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AHHOTaumsA: B ctatbe paccmaTpmBaeTcs ObICTpbI anropntm adurHHbIX npoekumn (fast affine
projection, FAP) aons agantuBHon chunbTpauun, paspaboTaHHbIN AN MHOFOKaHAnNbHOro criydasi u
KOMMIIEKCHBIX KO3MUUMNEHTOB. BbluMcnuTenbHaa CRoXxHOCTb anroputma pasHa 2MN+11MP+9P
KOMMMEKCHbIX apudMETUYECKMX onepauun (CMOXEHUN U YMHOXEHU) Ha OfHYy wuTepauuto
anroputma, rge M — uncno kaHanos ¢unbtpa, N — 4ncno koadhpuuUMEHTOB B OOHOM KaHane
dunetpa n P — pasmep npoekumn. IPEEKTUBHOCTb anropytmMa B MHOrokaHanbHOM criydae
cpaBHUMa C 3P(PEKTMBHOCTBIO ObLICTPLIX anropMTMOB MO KPUTEPUIO HaMMeHbLNX kBagpaToB (fast
recursive least squares, FRLS), a BbluMcCnMTENbHAsSK CITOXHOCTb - C BbIYUCITUTENBHON CITOXXKHOCTBIO
HOpPMarnu3oBaHHOIO anropyTMa Mo KPUTEPUIO HaMMEHbLUEro CpeaHEeKBaApaTUYHOIO OTKITOHEHWUS
(normalized least mean square, NLMS).

1. BBepeHue.

FAP anroputm agantusHou ¢unbTpaumm [1] 6bin pa3pabotaH Ang NpunoXeHun, roe TpebyroTcs
PUNbTpbl ¢ BOMbLUMM  YUCIIOM  KO3(PULIMEHTOB: MNOAABMEHME aKYCTUYECKOrO U 3SMEeKTPUYECKOro 3xo,
afjanTuBHoe nofaeneHue wyma u T. n. FAP anroputM no ckopoctM cxogumoctu cpaBHum ¢ FRLS
anroputTMamp, a o BbIYUCIIUTENBHON CIOXHOCTUM — ¢ npoctenwmm NLMS anroputmom. FAP anroputm
Halwen cBoe JarnbHelllee pasBUTME 3a CYET MCNOMNb30BaHWS Npouedypbl UBMEHEHUS wara CXOAMMOCTH Mo
rpagMeHTHOMY 3aKOHY, MpakTuyeckn 6e3 yBenMyYeHWs BbIMMCIUTENbHOW crioxHocTn [2]. OpgHako
COBpEMEHHbIE AO0CTKeHUst B obnactn FAP anropuTMoB OTHOCATCH K Crlydard OAHOKaHarbHbIX anropMTtMoB
C pencteButenbHbIMKU KOoaddpmumeHTamu. B TO ke Bpemsi, CylLecTBYeT psg MPUITOXEeHWn, roe TpebyroTcs
MHOroKaHasibHble UIbLTPbI, UM UILTPbI C KOMMSIEKCHbIMW  Ko3dhduumeHTamn. Hactoawaa cratbs
npeacTaBnsieT MHOrokaHanbHbIn FAP anropnt™ ¢ KOMAAEKCHbIMU KO3huLMeHTaMu.

2. Nony4yeHune MHorokaHanobHoro FAP anroputma ¢ KOMNeKCHbIMU Ko3dhduumeHTamu.

lMocnepoBaTensHOCTL NPUEMOB MOMYyYeHUs MHOrokaHanbHoro FAP anroputma € KOMMMEKCHbIMU
KoapbmLmeHTamMn ABAsieTCA BO MHOIOM cxoxeu ¢ [1, 2], roe paccmaTpmBaeTcsl OQHOKaHanbHbIN anroputm
FAP c penctButenbHbiMK koadduLmneHTamu. PacnpocTtpaHeHne SToro anropytMa Ha MHOrokaHarbHbIN
Cny4van u KOMMIeKcHble ko3 MULMEHTLI ONpeaensieTca cneaywmumM obpasom:

h(k) =h(k - 1)+ p(b)X(K)ek),  ak) = [X* ()X (k) +31] e (k).
e(k) = s(k) —h(k -1)" X(k),
e(k) = [e(k),e(k =1),---,e(k = P+1)]", e(k) = [e(k),e(k =1),---,e(k =P +1)]",
s(k) = [s(k), stk =1),-+-,5(k = P+D]", X(k) = [x(k), x(k = 1),+--,x(k = P +1)],
X(k) =[x, (k). xo (k = 1)+, % (k = N + 1), [x,,, (k). %, (k = 1)+, x,, (k=N + )] =
= [Xg(k)w',XL_l (k)]T, h(k) = [ (k). hy (k= 1),y (k = N + D)1, [y, (k) By (k= 1),
by, (k=N +D] = (), 07 o)

