCeAOoBaTENbHOCTU. ITU
“aHoMarnbHble” 3HavyeHusa ObinM  uccregoBaHbl B [2], roe OHM  OblMM  OTHECEHbI K  KOHEYHbIM
apudpmeTnyecknum adpcpektam. B [3] Gbo nokasaHo, 4TO HekoTopble Napbl GMW nocnegoBaTenbHOCTEN
UMEIT TOYHO Takue >e 3HaYeHUs B3aUMHOW KOppensauuu, 4YTo M  Mm-nocrnefgoBaTefnlbHOCTU. OTu
nccrnegoBaHMs Mokasanu, 4YTO napbl  MOCrneaoBaTeNlbHOCTENM C  BbICOKOW B3aMMHOM  KOppensiunen
npeackasyeMbl, HO B NpeAckasaHHbIX UX NMUKOBbLIX 3HAYEHUSIX UMEIOTCS OLUNBKM.

HacTtosiwasa paboTa npegctaBnseT TEOPUIO, KOTopasi TOMHO MNpefckasbiBaeT BbICOKYH) B3aUMHYHO
Koppenauuio gns m un Bcex GMW nocnegoBatenbHoOCTENn. JTO AOOCTUraeTcsi  pasMeLleHEM
nocrnefoBaTtenbHOCTEN BAOMb AnaroHanen aAsyMepHblx matpuy [4]. Mbl nccnegyem matpuubl, B KOTOPbIX
cTonbubl aBnsAlTCA NMOO casuramu KOPOTKOM MNocrenoBaTenbHOCTU, MO0 MOCneaoBaTENbHOCTLIO U3
Hynen. Takme dopmaThl CYLLECTBYIOT Ans BCEX M-NocneaoBaTenbHocTen AnvHbl 2™-1, rae n coctaBHoe
yncro. MNocnegoBaTenbHOCTb LMKIMYECKUX CABUIOB MOPOXOAAETCA MCXOOHOW M-MOCNeaoBaTeNbHOCTLIO U
ee obpasyowmmM nonmHomoM [5]. MoXHO gokasaTb, UTO €CIK KOPOTKY M-NocrefoBaTeNbHOCTb B TAKON
MaTtpuvue 3aMeHUTb OPYron naeansHOW NCeBAoCTy4anHON NOoCceaoBaTelbHOCTLIO C TEMU Xe caBuramu, To
B pesynbTaTe nonyyutcsa nocneposatenbHoctb GMW [6]. Hwxe paccmatpuBaeTcs AeKOMMOO3numMa m-
nocrneanoBaTenbHOCTU ANWHBI 2°"1 g "ksagpaTHyl" maTpuuy u3 2"+1 ctonbuos AnuHbl 2M-1 Ans Bcex
HeyeTHbIXx M=3. Bce m-nocnegoBaTenbHOCTM MOryT ObiTb OOpa3oBaHbl C MOMOLLLIO Hagsexallemn
Jeunmauun 13 nobon m-nocnenoBaTenbHOCTU. Takue geurmaum MOryT ObiTb CBefeHbl K AelvMaunsam
CTONGLOB C NEPECTAaHOBKOM MOpPsiAKa UX CreAoBaHMst B Matpuue 4eKOMNO3nLun.

Teopema

Myctb n=2m, rge m=3 HeyeTHo. MNyctb {ai} n {b} ectb m unu GMW nocnegoBaTenbHOCTH, rae
{b} cBsizana geummaumen d,=r(2"-1)/3+1 c {ai}, rae r=1or 2 nopoxaaeT Haanexa’ilylo aeummaumio. Torga
MaKkcumarnbHas B3anMHasi Koppensauus 9TUx NocnefoBaTesNlbHOCTEN NPUHUMAaET crieytolume 3HaYeHust:

ecr m He kpaTHo 3: (2°"-2™1-3)/3 (mBaxapl); (2°"+2""2-3)/3 (oauH paa3)

ecrm m kpatHo 3 : (2°"-2™1-3)/3 (opuH pas); (2°"+2"-3)/3 (aBaxabl).
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Upesa pokasaTtenbcTBa

