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UCCNEOOBAHMUE LLU®POBON CUCTEMbI ®A30BOA CUHXPOHU3ALIMU TPETLEIMO NOPAOKA
Cynranos b.B., IllepbakoB M.A., KomotkoB A.I1O., [Jopomkesud B.B., Konrorun I1.B.

IleH3eHCKMi roCyJapCTBEHHBIM YHUBEPCUTET
440017, Ilensa, yn. Kpacuas, 40, (841-2)36-82-23, BV_SULTANOV @mail.ru

OOBEKTOM HCCIICIOBAHMS SABISIFOTCS CHCTEMBI (ha3oBoii cuaxponu3aiuu (CPC) ¢ paBHOMEPHON TUCKpETH3a-
e [1], KOTOpbIe MPEACTABJIAIOT COOOM TUCKPETHBIC aHAJOTH IHM(POBBIX cHUCTEM (PAa30BOM CHUHXPOHHU3AIUH
(LICDC) ¢ ananoro-tudpoBeiM mpeodpazosatenem (AIIIl) 1o kOHTypa peryMpoBaHus, NOJIy9YaeMbie B MIPEIIOIIO-
keHun OeckoHewHo paspsaHoctu ALIIL. TTogoOHBIE CHCTEMBI UCTIONIB3YIOTCS, HAPUMED, IIPU KOTSPEHTHOM MPHE-
M€ CHUTHAJIOB C PAa3IUYHBIMU BHIAMHU MOJIYJISIMHA B COCTaBE YCTPOWCTB TEXHHUKH CBSI3U, IPUMEHICMBIX B TEICKOM-
MYHUKAIUOHHBIX CUCTEMaX (B YaCTHOCTH, P IMMOCTPOCHUH ITUPPOBBIX MOJIEMOB U 3XOKOMIICHCATOPOB [2]).

Crnemys MeTonuke, U3JI0KEHHOW B paboTe [1], MOXXKHO TOKa3aTh, 4TO MaTteMatnieckoil mogensio COC 3-ro
MOPSIJIKA SBJSIETCS CIIEAYIOIIEe HETMHEWHOE Pa3HOCTHOE YPaBHEHHUE:

y[k]=-3y[k -11+3y[k -2]-y[k =3]+k,siny[k 1]+ k, siny[k - 2]+ ky siny[k —3]=
= [k =3[k ~11+30[k 2]~ @[k ~ 3]~ kyn,, [k — 1]~ kyn, [k 2]~ ksn, [k - 3] (1)

roe ky =B+u+y, b, =—(2B+w), k5 =P, a B,u,Y - cooTBercTBYIOIIIE MacIITAGHPYIOLIHE KOI(DHULI-
eHTHl nudpoBoro pmwipTpa COC, OnMpeaernsonero NopsII0K U CBOMCTBA 3TOH CUCTEMBI [3].

VYcinoBreM acUMITOTHYECKOH YCTOHYMBOCTH MOIOOHBIX CHCTEM, SIBIISIETCS PACIIONOKEHHE HyJIeW XapaKTepH-
CTHYECKUX MOJIMHOMOB (KOpPHEH XapaKTepUCTHUECKUX ypaBHEHMH) WX JMHEHHOTO MPUOIIDKEHHUS HAa KOMIUIEKCHOM
TUTIOCKOCTH BHYTPU €AWHUYHOW OKpy:XHOCTH [4]. [lna ompeneneHus oOacTel aCUMITOTHYECKOH YCTOWYMBOCTH
paccmatpuBaemoii LICOC nenecooOpa3Ho MPUMEHHUTh pa3pa0OTaHHBIH B TEOPUU aBTOMATUYCCKOTIO PEryIMPOBAHUS
meron D-pa3ouenust [S], HECKOJIBKO BUIOU3MEHUB €ro MPUMEHUTEIBHO K aHAIN3y JUCKPETHBIX CUCTEM, OIUCHIBaEe-
MBIX B OIIEpaTOPHOit (hopMe ¢ MOMOMIBIO Z-TpeoOpa3oBaHusl.

