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BBegeHue

[OuckpeTHble npeobpas3oBaHus SABNSAKTCA MOLUHbIM  CPeACTBOM  UCCNeaoBaHUSA  CUrHanoB
pasnuyHon r3ndeckon Npupoabl N apPEeKTUBHO MCNOMNb3YIOTCA B pasfnnMyHbIX 06NacTax Hayku 1 TEXHUKU
[1]. OnckpeTHbie OpTOFOHaJ'lebIe npeobpa3oBaHUs 3a4ar0TCsl COOTHOLLEHNSIMI BUaa:

Ef ()="S 6(..))()
0 ze(t i)®(.r)= BD "
%(' 2:9(| t)ox (), i=0 t#£T

roe f(t) — OTCYeTbl cUrHana B AWUCKPeTHble MoMeHTbl Bpemenn t =0,m—1; a(i) (i=0,m-=1)
— CMNEKTp curHana unu kKoaduLUMEHTbl pasnoXeHUs no cucteme cnekTpanbHbiX yHKUun (B Gasuce)
{9(t,i),3(i,t)|i,t=0,m—l}; M — 4Mucno OTCYEeTOB BO BPEMEHHOW (4acToTHow) obnactu. [ns

B3aMMHO OOHO3HA4YHOro npeobpasoBaHMs CUrHana B cnekTp n obpaTHo 6asncHble PyHKUMM OOMKHBI BbITb
OPTOroHarbHbI.
BoipaxeHus (1) Tawke MoryT 6bITb NpeacTaBneHbl B MaTpUYHOM BUAE:

OF =DxA
EA:QXF,

rae F (A) - Boibopka (cnekTp) curHana, Bektop-ctonbey anvibl M; D (Q) - matpuua npsimoro

DxQ=E, @)

(o6paTHOro) npeobpasoBaHua pasmepHocT MX M ; E - eauHnyHas maTtpuua Ton xe pa3aMmepHoCTH.

MoMMMO yCrnoBWsi OPTOrOHanbHOCTM Ha ©as3nc LOMOMHUTENbLHO HanarawT psia OrpaHUYEHUN.
Cpean HuUX — BO3MOXHOCTb (pakTopmsaLumu, pacno3HaBaHWe CBOWCTB cCuUrHana Mo ero  ChnekTpy,
adheKTUBHASA BbIMMCIIMMOCTb CneKTpanbHbIX (OYHKUMA, U T.4.

MeTogonormdeckorn OCHOBOWM ULMcpoBO 00paboTKM curHana sBhsieTCsi, Mo CyTW, NEepeHocC
[OCTaTOYHO CIIOXXHOM 00paboTkM curHana BO BPEMEHHOW obnactm B obnacTb 4acTOTHYH MyTeM
npeobpas3oBaHnii €ro crnekrpa B HEKOTOpoM ©Oasnce, a NPOTUBOMOMOXHbIA NOAXO4 WCMONb3yeTcs Ans
reHepauum curHanoB C 3agaHHbiMM cBoMCTBaMW. oUCK apPEKTUBHLIX pelleHun NOeT, Kak npasBumo, B
HanpaBneHnn co3faHWsA COOTBETCTBYIOLLMX npouenyp B Hebonbliom knacce 6asucos [2, 3] — Dypbe,
XapTnu, Yonwa, Xaapa, U T.4., YTO 0ObACHAETCA Kak NPOCTOTON X (DOPMUPOBAHUS, TakK U MX JOCTAaTOYHON
N3y4YEHHOCTbLIO N HarMsi4HOCTLHO.