roe k - ouckpeTHoe Bpemsi, M - uynicno KaHanoB aganTuBHOro unbtpa, N - YMCNo KOa(PULMEHTOB
dunbTpa (ogMHakoBoe B kaxaoM kaHane), P - pasmep npoekuun, e(k) un €(k)- Bektopa ownGok u
HOPMarM30BaHHbLIX OWMBOK afanTuBHOro unbTpa, S(k) - BEKTOp OTCYETOB CUTHAMOB HA OCHOBHOM BXOAE
apanTueHoro dunbtpa, h(k) - Bektop koadpdpuumerTos M -kaHanbHoro dunbTpa, X(k) v x(k) martpuua
1 BEKTOP BXOAHbIX CUrHanoB cunbtpa, O - napameTp perynspusaumm, U(k) - war cxogumocTw.

Crepys [2] (ons 3aBUCSALLErO OT BPEMEHW Lara CXOAMMOCTH), MOXHO BbipasuTb e(k) kak
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e(k) O
- (k- D]e(k -HH

rne sektop e(k — 1) coctout ns cambix BepxHux P —1 anementos (c uHaekcamn 0,1,--- P —2)

U
e(k) = 0 (1)
BekTopa e(k —1). [anee, BbluMcneHne BekTopa KOI(PMUUMEHTOB (PUMLTPA 3aMEHSIETCA BbIUNUCIIEHVEM
BeKTOopa ﬁ(k), KOTOpPbIN A4NS Cryyasi 3aBUCUMOrO OT BPEMEHMU Luara CXOAMMOCTU BbIpaXKaeTCsl Kak
R(k) =Rk =1) +x(k = P+1)E,_, (k), )
roe E,_ (k) - nocnenHuii anemeHT BekTopa
« o o0 0O
E(k) = u(k)e (k) + O
(k- DH

Bektop E(k —1) coctout us cambix BepxHux P —1 anementos sektopa E(k —1). CooTHoweHWs
(2) n (3) NO3BONAT BbIMUCIUTD

3)

e(k) = &k)—E" (k=Dr(k), (4)
roe
&k) = s(k) - K" (k -1)x(k). (5)

B (4) Bektop r(k) onpeaensieTcs kak
M-1
r(k) = X" (k = 1)x(k) = r(k — 1) + Z[xm WX, (k=) -x, (k=P (k-P).,  ©

roe maTtpuua i(k —1) coctout wus cambix neebix P —1 cton6uos (c uHagekcamu 0,1,---, P —2)

matpuubl X(k —1), a BekTop ifn (k—1) - n3 cambix BepxHux P —1 anemeHTOB BekTopa X;(k—i).

YpaBHeHue (6) sBNsSeTCsS nNepBblM OCHOBHbIM OTNMYMEM MHOrokaHamnbHoro FAP anroputma oT
oaHokaHanbHoro. Nocne HekoTopbIX NpeobpaszoBaHU MOXHO NOKa3aThb, YTO
M-1
H — H
X" (X)) =) X, (HX,, (k), (7)
m=!
roe X, (k)= [xm (k),x,, (k-1),---,x, (k—P+ 1)] . YpaBHeHve (7) siBNsieTCsl BTOPbIM OCHOBHbIM
OTNMYMeM MHorokaHansHoro FAP anropntma oT ogHOKaHasbHOro.
[anee, B cootBeTcTBUM C [1, 2], BbluncnisieTcs €(k) kak

=2 0 Bl a (beh) @)
Rk -0 B (o) e (SR

A0 )

HO H_g(k) E;_LN(/{)bP’N(k)bP’N(k)e(k)’ 9

rae BEKTOp € B Criydae 3aBWCALLEro OT BPEMEHM Luara CXOAMMOCTU ONpeaenseTcs Kak
e(k) =1 - u(k - D)ack) . (10)
B (8) n (9), E}f_l,N (k) wn Ef,_l’N(k) - 3Heprun owmbok FRLS nuHeiHoro npepackasanuna (JIM) npu
MCMONb30BaHMM CKOMb3slero okHa (sliding window, SW, anuuoit B N BbiGopok curHanos), a, (k) u

b, (k) - BexTopa koacpcpuunenTos forward n backward counbTpos JiM. SW FRLS JIM paccmaTpusaeTcs B

[3], a ero npuMeHeHWe Ans BbIMUCIIEHUS E;_I’N(k) : EZ_LN(k) . a,y(k)n b, (k) - B [2] Ans
opHokaHanbHoro FAP anroputma. YpaBHeHue (7) nokasbiBaeT, 4to SW FRLS JII gomkHO GbiTb NPUMEHEHO
M pas (oavH pa3 ans kaxporo X, (k) ) B MHorokaHansHom FAP anroputme.