Hpu orcyreteun myma (1, =0) u B npeanonokennu Sin(®) = (@) (B IMMHEHHOM IPUOITMKEHUH) ypaBHe-
Hue (1) mpuHIMaeT BUL:

Yk =@ =k)ylk =11+ G+ k)w[k =2]= (1= ky)y [k =3]=
=Q[k]=3¢[k-1]+3¢[k -2]- @[k -3]. 2

Toraa mepeparounas QyHKIMS JTHHEAPU30BAHHON CHUCTEMBbI 10 (a30Boil ommbke H v3 (z) omnpenensercs mo
BPEMEHHOMY aJITOPUTMY (2) Kak:

( )_ 1-3z7" 4327227 B z° =3z +3z-1
B T Gk ) 4Bk —(I-ky)z 2 -Gk +(B4k)z—(—ky)

[Ipu aTOM Xapakrepuctiuueckoe ypaBHeHue uccienyemoi LICOC mmeet Buz:

2 =B-k)z* +(B+ky)z-(1-ky)=0. 3)

3agaveil aHanM3a SBISETCS BBIABICHHE OoONacTel 3HAYEHWH MapaMeTPOB CHCTEMBI, IIPH KOTOPBIX BCE KOPHU
ypaBHeHUs (3) Ha KOMIUIEKCHOH IJIOCKOCTH HaXOIATCS BHYTPU €AMHUYHOIN OKpY)KHOCTH. B kauecTBe Takux mapa-
METPOB MPH MCCIIEI0BAHUH B3SThI K0O3h(uimenTs! upposoro ¢punstpa B, 1,y .

[pu ucrons3oBanny MeToAa D-pa3OueHus A UCCIENOBaHUS YCTONYHMBOCTH JMHEAPU30BAHHOMN CHCTEMBI B
(yHKIMM OT TPEX MapaMeTpoB pa3OHeHHEe HEOOXOAMMO BECTH B IUIOCKOCTH JIBYX W3 HHMX IPH (UKCHPOBAHHOM
TpeTbeM. J[ByMepHBIe TpaHuUIBl 001acTel YCTOMYMBOCTH B KaXAOHM Takoil miockoctu GopMupyrotcs D-kpuBoit u
0COOBIMH MPSMBIMH B COOTBETCTBHH C UX IITPUXOBKOH. Habop Takux MIOCKOCTEN MPH BCEX BO3ZMOXKHBIX 3HAYEHHAX
TPETHETO MapaMeTpa AACT MOIHYIO KapTHHY IIPOCTPAHCTBEHHOW 00JIaCTH yCTOWIHBOCTH.

OcymiecTBUM MEpexo]] U3 KOMIUICKCHOH IUIOCKOCTH B 00JacTh MapaMeTpOB CHUCTeMbI mmojacTaBuB B (3)

z=exp(jo,), me ®, =27 f / f, - 6e3pasmepHbIil apryMeHT 00pa3syIoNIero eAMHIHYHOTO PajuyCc-BEKTOpa,
IIpUpaBHAB HYJIIO HeﬁCTBHTeHLHyIO 1 MHHUMYIO YaCTHU NOJYYUBHICTOCS BbIPAKCHUS:

k, cos2m, + k, cos®, = —cos3w®, +3cos2m, —3cosw, +1—-k; @

k,sin2m, + k, sin®, = —sin3w, + 3sin 20, —3cos .

Ioxncrasnss B (4) 3naueHns Kk 1» k 5 k 3, BBIpaKEHHBIE depe3 kodhduuuents nupposoro dumsrpa B,y u

NpUHUMAs [3 B KA4ECTBE 3a/1aBAEMOTO TIAPAMETPA, TONTYIaEM:

(cos 2, —cos m, Ju+(cos 2w, Jy = —cos 3w, +3cos 2m, —3cos ®, — B cos 20, +2Bcosm, —P+1

(sin 20, —sino, )u + (sin 20, )y =—sin3w, +3sin 20, -3sinw, —Psin 20, + 2B sin o, .

©)
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s HaxoxxaeHns: ypaBHeHUsT D-KpUBOH HEOOXOIMMO HAWTH 00IIiee pemeHne CHCTEMHI (5).
OrnpenenuTeny CUCTEMBI (5) IMEIOT BHI:

Ay =-sinw,, A, =(B-1D(2sino, —sin20,), A, =p(-2sin o, +sin20,) (6)
Ha ocHoBanuu BeIpaxkeHHH (6) MOXKHO 3alIMCaTh BBIPAKEHHS JJIs1 PELIEHUs CUCTEMBI (5):
= 4(1-B)2sin’ (0, /2) (7
y=2B(—cos®,) . ®)

Cootnomenust (7), (8) npeacTaBisiioT co00ii apaMeTpuiecKre ypaBHeHHs: KpuBoit D-pa3OueHus B III0CKOCTH
napameTpoB L u Y 1pu pukcupoBanHoM napamerpe B B unrepsaie (0 + 7). B Buay 4€THOCTH M IEPHOIMYHOCTH
OTHOCHTENBHO ) (YHKIMH, MPEACTAaBICHHBIX B MPABBIX YacTAX cooTHomeHui (7) u (8), mpu U3MEHEHHH (), B
nuanasone (70 -+ 27) monydaercs Ta ke BeTBb D-KpuBoii, urto u npu o € (0 + 1) , mpoGeraemasi B 0OpaTHOM Ha-
[PaBJICHUH.