C nOpyron CTOpOHbI, AN Kaxaow npouenypbl o6paboTku unu pacnosHaBaHWUs HEeTPUBMATbHbIX
CBOWCTB CUrHana cyLiecTByeT cBov (onTuManbHbIi) 6asuc, rae noctaBneHHas 3agadya uMmeeTt Haubonee
npocToe pelleHune. MNMouck Taknx 6as3ncoB, 04EBMOHO, MOXET MOTU B ABYX HanpasneHusix. MNpu cnegosaHmm
B NEpBOM HamnpaBfieHMU CTaBWUTCS TpaguUMOHHAas 3ajaya CuHTe3a onTumanbHoro 6asuca B 3agaHHON
anrebpanyeckon cucteme (B none OEVCTBUTENbHbLIX UMM KOMMIIEKCHBIX YMCES, Ha KOMbLe LUenbiX Yucen
wnn B none [anya). Btopoe HanpaBneHve cBA3aHO C nouckom anrebpavdecknx cuctem, rae
cnekTpanbHble yHKUMM MMeT Havbornee adpeKTUBHYIO peanu3auuio. 3aMeTnM, YTo 3TOT noaxod He
MellaeT CTaBMTb WM pellatb 3agadvy noucka onTumanbHblX 6asmcoB, HO B gpyron apudmeTuke. OToMy
NMoaxo4y W NOCBSLWEeHa HacTosLwas paboTa.

MocTaHoBKa 3agauv

MoctaBuM 3apavy paclumpeHus cnektpa 6as3ncoB OpTOroHanbHOro npeobpas3oBaHUs U noucka
cpean HUX Takux, KoTopble MMeT aPEKTUBHYIO TEXHUYECKYIO peanu3aumio. [NpumeHeHne B LMGPOBON
006paboTke curHamnoB MMKPOMNPOLECCOPHbIX CPEenCTB MO3BOMSAET pacwupuTtb Knacc addekTmBHO
peanusyembix yHKUMIA. [locne pguckpeTmsauMM W KBaHTOBaHWA CUrHan npeactaBnaAeTcs CBOUMMU
BbIOOPOYHLIMM 3HAYEHUSIMU, 3a4aBaeMbIMU C HEKOTOPOW TOYHOCTbIO BO BPEMEHM U MO YPOBHIO. ITO
MO3BOSSET KOAMPOBATL BblYMCIIAEMbIE 3HAYEHMS LienbiMu Yncnamm, a camy dyHkumio f paccmaTtpusaTh

KaK OVUCKPETHYIO.
PaccmMoTpuM Npou3BoOMbHOE KOHeYHoe MHoxecTBo anemeHToB N ={O,1,...,k—1}. 3agagmm

Ha Ny anrebpanyeckylo cuctemy R=<Nk,+,|§| C OBYMS onepauusiMi, KOTOpble YCIOBHO Ha30BeM
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CIOXEHNEM U yMHoXeHueMm. Mpu dukcuposanHom K >1 Haiigem Takve onepaumu, KOTOpble MO3BONST
paspeLlnTb CUCTEMY NUHENHbIX anreGpanyecknx ypaBHeHun

m-1 _

Zaji D<i=bj(j=0,m—1) A3)

i=0

OTHOCUTENbHO Xj , rae &ji, X ,bj O Ny, unm B matpuiHom Buruge Ax X =B.

MeToabl pelleHns cucTembl ypaBHEHWA (3) HaxoOAT LUMPOKOE MpPUMEHEHue npu umMdpoBOM
obpaboTke curHanos. B cootBetcTBuM C (1) B KayecTBe MepeMeHHbIX Xj M CBOBOAHLIX YNEHOB bj

BbICTYyNaKT OTCHETblI CUrHana unm ero CnekTp, a KOG(*)(bI/ILI,MeHTbI a“ — 3Ha4eHua nNpamMbIX UNn O6paTHbIX

CneKkTpalbHbIX (*)yHKLI,MM. B cBoto oyepeab BeKTOp-CTOJ'I6eLI, mMaTpuubl A ectb XapaKTepI/ICTI/I‘-IeCKI/IIZ

BEKTOP CrekTpanbHOMW yHKUuMKM, a Bca Matpuua A — Habop cnekTpanbHbIX QYHKUWIA, KOTOpble
NCMNonb3yTCcs B AUCKPETHOM NpeobpasoBaHuu.

B pabote [4] nokasaHO cyLlecTBOBaHWEe NATM OUCKPETHbIX anrebpaudeckux cuctembl: anrebpbl
NOTUKK, MYyNbTUNIMKATUBHON U afAMTUBHOM anrebpbl, KOHEYHOrO MONSA M Kofbua Lenbix Yucen. Ons Bcex

NepeYnCrieHHbIX anredp Ans paspelmmocTn cuctembl (3) Ha 3HaveHus KoadhpruMeHToB aji (Ha Bng u

noabop cnekTpanbHbIX OYHKLMIA) HanaraTcs onpeaeneHHble OrpaHNYeHNs.

