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MUHUMAJIbHO-®A30BbIE BUX-®PUTIBTPbI C MVIH!/IMAHbHOVI
HEPABHOMEPHOCTbLIO XI'B3 U TPEBYEMOUW AYX
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JAns MuHuMuzanuu HepaBHOMepHOCTH XI'B3 B mosnoce mpomyckaHusi KacKaJHBIX MHUHHUMAaJIbHO-
¢azoBeix BUX-punsTpoB npenaraeTcs HCHOIB30BATh COYETAHNE ONTHUMH3AINH HCXOAHBIX MapaMeT-
poB AUX u koa(duimeHToB nepenatoyHoii GyHkumu. Tak, B KayecTBe HadalbHBIX BBIOUPAIOTCS
¢unpTpsl 3omorapeBa-Kayspa, paccuntansble Ui psaga OMaronpHATHRIX TOYEK 00JacTH IOy CTHUMBIX
HUCXOAHBIX mapaMmeTpoB AUX, BKIIIOYas TOYKY, COOTBETCTBYIOIIYI0O MUHUMAaJIbHOW HEPaBHOMEPHOCTH
XI'B3, a ontumusaius K03 GUIMEHTOB BBINOIHICTCS HA OCHOBE MPOCTHIX I'PAIMCHTHBIX aJITOPUTMOB.
W3 Bcex peuieHmii HaiIeHHBIX JJIs TOYEK 00JacTH, BRIOMpaeTcs Hawnyuliee. YncIeHHbIE pe3yIbTaThl
MOKA3bIBAIOT, YTO ONTHMHU3UPOBAHHBIE MUHUMAIIbHO-(Da30BbIe (QIIBTPEI MOTYT WMETh 3HAYUTEIBHO
MeHbIie HepaBHOMepHocTH XI'B3, uem ¢uiabtper  3omorapeBa-Kayspa ¢ MUHMManbHON
HepaBHOMepHOcThI0 XI'B3.
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MINIMUM-PHASE IIR FILTERS WITH MINIMUM GROUP-DELAY RIPPLE
AND PRESCRIBED MAGNITUDE RESPONSE
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An approach to minimization of group-delay ripple for minimum-phase IIR filters is researched. It is
based on optimization of initial parameters and cascade filter coefficients. Starting filters are Zolo-
tarev-Cauer filters which for some favorable points in a tolerable initial parameter space are calculated.
The points include the one that corresponds to the minimum group delay ripple of the filter. The simple
gradient algorithms for the coefficient optimization are used. The best solution between that found for
points of the space is selected.

In particular, it is shown that for the minimum-phase low-pass 6-th order IIR filter the obtained
group-delay ripple is more than in 15 times less in comparison to the value for Zolotarev-Cauer filter
with minimum group-delay ripple. However, at other magnitude response requirements the optimiza-
tion for different filter orders does not give positive results. The reason can be stipulated an unsuccess-
ful choice of the starting filters and/or algorithms or general impossibility to reduce minimum group-
delay ripple of Zolotarev-Cauer filters.

BBenenue. V3BecTHO, YTO HYJIH MEepeaaTOYHON (PYHKIMH MHHAMAITBHO-(Pa30BbIX MUPpoBbx bUX-
(UIBTPOB HAXOAATCS BHYTPH €IUHHYHOW OKPYXKHOCTH KOMIUIEKCHOHM z-Tiockocth. Kiaccndeckue
BUX-puabTpsl monyyeHHbIE Ha OCHOBE OMIMHEHHOTO NMpeoOpa3oBaHMs aHAJOTOBBIX MPOTOTHUIIOB, Ta-
KHX Kak punbTpsl 3omotapeBa-Kayapa, barrepBopra, u Ip. UMEIOT HyJM Ha €AMHUYHONW OKPY>KHOCTH
", cormacHo [1] He ABIAIOTCS MUHUMAIhHO-(DA30BBIMH, HO OOJAAarOT PAIOM HMX CBOWCTB. [loaTOoMy
nanee OyneM Ha3bplBaTh 3TU BUX-OUIbTpel, Kak U B HEKOTOPBIX IPYTUX MyONWKAIMsIX, MUHIMAILHO-
(ba3oBBIMH.