OaHHble MaTpuubl cocTosT u3 2" cTon6LOoB, SBAKWMMACS LMKIUYECKUMU COBAraMUM m-
MoCreoBaTeNbHOCTM 1 OHOro cTonbua U3 Hyneit. MocneaoBaTenbHOCTb CaBUIroB cocTouT 13 2™ yucen,
Kakgoe U3 KOTOpbIX MOBTOPSETCA [OBaXdbl W ykasaTens Hynei (cumson "-"), T.e. Bcero us 2"+1
anemeHToB. [lpM 3TOM nocnegoBaTenbHOCTL CABWIOB MpeacTaBnseT cobon nanvHApOM C  OCbiO
CUMMETPUM  OTHOCUTENbHO  HyneBoro ctonbua [7]. [Oeuumaumsa d npu  npeacTaBneHuu
nocrnegoBaTenibHOCTU BAOSb AMaroHanen maTtpuubl COOTBeTCTBYeT Adeummaumm ctonbuoe dc=d (Modulo
2™-1) n peummaumn psigos dg=d (Modulo 2™+1). [deuumauun, Beaylme K 60nbLIOMY BbIGPOCY [2], umetoT

2m _
o 127D
q
. r(2" +1
q

B +1, rne q menutens 2°™-1 1 r ecTb Lenoe, MeHbluee g. [ns 3TUX AeLmMaLmii d. =1,

ro €CTb uenoe, T.e. ( TaKkke ABNAeTCca Oennutenem 2"+1. 310 O3HavaeT, 4To ob6e mMaTpuubl
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MMEIOT OfHU U Te ke CTonbubl, HO B pasnuyHom nopsigke. 3vadyewne dy = ———+1 onpepensiet

NMopsifoOK MNepecTaHOBKM CTOnbuUoB. B 3TOM cnydae B3auMHasa KOppensuus onpeaensieTcsi 4Yucriom
coBnagatowmx ctonbuos. Kaxaoe coBnageHve BHocuT 2™ —1, TOraa Kak Kaaoe HecoBNadeHUe BHOCUT -
1. Cmonbuysk! MOryT coBnagaTb B ABYX criydasix, ecnu (i) ctonbel, npy geuumarmm octaeTcs Ha MecTe nnm
(ii) nepexoguT B cBOE OTpaxeHue. MNyctb =3, a k ecTb OTHOCUTENbHbIN FOPU30OHTAaNbHbIN COBUM MaTpUL,.

_ - 2™ +1) .
() YpaBHeHue dgi =i+KkK umeet ~——— pelueHun npu k=0,
m m
K= (27 +1 " 227 +1) _
3 3
(i) YpasHenme dgi =—-i+K wnmeer eauHcTBeHHOe pewenune, korga (Og +1) umeer

o6paTHbIN Mo YMHOXEHMIO anemeHT no modulo 2™+1. Ecnun n kpatHo 3, To ans Bcex kZ0 umeetcs eLle
OOHO [JononHuTenbHoe coBnageHve. Ecnn n He kpaTHO 3, TO MMelOTCA [[Ba OONOSNHUTESNbHbIX
coBnageHus npy k=0 1 H1 ogHOro Npu ApYrnx k .ocTanbHbIX.

PesynbTaThl, BbITEKalOWMe U3 TeopemMbl

[Ona n=6 makcMMym B3auMHOWN KOppensauum ectb +23 (ABaxabl) U 04MH pa3 +15

Ona n=10 makcMMym B3auMHOW koppensaumn ectb +383(pa3) n geaxasl +319.

Ona n=14 makcMmym B3auMHOW koppensaunn ectb +5631(pa3) n agBaxabl +5375.

[na n=18 makcMmym B3auMHOW koppensaunn ectb +87551 (aBaxabl) n oanH pa3 +87039.
Ona n=22 makcMmym B3aumMHon koppensauumn ectb +1400831(pa3) un asaxabl +1396735.

OTU pesynbTaTbl COBMagalT C pesynbTaTaMu HEMOCPeACTBEHHbIX PacyeToB, MPOBEAEHHbIX Ha
KOMMblOTEpPE.