Boipaxas u3 (8) cos®, = (2B —y)/2B u noxncrasnss 1o Bhipaxkenue B (7), NOCHE YNPOIIEHHS MOTY4aeM

p

ypaBHeHHE KpHBOi D-pa3OueHus B IBHOM Buje: Y = —— U )
1-p
U3 ananu3a onpeaenuteneii (6) BUAHO, YTO OHU OOPAMIAIOTCS B HOIb P O, = 0 u ®, = . DT0 FOBOPUT O
HaJlMYMKM Ha JuarpamMme D-pa3OueHusi IBYX OCOOBIX NpPSMBIX. YpaBHEHHE INEPBOH M3 HHUX, COOTBETCTBYIOIICH
®, =0, nonyuaercss myrém moxacraHoBku B (3) 3nauenus z =exp(j0)=1 npu ycaosum k, =P+p+vy,

ky, =—(2B+1), k; =P u nmeer Bux:

ky=—k —k,; mm y=0. (10)

AHAJIOTMYHO YpaBHEHHE BTOPOM 0COOOU MPAMON HAXOIAUTCS C TIOMOILBIO MOACTaHOBKH z = eXp(jm)=—1 B
(3) mpu ycnoeun ky =B+pu+vy, ky, =—2B+n), ky =p:

ky=k +ky;—8 wm y=8-43-2n. (11)

Tak KaK B KauecTBe (PUKCUPOBAHHOIO TapameTpa BeIOpaH napaMerp 3, To D-pa3buenne HEOOXOAUMO BECTH B

mockoctd Y — . HaGop Takux MIOCKOCTeN Mpy pasiuuHbIX [3 JACT MOJHYIO KAPTUHY MPOCTPAHCTBEHHOU obac-
TH yCTOWYHBOCTH.

OcymiecTBUM TpEeIBAPUTEIBHBIN aHAN3 BRIPKEHHH 111 D-KpUBOT.

Bripaxenwue (9) mist D-KpuBoii MokHO 3amucath B Buze: ¥ = kp, rie k =B/(1-B).

BuaHo, 94TO 3aBUCHMMOCTB, MIPEACTABICHHAS IOCJIEAHIM PAaBEHCTBOM, UMEET CIIEAYIONINE XapaKTepPHbIC 30HBIL:
B<0,0<B<l,B=1uP>1. (12)

Paccmorpum cHavana cnydaii 0 < <1. s onpenenéunoctu monoxum = 0,5 u mocrpoum rpadux D-
kpuBoii (9) u n1Byx ocobbix npsmbIx (10), (11). Pesynbrar nokasan Ha pucyHke 1.

ITpuxoBka kpuBbIXx D-pa3OreHust 1 0cOOBIX NPSMBIX BBIMOJIHEHA 110 NpaBHJIaM, IPUBOJUMBIM B [5] 1is He-
HPEPBIBHBIX CHCTEM, C TOMW JIMIIb pasHULEH, 4YTO [Uala3OH H3MEHeHHs ), sBiierci He —o0+(0+o0, a
0+m+2m.

Taxum 00pa3oM, PETEHAEHTOM Ha 00JIACTb YCTOHYMBOCTH OyzAeT obnacTh BHyTpH TpeyrosisHuka ABJl. BHyT-

pH 3TOM 0OnacTu OyAeT 3 KOpHS, JISKAIIUX BHYTPH €MHUYHON OKPYKHOCTH Ha Z-TUIocKocTH. Pacnpenenenne kop-
Hell B Apyrux obnacTsax Takke 0o003HaueHO Ha pucyHke 1. UmcieHHoe pemieHHe ypaBHEHHS (3) mpH YCIOBHHU

ki =B+p+vy, k, =—(2B+n) u k; =P moxrBepxmaet Takoe pacnpeneacHHe KOPHEH.
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T =6-2

1 KopeHb 3+ 2 KOpHS

-0
Y

ey AT oML (S
o

T 2 KopHsA
2+

Puc. 1 - [Tuarpamma D-pas6uenus B IIOCKOCTH apameTpoB W u Y, npu B = 0,5

Ormernwm, uto ipu B —> 0, kospdurment k =B/(1 —B) Toxe ctpemures x 0. TTpu sToM D-KkpuBas GyneT mo-
BOPAYMBATKLCSA 10 YaCOBOM CTpEJIKE BOKPYT Havana koopausar u npu 3 =0 3aiiMér monokeHue ocu abeiuce
(pucyHok 1), T.e. 06sacth ycroiuuBoctd npu 3 = 0 ucuesHer.