Anrebpa norMkM un MynbTUNNUKaTUMBHas anrebpa MO3BOMAT peanu3oBaTb Y3KUWA  Knacc
cnekTpanbHbIX 6a3vMcoB, KOTOpble YCMOBHO HA30BEM MWUKOBBLIMW, TaK Kak Kaxaas U3 ChnekTparnbHbIX
PYHKUMIA OTMNMYHA OT HYNs TOMbKO B OOHOW Touke (Ha ogHOM MHTepBane). OTn 6asncbl NPUMEHSIOTCS, B
OCHOBHOM, NpY NPOEKTUPOBAHUM OUCKPETHbLIX YCTPOWUCTB, rAe Ba)KHa NpOCToTa peanu3auuun. AgavTuBHas
anrebpa, KOHEYHoe Mnofie U KOMbLO LEnbiX YMCesl NOPOXAakT LUMPOKMM Knacc 6a3ncoB, 3HAYUTENbHO
NPEBOCXOASALLMIA 1 BKITHOYAOLLMIA KITAcC NMMKOBLIX 0a3McoB.

[locTaToO4HO XOpOLWIO M3ydeHbl CreKTpasnbHble NMpeacTaBieHNs B KOHEYHbIX MOMSAX M Ha Korble
uenbix yncen. Mccnegyem BO3MOXHOCTb MPUMEHEHUs Ansa umdpoBon obpaboTku curHamnoB agauTUBHOWN
anrebpsbl.

ApauTtuBHasa anrebpa

Mycte Rp = <Nk , +,m — anre6pa, B koTopoit cyujectBytoT Asa anemeHta 0 0Ny n 1 O Ny
(Il #0 ), Takve,yto a+0=a, 0+a=awun old =0, 1A =1 gnsascex all Ny . OnemeHt 0 Gynem
HasblBaTb Hyrnem, a | — eauHuuen anrebpbl. [JononHutensHo notpebyem, yTobbl onepauust CroXeHUs
o6pasoBbiBana kommytatusHylo rpynny Ga =<Nk,+> Ha mMHoxecTBe N C HeiTpanbHbIM (HyneBbIM)

anemeHToMm O . Anrebpy Rp 6ynem HasbiBaTb anauTUBHO.
Onpegenexue 1. Linknuyeckum nopsigkom anemeHta allGp HasbiBaeTcs Takoe HaTypanbHoe
MUHUManbHoe uucno Cz >0, uyto wumknuueckas cymma Cyca=a+a+..+a=0, rae 0 -
Ca
HelTpanbHbii anemeHT G . Monoxum Oca =0 u (—A)o a=Ao (— a), rae A - uenoe uucro.
Onpegnenexue 2. Linknuyeckum nopsigkom rpynnbl G HasbiBaeTcsi MUHUMAarbHOe 3HauveHue

MOPSAKOB BCEX €€ 3NEeMEHTOB, KPOME HEeNTparnbHOro.
Nemma 1. YpasHeHne Aca=Db wumeer eanHctBeHHoe pewenmne ans scex a,b0Gp, ecrm u

TONbKO €cnu |A| <C, rae C — umknuyeckuit nopsaok rpynnsl G .

Onpepenexue 3. Jlornyeckon matpuuen Lm HasblBaeTCA KBagpaTHas maTpuua, coctoswas u3
Hynewn v eouHWUL, aaanTMBHOW anrebpbl. Ecnn 3aMeHuTb HyNn 1 eanHULBI aaaUTUBHOW anrebpbl Ha Hynu U
€0MHULBI Konbla LernbiX YMcen COOTBETCTBEHHO, TO MOMYYUMM COMPSDKEHHYIO e mMaTpuly I:m TON Xe
pa3mMepHOCTH.