Mpumep

O pekTMBHOCTL TEOPUN MPOUNITIOCTPUPYEM Ha HebomnbLIOM nNpumepe aAnsa n=6. B cooTeeTcTBME C

Hallen Teopuen npegckasaHHble geuumauumn ectb 63/3+1=22 and 2x63/3+1=43. PaccmoTpum criyyam

d=22. Bcero nmeetca 9 cronbuoB anuHbl 7 ¢ dc=1 and dg=4. Ctonbubl oTobpaxatTca camu B cebs,
n

korpa dgi =i +|T unu B Hawewm cnydae 4i =1 +3| .

n
CTonbubl NepexofsT B cBou oTpaxeHusi, korga dgl = =i +1 T wm 4i =—=i +3l. Onsa =0

BTOpPOE YpaBHEHME HEe UMEET peLleHuid, Toraa kak nepsoe nveet 3 pewenuns. B pesynbTtate 3 ctonbupl ¢
Homepamn 0,3,6 coBnagatT. [Ana |=1 peweHua nepBoro ypaBHeHust ecTb 1,4,7, a BTOpoe ypaBHEHue

ceogutca k51 = 3. Mockonbky 2 meeT obpaTHOE MO YMHOXEHUIO YMcrio 5 no moaynio 9, To nocrneaHee
F— _1 - -
ypaBHeHWe MeeT eMHCTBEHHOE pelleHne | =5 x3=2x3=6.
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B utore umeem 4 cosnagatrowmx ctondbuos ¢ Homepamn 1,4,6,7 .

Ona HarnsgHoCTM  HWXKe Uu300paxeHbl MaTtpuubl  OEKOMMO3MUMM  paccMaTpuBaeMbiX M-
nocneposarenbHocTel. Cnesa nNpeacTaBneHa maTpuua 4EKOMMO3NLUKN UCXOOHOW M-MOoCnefoBaTeNlbHOCTH
onvHbl 63. Hag Hel pacnonoxeHa nocnegoBaTenbHOCTb casBuroB. CnpaBa u3obpaxeHa maTpuua,
COOTBETCTBYIOLLAA AeuumMaunm 22, co CBOer NocnefoBaTeNibHOCTbLIO COBUIMOB.

WcxogHaa MaTtpuua Oeunmauua d=22

MNocnepoBaTenbHOCTb CABUIOB MNocnenoBaTenbHOCTL CABUIOB
[-[4[3[5]1]1]5]3]4] |-13[1][5[4[4][5[1]3]
000100100 000100100
001011010 011000011
010011001 001011010
001111110 011100111
011000011 010011001
011100111 010111101
010111101 001111110

Mpn HyneBoM caBure coBnagatoT HyneBble CTOnNOLUbI, a Takke cTonbubl co casurom 5. B atom
cnyyae B3auMmHas koppenaumsa paBHa 3x7-6=+15. PaccmoTpum maTpuudy geuumauumn 22 C
ropnsoHTanbHbIM caABurom Ha 3. [NocrnefoBaTensHOCTU CABUra ANg 3TOro cryyas nokasaHbl HUXe.

-1 4| 3|5/ 1] 1] 5| 3| 4
5/ 4|4/ 5/ 1 3 -|3 1
Ctonbubl ¢ Homepamn 1,4,6,7 coBnagatoT, NOPOXAas B3aMMHYI0 Koppensauuio 4x7-5=+23.

3aknro4yeHue

MonyyeHHas Teopusa mMoxeT BbITb UCNONb30OBaHa Npu BblIbope nocnegoBaTenbHOCTEN B cUCTEMaX
CDMA. [Inst acMHXxpoHHbIXx CDMA BCe ykasaHHble geuymaumn MoryT 6biTh yaaneHsl. Hanpumep, B criyyae
n=14 knaccbl 3KBMBArIEHTHOCTU M-MNOCreaoBaTeNbHOCTEN U nocnegoBatensHocten GMW cogepxat no
756 nocnepoBaTtenbHocTen. [locne ypaneHus d=5462 octaetca 378 nocnegoBartenbHocTen. B
pesyrnbTaTe 3TOro And m-nocrnegoBaTenbHOCTEN MakCcMManbHas B3aMMHas Koppenaumsa yMeHbluaeTcs C
+5631 go +897, T.e. Ha 16dB. O4yeBMAHO, YTO AnA cnydas KBas3MCUMHXpPOHHbIX CDMA cyulectByeT
BO3MOXHOCTb M30exaTb HamgeHHbiXx “BpegHbix” dasoBbiXx capuroB. CnepoBaTenibHO, MOryT ObiTb
ncrnonb3oBaHbl Bce 756 nocrnegoBaTenbHOCTEN U3 NOOOro knacca.
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Abstract. This paper analyses peaks in the cross-correlation between m-sequences and GMW
sequences. Such sequences are expressed as matrices, where each column (apart from a single
null column) is a cyclic shift of a pseudonoise sequence. The highest cross-correlations are due to
many columns being forced to match. The theory is precise and is able to predict the pairs of
sequences and cyclic shifts giving the largest cross-correlation. Avoidance of offending sequences
or cyclic shifts allows the production of large sets of pseudonoise sequences with good cross-
correlation. This is useful for CDMA and digital watermarking of images.