Ipu nanbueiiniem ymensienuu B, T.e. mpu 3 < 0, D-kpuBas, NpogoiKas BPaIAThECS MO YaCOBOM CTPEIKE,
nepecekaer och adbciyce L ¥ OyJeT HaXOJUThCS B 30HE, I/Ie MOAYJIb OJHOTO U3 3X KOpHei ypaBHeHus (3) Oouiblie
enuunnel. [lostomy npu B < 0 30HbI ycTOWUMBOCTH HE OYIET.

Ilpu f — 1 D-kpuBas GymeT MOBOPAYHBATHCS POTUB YACOBOM CTPENIKH, MPHOIMKAACH CKOJIb YTOIHO OIIM3KO
K OCH OpAMHAT Y , TEM CaMbIM CyXasi 00J1acTh YCTOMYHBOCTH.

Ocobas npsvas (11) npu usmenennu 3 GyaeT nepeMenaThcs napauiensHo caMmoii cebe.

Koopaunarsr Toukn A onpeznesstorest u3 (9), (10) u pasusr: pL, =0, v, =0. (13)
Koopzuuarsl Touku b, onpenensiemsie u3 (9), (11), pasus: py; =4(1-P) u vz =4B. (14)
Koopnunarst Touku [, onpenenstemsie us (10), (11), pasubr: p ; =4 — 2B uy 7 =0. (15)

Paccmorpum ciyyvaii B> 1, monoxus must ipumepa = 1,5 1 mocTpouB pUCyHOK 2, aHAIIOTHYHBINA PUCYHKY 1.
L

8§+

T =2-2
B ] R e .
O
5+
=3 r 2 KOpHS
4“{_}1_\ /N

1 xopeHb

Puc. 2 - [Tuarpamma D-pa36uenus B IIIOCKOCTH apameTpoB W u Y, npu B =1,5

Kax u st mpeapiayero ciydast (pUCyHOK 1) B COOTBETCTBHM CO LITPUXOBKOW IPETSHACHTOM Ha 00JacTh yc-
TOWYUBOCTH OyZeT 00IacTh, orpaHnYeHHas TpeyroasHIKoM ABJl, BHyTpH KOoTOpOit Oyzer 3 kopHs ypaBHeHUA (3),
J€XKaIUX BHYTPU €OAMHUYHON OKPYKHOCTH Ha Z-IUNIOCKOCTH. YHCII0 TaKMX KOpHEH B IPYTUX 30HaX B COOTBETCTBUH
¢ IpaBWJIaMH [S] Taroke Moka3aHo Ha pucyHke 2. Takoe pacrpeneneHne KOpHei HOATBepkKIaeT YUCICHHOE PEIeHUe
IpH cOOoTBeTCTBYIOmIX 3,1l 1 Y ypaBHenus (3) mpu ycnosuu ky =B +p+y, ky =—(2B+p) u ky =.

PaccMoTpuM, Kak OyJIeT H3MEHATHCSA 30Ha YCTOWYMBOCTH , COOTBETCTBYIOMIAs Auanasony [3 > 1.
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p

Ipu usmenenuu B ot 1 mo 2 kosdduuuent k = " B (9) Oyzner usMmensThes oT k=00 npu f — 1 1o

k=-2 npu B =2. D-kpusas (9) Oyaer mpu 3TOM OBOPAYUBATLECSA BOKPYT Hayaja KOOPIAMHAT MPOTUB YaCOBOU
CTPEJIKH OT IIOJI0KEHHS GECKOHEYHO OIU3KOTO K OCH Y [0 HOJIOKEHHUS Y = —2|L .