Paasnunune mexagy FAP anropytMamu ¢ AeACTBUTENBHBIMWA U KOMMMEKCHbIMU KO3 uumneHTamm
3aKMyaeTca B onepaunsx KOMMIEKCHOrO COMPSDKEHUST M 3PMUTOBO COMPSDKEHWUS,, MPUMEHSAEMOro K
nepemeHHbIM anroputma. [lepBasi onepaumsi OTCyTCTByeT, a BTopad mnpeacTaBnseT cobon onepauuio
TpaHcnoHnpoBaHus B FAP anroputme ¢ 4encTBUTENbHLIMU KO3hrLneHTamu.
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3. BbluncnurtenbHas CIOXHOCTb MHoOrokaHanbHoro FAP anropyutma ¢ KOMMNNEKCHbIMU
KoacpcpuumeHTamu.
MHorokaHanbHbeli  FAP  anroputm  MOXeT  OblTb  MpeacTaBfieH  MocnegoBaTeribHOCTbHO

PacCMOTPEHHbIX ypaBHeHuin. [Ona kaxporo k: BblumcnawTea (6); (5); (4); (1); M pas npumensietca SW
FRLS JM [3] ans nonydexus E,{‘_I’N(k) ,Efi_LN(k) ,a, (k)nb, (k) ; Berancnsiotes (8); (9); (10); (3)

(2). BbluncnmtensHas CNoXHOCTb anropytMa oueHmBaeTcAa YUCIIOM KOMIMJIEKCHbIX apmcbmemqecmx
onepau,mﬂ ONA BEKTOPHbIX NepeMeHHbIX, BbINOJTHAEMbIX 3a O4HY UTepaunio, Kak

C:MP|(6) +MN |(5) +P|(4) +P |(1) +10MP|prediction +2P|(8) +2P|(9) +P|(10) +P |(3) +MN |(2):

=2MP +11MP+9P. (11)
PaccMoTpeHHbIi  anroputm  6bi1 MPOTECTUPOBaAH AN paga  MNPUNOXKEHUM  MHOrOKaHarbHOW
agantmeHon cunbtpauuun. OH obecneumBaeT npumepHo B 10 pa3 6onblUyd CKOPOCTb CXOAMMOCTU (npu
P>30) no cpaBHeHnio ¢ NLMS anroputmom, KOTOpbI SIBNSETCA 4YacTHbIM Criydaem anroputMa
adppuHHbIX npoekuuii npn P =1. CooTHoleHne ckopocTei cxoanumoctn FAP 1 FRLS anroputmos 3aBucut
OT 3Ha4YeHus1 BbIBpaHHOrO LLara CXOAUMOCTH.

4. 3aknroyeHue.

B paHHOM cTaTbe pacMOTpeHO pacnpocTpaHeHue FAP anroputma aganTMBHOW unbTpauum Ha
MHOFOKaHasnbHbIN Crny4yan M KOMMIIEKCHble BeccoBble KoadpuumeHTbl. CKOpPOCTb CXOAMMOCTU TaKoro
anropuTma 6orneee Bbicokasi Nno cpaBHeHMo ¢ NLMS anroputmomM npv 0guHaKkoBbIM Luare CXOAMMOCTU Anst
nmo6oro sHaveHns P >1, Ho 3ameTtHo Gonblie npn P >30, BHesaBucumoctn ot N . BblumcnuTenbHble
npevmywiectea FAP anropuma CTaHOBATCS 3aMETHbIMW TOMbKO B puibTpax C OOMbLIMM  YMCIIOM
koadpcpuumeHToB T. €. korga N >> P, cm. (11). UsBecTHo, yto FRLS JIM moxeT GbiTb HECTaGUbHBIM.
Mpoctoi meTon crtabunusauum stor yactu FAP anroputma - ucnonb3oBaTb nepekntodaembii FRLS