Teopema 2. MpoussonbHas auckpeTHas oyHkuma f  MoxeT 6biTb npeactaeneHa B Buae

cnekTpanbHoro pasnoxenus (1) B anrebpe Rp , ecnn D asnsetcs norndeckoit matpuuein Ly, , a mogynb

onpeagenutena COI'IpFl)KeHHOI7I en MaTpuulbl Lm MEHbLUE UMKINNYECKOro nopsdanka rpynnbl GA. Torga

- _ - A
Ao A=D -F , rape D - anre6panyeckoe gononHenve L.,, A —onpegenutens Ly, a T— onepauus
TPaHCMNOHMPOBAHUSA MaTPULIbI.
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Ecnu GA UUMKNn4ecKkada rpynna, 1o CnekTparibHOe pasfioXeHune OpToroHaribHO (T.e. cyuiecTsyeT

matpuua @), korga A aABnsieTca genutenem yucna, kpatHoro ee nopsiaky k . B cnyyae, ecnu |A| =110

Ans no6on rpynnsl G umeet mecto Q = AoD".

3ameTumM, 4TO B aaaUTMBHOW anrebpe B KauyecTBe OnepaLmii CrOXKEeHUS MOXHO WCMOoNb3oBaTb
LIEMOYNCIIEHHOE CMOXEHWE, CroXeHne no moaymio K, nopaspsaHylo HesKBMBaneHUWio, a B KavyecTse
YMHOXEHUS — LEMNOYMCIIEHHOE YMHOXEHME, MOopaspadHY0 KOHBIOHKUMIO W ap. [Ona obecneveHust

3aMKHYTOCTW Ha MHOxecTBe [V nopa3spsigHbix onepauui, kK BblibupaeTcs KpaTHbIM CTENeHu 2.

[JeMOHCTpaUnOHHbLIN NpuMep
MycTb onepauuy CrioxeHust U ymHoxeHust anrebpol Rp 3apaHbl B Buge matpuy S un P

cocTosunx nx anemenToB Sjj =i+ | n Pjj =i [ cootsetcTaeHHO:

M 1 2 30 M 0 0 0O

g U x *0
s=0 © 3 23,0 5

2 3 0 10 G * * =0
32108 B123f

rae * — 6eapasnuyHoe 3HaueHne. O4eBMAHO, YTO LmKNMYecknin nopsigok rpynnel G paseH AByMm,

*

0=0 un 1 =3. MNpueegeHHas B npuMepe oOnepauLusi CIIOXKEHUS MOXeT ObiTb peanusoBaHa Kak
nopaspsigHasi HeaKBMBaneHuUMs Npu npeacTtaBneHnn Yucen B ABOUYHOW CUCTEME CUUCMEHUS, a KayecTBe
onepauuy yMHOXEHWSI UCNOfMb30BaHa NopaspsaHas KOHbloHKUMSA. Obe aTu onepaumm MMeT AOCTaTOYHO
NPOCTYIO U 3PPEKTUBHYHO TEXHUYECKYIO peanusauuio.

Bbibepem cuctemy crnektpanbHbiX YHKUUIA, 3a4aHHYI0 B BUAe MaTpuL

B 000 0 0O o1 0 0O 0O 0 oO

0 o 0
% 000 of 31 1 0 0 o0 oF
B 330000 _, 00-1 1 0 0 oO

D= 0D =g OoA=1

8)33300 gl 0 -1 1 0 op
O 0 3 3 3 og %4 1 0 -1 1 og
5)00333@ 5O -1 1 0 -1 15

®yHKUMM crnekTpanbHoro 6asuca nerko MoryT ObiTb MOSydeHbl COBWIOM BMpPaBoO, TO €CTb NyTeM
NCMONb30BaHNs COOTBETCTBYIOLLEN onepaLmmn forMyeckoro caBura BOMYHOIO YMcna ¢ YMCIoM paspsioB,
paBHbiM M. OGpaTHble chekTparnbHble MYHKUMM SBMSIOTCA TPEXYPOBHEBbIMU WM Takke MOryT ObiTb
noslydeHbl MyTem JIOrMyYecKkoro casura Bnpaso. M3 onpeaeneHnsi onepaumm CroXKeHns BUAHO, 4To —a=a.

Ortcioga crieayet, yto B matpuue D 3Hakm mMuHyc moryT GbiTh onyuieHbl. B pesynbtaTte nonyvaem
[ABYXYPOBHEBYI0 CUCTeMy 06paTHbIX crekTpanbHbix dyHkumn. Tak kak A =1, 1o 6asuc asnsetcs u
OpPTOroHarbHbIM.