Ocobas mpsimast (11) OymeT mo-mpexxHeMy TepeMeIaThcs MapaiebHO caMoil cebe OT MOJI0KEHHSI, COOTBET-
cryromero 3 =1, 10 nmonokeHus, Koraa oHa NPOMAET uepes Havano koopauuar npu 3= 2. Ipu stom u3 (11)

vy =—2u . Takum obpasom, ocobast mpsimast (11) coBmamaer ¢ D-kpuBoii. 30Ha YCTONYMBOCTH IIPU ITOM HCHUE3AET.
Ipu nanbueiimem pocre P, T.e. ipu > 2 30HBI ycToiYMBOCTH HE OyIeT, T.K. ocobas mpsmas (11) Gyaer naxo-

JIUTCA C HE3AIITPUXOBAHHON CTOPOHBI D-KpUBOI.
Koopaunate! Touek b u J| kak u 1yis npepiayiero ciyyas Haxoasres u3 (14) u (15).
CrieltyeT OTMETUTD, 4To Np 1 < B < 2 3Ha4YeHUs [ OTPHUIATENLHBI.

Takum o0Opasom, ycnoBus acumnroTadeckoit ycroitunBocty it LICOC TpeTsero mopsiika BEIPaXKArOTCs Clie-
JIYIOIMH COOTHOILICHISIMHU:
1) mpu O<B<1:

O<y<%u npu 0<p<4(1-P)

O0<y<8—-4B-2u npu 4(1-B)<pu<4-2
2) nmpul<P<2:

i],t<y<8—4[3—2],t npu 4(1-B)<u<0
1-p
[Momy4eHHbIe pe3yabTaThl MOTYT CIYXXHTh OCHOBOHM JUIS JAidbHEHIIEro aHaInM3a XapaKTepHCTHK PacCMOTpPEH-
Horo kiacca LICOC ¢ yu€Tom X HETMHEHHOCTH U HAJIMYHUS IIyMa.
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RESEARCH OF THE THIRD ORDER DIGITAL PHASE-LOCKED LOOP
Shcherbakov M., Sultanov B., Kolotkov A., Doroshkevich V., Kolgotin P.

Penza State University
Krasnaya 40, Penza 440017, Russia, (841-2) 36-82-23, BV_SULTANOV @mail.ru

The subject of inquiry is the third order digital phase-locked loop (DPLL) with even digitization and with ana-
log-to-digital convertion up to a closed loop of a PLL.
The mathematical model of such system is the next nonlinear difference equation:

Ykl =3y[k-1]+3y [k -2]—wy[k =3]+k, siny[k—1]+k, siny [k - 2]+ kysiny [k -3]=

= o[k =3[k ~11+30[k = 21~ @[k =31~ kyn, [k =1] = kym, [k = 2] Ky, [k 3]

where k, =B+pn+7v, k, =—(2B+W), ky =P, and B,p,y - scalable coefficients of PLL digital filter de-
termining the order and characteristics of this system.

The inquiry task is range of [, L,y parameters values, at which all characteristic equation of concerned dis-
crete nonlinear system linear approximation roots is within complex plane unit circumference, detection. It is used
D-decomposition method developed in automatic control theory to fined domains of asymptotic stability of con-
cerned DPLL.

In conformity with three parameters D-decomposition method decomposition is necessary be conducting in a
two of them plane during the third one is settled. Two-dimensional boundaries of stability ranges in each such plane
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are formed by D-curve and singular lines in conformity with there hatching. Aggregate of such planes during the
third parameter accepts all probable values gives full picture of three-dimensional stability range.
By inquiry results D-curve equation in an explicit form in a p and y parameters plane during the B parameter

is settled in (0 + m) interval represents a relation: y = li L. At change ®, in (m+2m) interval the same D-

curve branch results, as at ® € (0 + ), but it runs in the opposite direction.

There are two singular lines on the D-decomposition diagram too. The first one equation, corresponding to
®, =0, looks like: y=0.

The second line equation, corresponding to @, =7 : vy =8 -4 -2

D-decomposition curves and singular lines hatching at building is carried out by rules brought for continuous
systems, with that only a difference that the range of ®, change is not —o0+0+o00,but 0+t +27.

The full picture of the third order digital phase-locked loop three-dimensional stability range by inquiry results
is expressed as follows:

1) ifO0<B<l:

O<y<%p if 0<p<4(1-B)

O<y<8—-4p-2un if 40-P)<u<4d-2p
2) ifl<PB<2:

%u<y<8—4ﬁ—2p if 401-PB)<u<o0
Introduced in the report the results can form the basis for the analysis of the characteristics of the reviewed
DPLL class with the assumption of their real nonlinearity and noise presence.
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