Introduction

The periodic cross-correlation of binary m-sequences and of GMW sequences has been analysed
theoretically and by statistical and computational means. Exhaustive computer search of all cross-
correlations is at present limited to m-sequences of length below about 2%-1. Statistical analysis of m-
sequence cross-correlations by Fourier techniques was attempted as far back as 1965 [1]. This revealed
some unexpectedly high cross-correlation values for m-sequences of compound length. These values are
as high as 1/3 of the autocorrelation peak and do not diminish with increasing sequence length. These
"anomalous" values were analysed in [2], where they were attributed to finite arithmetic effects. In [3] it was
shown that some pairs of GMW sequences have exactly the same high cross-correlation values. That
analysis showed that the pairs of sequences with high cross-correlation were predictable, but there were
residual errors in the predicted values.

This paper presents a theory, which predicts high cross-correlations of m-sequences precisely and
extends the above framework to all GMW sequences. It is achieved by placing the sequences along the
diagonals of two-dimensional arrays [4]. We make use of representations where the columns are shifts of a
shorter m-sequence or are null (constant) columns. Such formats are available for all m-sequences whose

lengths are 2" —1, with n composite. The sequence of cyclic shifts (shift sequence) is peculiar to the
parent m-sequence [5]. It can be proved that if the shorter m-sequences in such an array are replaced by
other ideal pseudonoise sequences with the same shifts, we will get GMW sequences [6]. The cross-
correlation of two arrays can be expressed as the sum of the cross-correlations of the columns. Here, we
consider the decomposition of an m-sequence of length 2°™-1 into a “square” array of 2"+1 columns of
length 2™-1, with odd m=>3. All m-sequences of a particular length are generated by proper decimations of
any m-sequence. Such decimations can be translated into decimations of column sequences and
permutations of the order of columns in the arrays.

Theorem

Let n=2m, with m=3 odd. Let {a} and {bj} be m-sequences or GMW sequences, with {b;} being the
decimation d,=r(2"-1)/3+1, of {a}, where r=1or 2, whichever yields a proper decimation. Then, the worst
case cross-correlation of these sequences has the following values:

a) for m not divisible by 3: (22™-2m"1-3)/3 (twice); (22”“+2”“+2 3)/3 (once)

b) for m divisible by 3 : (22"-2™"1-3)/3 (once); (2°™+2™-1)/3 (twice).

Example

A small example, n=6, is shown below as an illustration of the theory.

Our theory predicts the offending decimations to be 63/3+1=22 and 2x63/3+1=43

Consider d=22. Since the column length is 7 and there are 9 columns, dc=1 and dr=4.
m

Columns will be permuted to fall upon themselves when dgi =i +| or 4i =i+ 3| for this

case. Columns will be permuted to overlay their images when
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2" +1

dpi =-i +1 or 4i =i +3| . For I=0, there are no solutions to the latter equation, whilst
there are 3 to the previous equation. Therefore, 3 columns, those indexed 0,3,6, match. For I=1, the
solutions to the previous equation are 1,4,7 and the latter equation implies 5i =3. Now, 2 is a
multiplicative inverse of 5 (modulo 9) and so the latter equation has a unique solution
i =5'x3=2x3=6.

Finally, we have obtained the result that the columns labeled 1,4,6,7 match.

The observed situation is shown below. A prototype m-sequence of length 63 is decomposed into
an array of 9 columns each of length 7, shown on the left. The shift sequence is shown above. A
decimation leading to high bias is: 63/3+1=22. The array decimated by 22 is shown to the right, with its shift
sequence above it.

Prototype Array Decimation d=22
Shift Sequence Shift Sequence
[-la]3]5]1][1][5[3[4] [-[3]1][5]4afaf5[1]3]
000100100 000100100
001011010 011000011
010011001 001011010
001111110 011100111
011000011 010011001
011100111 010111101
010111101 001111110

For asynchronous CDMA, the offending decimation can be removed. For n=14 there is a total of
756 m-sequences. Removing d=5462 leaves 378 sequences in the set. This reduces the peak cross-
correlation from +5631 to +897, a reduction of 16dB. For quasi-synchronous CDMA it is possible to avoid
the offending phase shifts, in which case the full set of 756 sequences could be used.
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