OcobeHHOCTSIMM  NPUBEAEHHOrO  Bbile chekTpanbHoro ©6asuca sBNAeTcs npocTota  ero
HPOPMUPOBAHUA, HE3ABNUCUMOCTb OT UCMONb3YyeMbIX OnepaLuii CIIOKEHUA N YMHOXEHWS, a TakKe NpocTon
dU3NYECKUA CMbICN: NepBble [Be TPETU CnekTparnbHble (YHKUMN onpeaenstoT (pasovyBCTBUTEMbHYIO
KOMMOHEHTY CurHana, a OCTaBLUasCs TPeTb — COCTaBMSIOLWYI0 CUrHana, He 4YyBCTBUTENbHYK K dase.
Mpuyem, 4Yem Oonblle HOMEP CMAEKTpanbHOW KOMMOHEHTbl, Tem 6onee y3kme MUKA uMmeeT
HecbasouyBCTBUTENBHAA COCTaBMnsoWas, a Yem bonblle ee cnekTpasnbHbIi KO3MULNEHT, TEM MEHbLUE
3TOT cUrHamn npeacraBvMM B BUAe CrnekTpa, 3a4aBaemMoro MCXO4HOW rapMOHUKON.

T
Torga AnA curHana, 3afQaHHOro XapakTepUCTUYECKUM BEKTOPOM F=[1,3,0,2,1,0] nveem
— r
A=D"-F=[1,2,3,3,1,2]".
BbINONHMB  HU3KOYACTOTHYIO  (UMLTPALMIO,  MOofydaeM  CnekTp  ha3ouyBCTBUTENbLHOM

COCTaBnsawoLWen curHana A=[l, 2,3,3,0, OIr, a nocne obpartHoro npeobpas3oBaHNs — U caM CUrHar

F=[302073.
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3aknroyeHue

ApouTtnBHasa anrebpa, kak anbTepHaTMBHasa anrebpaundeckas cuctema ans umdpoBon ob6paboTkm
curHanoB obecneuymBaeT pag NPEeVMMYLLECTB MO CPaBHEHUIO C TakMMK anredpandeckMmyn cuctemamu Kak
KOHEYHOE Mnose, KOmbLO LienbIX YMCEN 1 Nose AeNCTBUTENbHbIX YMCETT.

B yacTHoCTU, Npu pasnoxeHun curHana B 6asucax agauTtMBHOWM anrebpbl cnekTparnbHble OYHKLUMK
nerko peanuadyembl, Tak Kak sIBMSIOTCA ABYXYPOBHEBbIMW. [Nsi BbIMOMHEHMS Npoueayp LAWCKPETHOro
npeobpasoBaHusa TpebyeTcs BblUMCNUTENbHOE CPeAcTBO Hebonblioro ObicTpoaencTeuss M HebonbLUon
paspsi4HOCTM, C NMPOCTOM CUCTEMOWN KOMaHA, Tak Kak He TpebyeTca peanusaums KOMaHa LLenoYncreHHoro
YMHOXEHUS1 UMM YMHOXEHWS C nnasatowen 3ansaton. Nomumo Bcero npoyero, npu uudposon obpaboTke
CWrHanoB B afAuTUBHOM anrebpe coxpaHsieTcs BCEW MOLLHOCTb annapata AMCKPETHOro OpTOroHasnbHOro
npeobpasoBaHuS.
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ADDITEVE ALGEBRA FOR DIGITAL SIGNAL PROCESSING
Vykhovanets V.

Transdniestrian State University, Tiraspol, Republic of Moldova
vyk@tirastel.md

Abstract. A digital signal processing based on a representation over additive algebra is
discussed. This system can be used for syntheses various spectral representations of digital
readouts of a signal. Theorem of spectral decomposition is formulated. The given theorem allows
constructing spectral functions for various implementations. Example of the digital signal
processing is given.