anroputm JIM. 3710 Beget k 3HaveHuo 20MP | B (11). Takas npouenypa Bcerga pabotocnocobHa,

prediction

€Cnn Nepuog NepekIitoyYeHnst paBeH # = 2N BbIGopok unu Gonblue, B npeaenax crabunbHon paboTbl

switch
JIN. Tak kak obbiyHO P << N , TO 06u.|,a$| BblHUCIINTENIbHAA CIOXHOCTb anropmtMa BO3pacTaeT Mnpu 3TOM
He3HauyuTenbHo. MHorokaHanbHbin FAP anropuTMm Moxet ObITb MCMNOMb30BaH angd aganTtMBHONro nogaBlieHUA
wyma, MHOrokaHanbHOro nofdaBlieHnA aKyCTU4YeCKOro 3xXO, unn nogaBlieHUA MHOXEeCTBEHHbIX 3XO B
MoaemMax.
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Abstract: This paper describes fast affine projection (FAP) algorithm of adaptive filtering,
developed for multichannel and complex coefficient cases. The algorithm complexity is
2MN+11MP+9P complex arithmetical operations (additions and multiplications) per the algorithm
iteration, where M is the number adaptive filter channels, N is the number of coefficients in a channel
of the filter and P is projection order. The algorithm provides performance, comparable with that of fast
recursive least squares (FRLS) algorithms, and complexity, comparable with that of normalized least
mean square (NLMS) algorithm, in multichannel case under a proper selection of the algorithm
parameters.

1. Introduction

FAP algorithm of adaptive filtering [1] was developed for the applications, where long filters (with
large numbers of coefficients) are required. Such applications examples are acoustic and electrical echo
cancellation, adaptive noise cancellation, etc. The algorithm became a very popular one, whose
convergence properties are similar to FRLS algorithms, but computational complexity is still approximately as
that of the simplest NLMS one. FAP algorithm is used in different fields, and was further improved by means
of the integration with the additional computational load costless gradient adaptive step-size procedure [2].
However, current achievements in FAP algorithms are related to the single channel and real coefficient
algorithms. At the same time, there is a number of fields, where multichannel and complex coefficient
algorithms are required. The paper presents the developed computational procedure for the generalized FAP
algorithm: multichannel one with complex coefficients.

2. Development of Multichannel Complex Coefficient FAP Algorithm

The multichannel complex FAP algorithm development is much similar to [1, 2], where single
channel real coefficient FAP algorithm is presented. The algorithm extension to multichannel and complex
coefficient case is defined as bellow:

h(k) =h(k —1) + u(k)X(k)e(k) , (k) = [XH (k)X(k) + 51]_l e (k),
e(k) =s(k) —h(k -1)" X(k),
e(k) = [e(k), ek =1),--,e(k = P+1)]", e(k) = [e(k),e(k =1),--,e(k = P+1)|",
s(k) = [s(k), sk =1),--,s(k = P+ 1), X(k) = [x(k),x(k =1),---,x(k = P+1)],
x(k) = [[ox, (k)0 (k = 1)+, (k = N + 1)+, [, (6), 6, (k =1, x, (k=N + D] =

=[x7 (). xl L ]
h(k) = [ (), g G = 1), g (= N+ 1)1,y (), iy (R = 1),
o hy, (k=N +1)]]T = [h(’f:(k),---,h;l_1 (k)]T, where k is discrete time, M is the number of filter
channels, N is the number of the filter coefficients (the same in each channel), Pis the projection order,
e(k) and g(k) are the vectors of the adaptive filter errors and normalized errors, s(k) is the vector of the
filter primary input signals, h(k)is the vector of filter coefficients, X(k) and x(k) are the filter signal matrix
and vector, O is the regularization parameter, (k) is the step-size.

Following [2] (for time-dependent step-size), it is possible to express e(k) as

e(k) O

- p(k = Detk - DH
where vector e(k — 1) consists of the most upper P —1 elements (with indexes 0,1,---,P—2) of the

(k) = % )

vector e(k —1) . Now, fast calculation of the filter coefficient vector is substituted by the calculation of other

vector ﬁ(k) , which for the time-depended step-size case is expressed as

—4-
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K(k) =Kk -1)+x(k - P+1)E,_ (k). (2)
where E,_ (k)is last element of the vector
E(b) = uk)e’ 00+ 5 0 ®)
(k-

Vector E(k—1) consists of the most upper P—1 elements of the vector E(k—1). The
relationships (2), (3) allow to calculate
e(k) = &k) = E" (k =r(k), (4)
where
&k) = s(k) ~ K" (k =Dx(k). (5)
In (4) vector r(k) is determined as
M

r(k) = X" (k-Dx(k) =r(k-1)+ Z[xm (X, (k=1)-x, (k- P)X, (k- P)] , (6)

m=

where matrix X(k —1) consists of the most left P —1 columns (with indexes 0,1,---, P —2) of the

matrix X(k —1), and vector X, (k —i) consists of the most upper P —1 elements of the vector x, (k —i).