INTRODUCTION
Image analysis, signal processing, logic design are normally thought of in terms of multiple-valued
signals; however it is natural to think of variables with symbolic or integer values. For that a multiple-valued

signal f is transformed into the spectral representation by the discrete transformation

f(t)=:n§_16(t,i)|:a(i), a(i)=m§'1a(i,t)uf(t), ze(t.)w(. r)= er "

where f (t) are digital readouts of a signal in sampling instants t = O m-1; a() (i=0,m-1)

is a spectrum of the signal; G(t,l) and 19(| ,t) are a system of orthogonal signals (functions); m is a
number of readouts in the temporal and the spectral (frequency) area.
The expressions (1) also can be written as a matrix equation F =D x A (if there exist Q such

that A=QxF , Qx D = E we have orthogonal transformation), where F (A)is a m-vector, D (Q,

E ) is a direct (inverse, unit) m X m-matrix.
There are a few algebraic systems [1], logic algebra, additive and multiplicative algebra, Galois
field and ring of integers, which allow finding a; from (1). Galois field, ring of integers and field of real

numbers are well known [2-4], but additive algebra needs to research. In this paper additive algebraic
system for digital signal processing is considered.

ADDITIVE ALGEBRA

Definition 1. Let a domain Ny is a finite set of integers {0,1,...,k —l}.

Definition 2. Let R = <Nk , +,I;ﬂ be an additive algebra and there exists 0 L1 Ny and 1 O Ny
(t #0)suchthat a+o=a, o+a=a and old=0, (&= for al all Ny . Element O is called
zero and element [ is called unit. In addition let Gp = <Nk , +> is a commutative group.

Definition 3. The cyclic order of element all1Gp is a minimal whole number €5 >0, such that
cyclic sum c;ca=a+a+...+a=0, where 0 is an identity element of Gp. Let Oca=0 and let

Ca

(—A)o a=Ao (— a) where A is an integer.

Definition 4. The cyclic order of group Gp is a minimal order of its elements except O .

Lemma. Equation A ca=Db has unique solution for all &, bOGp if and only if |A| <cC, where C
is a cyclic order of commutative group G .

Definition 5. A logical matrix L, is @ M X m-matrix; each of whose elements is zero or unit. If we
replace the elements of L, with 0 and 1 respectively, we find matrix I:m. The matrix I:m is called a
conjugate matrix of Ly,

Theorem. Any function f can be represented in the form (1) over Rp if D is a logical matrix

Ly and if the modulo of determinant of conjugate matrix Em less then a cyclic order of group G . Then

AocA=D" .F where D isan algebraic complement m- A is a determinant of L
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DEMONSTRATION EXAMPLE
Let a addition and a multiplication are operations defined by matrix S and P such that

Sij =i+] and Pij =i (i,j=0,m=-1),

123 OO0 0O

O O « « <O
S:%O?’ZDP:D O
2 3 0 10 K{ * *[]

B 2108 B12 s

where * is an indifference number. A cyclic order of Gp is equal to 2. Obviously 0 =0 and 1 = 3.

Note the addition is the digit-to-digit nonequivalence and the multiplication can be realized as digit-to-digit
conjunction, for example. Let a spectral system is defined as the following matrixes:

B 000 0 0O o1 0O 0O 0O 0 o;O

0 o 0
83 00 0 of 31 1 0 o o0 oF
3330000 _, 00-1 1 0 0 oO
D= 0D =g O A=1.
8)33300 gl 0 -1 1 0 op
%033305 8-110—1 105
5)00333@ 5O -1 1 0 -1 15

A direct (inverse) spectral function is a column of matrix D (ST ). These spectral functions can be
got with a logical shifting of bit strings. Note the first two thirds of they are phase-sensitive functions, the
others are phase-insensitive functions.

Then for a signal F =[1, 3,0, 2,1,0]T we have A=D"oF =[1, 2,3,3,1, Z]T. After low-pass
filtering we have A= [l, 2,3,3,0, OIr and F = [1, 3,020, 3]T . where F is a phase-sensitive

constituent of the current signal F .

CONCLUSION

The additive algebra as a alternative algebraic system for digital signal processing provides some
advantages in comparison with such the algebraic systems as Galois field, ring of integers and field of real
numbers.

In particular if we use spectral bases over the additive algebra then spectral functions are easy to
realize, as they are bimodal. For execution of discrete transformations we need simple computing facilities
with low operation speed and small digit capacity as it is not required to use a multiplication for integers or
real numbers.

At last the digital signal processing over additive algebra preserves all helpful properties of the
discrete orthogonal transformation.
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