Equation (6) is the first principal difference in multichannel FAP algorithm from the single channel one.
After some manipulations, it is also possible to show, that

X (k)X (k) = ZX” ()X, (k). 7)

where Xm(k)=[Xm(k),xm(k—l),-~~,xm(k—P+1)]. Equation (7) is the second principal
difference in multichannel FAP algorithm from the single channel one.

The rest of the FAP algorithm follows in accordance with [1, 2], i. e. next sequence of the
computations is used for €(k) calculation in (3):

sh=0 0 Bl a, (oall, (D) ®
R - B0ty e DD,
(k)0 1 u
=g(k)————b kb ke(k), 9
%0 E &(k) E?’—I,N(k) P,N( ) P,N( )e(k) 9)
where vector ¢ in the time-depended step-size case is calculated as
e(k) =1 - u(k - D)ack) . (10)

In (8) and (9), E,{_LN (k) and Efi_LN(k) are energies of the N sample sliding window (SW) FRLS

linear prediction errors, a,, (k) and b, (k) are the vectors of the coefficients of the forward and
backward linear prediction filters. The SW FRLS linear prediction is considered in [3], and its application to
the Eﬁ_LN(k),Ef,_LN(k),aP’N(k) andb, , (k) calculation is considered in [2] for single channel FAP

algorithm case. Equation (7) shows that the SW FRLS linear prediction has to be applied M times (once for
each X, (k))in the multichannel FAP algorithm.

The difference between real and complex coefficient FAP algorithms is in conjugate and conjugate
transposition operations, applied to scalars and vectors of the algorithms. First operation is absent, and
second one is just the transposition operation in real coefficient FAP algorithm.
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3. Multichannel Complex Coefficient FAP Algorithm Complexity.

The multichannel FAP algorithm may be written as a sequence on the above equations. For each £ :
calculate (6); (5); (4); (1); apply SW FRLS linear prediction [3] M times to calculate
E;_I’N(k) ,EI’Z,_I,N(k) ,a, y(k)andb, , (k) ; calculate (8); (9); (10); (3) and (2). The algorithm complexity is
evaluated as the number of complex arithmetical operations for vector variables per algorithm iteration, i. e.
as a functionof N, P, P—1= P and M . So, the complexity is

C=MP |(6) +MN %) +P|(4) +P|(1) +10MP|prediction +2P |(8) +2P|(9) +P |(10) +P|(3) +MN|(2):
=2MP +11MP+9P. (11)

The algorithm was tested in a wide range of multichannel adaptive filtering applications and
demonstrated approximately 10 times faster convergence (for P >30) in comparing with traditional NLMS
adaptive filtering algorithm (with the same step-size and N ), which is the case of affine projection algorithm
for P =1. Convergence of multichannel FAP algorithm in comparing with multichannel FRLS algorithm (with
the same M and N ) depends on the selected value of the step-size.

4. Conclusions

This paper has described the extention of a porular FAP algorithm of adaptive filtering to the case of
multichannel algorithm with complex coefficients. Single channel FAP algorithm and FAP algorithm with real
coefficients are particular cases of the presented multichannel algorithm with complex coefficients. The
algorithm convergence is faster than that of NLMS one with the same ste-size value for any P >1, but
becames significant if P > 30, independently on N . However, computational advantages of FAP algorithm

appear only for filters with large number of coefficients, i. e. when N >> P, see (11). It is known, FRLS
linear prediction may be unstable. The simplest method to stabilize the portion of FAP algorithm is to run a

switched FRLS linear prediction, which leads to 20MP | complexity in (11), but always works for

prediction

switching disctere time period n = 2N samples or more, while the prediction is stable. As P is ussualy

switch

a small value in comparring with NV , total complexity of the algorithm increases insignificuntly. The algorithm
is presented in so-caled time-dependent step-size form, that is important for start-stop or gradient-adaptive
step-size operation of the algorithm. Multichannel FAP algorithm may find a number of applications, such as
adaptive noise cancellation, multichannel acoustic echo cancellation, or multiple echo cancellation in
modems.
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