UzBectHO Takxke, uro BUX-hunbTpsl 4acTo OKa3bIBalOTCS HEMPUTOMHBIMU U3-32 CBOHCTBEHHON UM
Oonpmiolt HepaBHOMepHocTH XI'B3 B momoce mpomyckanus. M3 psima CyIIEeCTBYIONIUX CIOCOOOB
YMEHBIIIEHUS 3TOM HEPABHOMEPHOCTH BBIJICIUM CJIEIYIOIIHUE:
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o  Koppexkmus XI'B3 ¢ursrpa ¢ npuemiemoir AUX onTHMU3HpOBAHHON (a30BOil METbIO.
MunnMuzanus HepasHoMepHOCTH XI B3 momocroro BUX-buibTpa ¢ mocneayromnei Koppek-
nueit AUX ontumuzupoBanHbiM KM X-¢punstpom c¢ nunelino OUX.

e  Mununmuzanus HepaBHomepHocTd XI B3 BUX-¢dunbrpa mpu 3amaHHBIX AOMyCKax Ha OTKIIO-
HeHne AUX.

e  OnruMuzanus ucxonHbix mapamerpoB AUX knaccmueckux BUX-(unbTpoB mi1st moidydeHus
MUHHUMaJIbHOM HepaBHOMepHOCTH XI'B3.

IlepBelii cr10c06 MOXKET NPUBOAUTE K 3aBBILIEHHOMY PE3yJIbTHPYIOLIEMY NOPSAAKY (BUIbTpa, BTOPOH
[2] - mO3BOJIAET MONYYHUTh IKCTPEMANbHO Maible HepaBHOMepHOCTH XI'B3 B cpaBHEHHHU C NEpBBIM
cnocoboM (0COOEHHO Ui Y3KOIOJOCHBIX (MIBTPOB), TpeTuil [3] - maeT SKCTpeMajbHO Maible
HepaBHOMepHOcTH XI'B3 B cpaBHeHMM ¢ NEpBBIM U HEKOTOPHIMU APYI'MMHU KOHKYPHUPYIOLIMMHU
METO/JaMH, YeTBEPTHI [4] - He Bcerga NMPUBOIUT K OXHUAAEMBIM pe3yibTaraMm. Bce 3TH cocoObl
nomyueHus: npuemneMbix AUX u XI'B3 oTnmuaroTcs CTENEHbIO CIOKHOCTH M 32 HCKIIOYEHUEM
YEeTBEPTOro, KOTOPOMY CBOMCTBEHHO OTMEUEHHOE OTrpaHMYEHHUE, IPHBOASAT K HEMHHHMMAIbHO-
¢da3oBbIM (QUIBTpPaM, KOTOPBIM XapakTepHa MepexonHasl XapaKTepUCTHUKA C JUTUTEIBHBIM BpeMEHEM
HapacTaHMs, 4YTO HEXENaTeJIbHO B psAAe MNPUIIOKEHWH, HAlpUMep, B H3MEPUTEIbHON TEXHHUKE U
HEKOTOPBIX CUCTEMAaX TEIEKOMMYHHKAIVH U CBSI3U [5].

B nmanHO# cTarthe s MEHUMH3AUK HepaBHOMepHOCTH X1 B3 B mosoce mpomyckaHus KacKaIHbIX
MHUHHMaNbHO-(a30BbIX BUX-QuiasTpoB ncHonb3yeTcs Moaxoja, OCHOBAHHBIA Ha OOBEIMHEHHH OMNTHU-
MH3allUU UCXOJHBIX mapaMeTpoB AUX (4eTBepThIii crioco0) W ONTUMHU3ANUU KO3(PPHUIIMEHTOB (PUIIBT-
pa. KocBeHHBIM MOATBEP:KIEHHNEM NOTECHIUAIBHOW BO3MOYKHOCTH TaKOTO MOAXOJA IOCITYKHIH Cle-
nytome HaOmoaeHus. Tak, B [4] oOHapy»KeHO, YTO MpH AOCTaTOYHO rpyOOM KBaHTOBaHUH K0d(ddu-
uuenToB kackanHbeix bBUX-dunerpoB 3omorapeBa-Kayspa HepaBHOMepHOCTh nX XI'B3 MokeT yMeHb-
muThes Oosee yem B 1,5 mim 2 pasa, mpuyeM B CPaBHEHWU C MUHUMAIIBHOI HepaBHOMEpHOCTHhIO X1 B3
TuX QuiabTpoB. [Ipr >TOM QUIBTPHI C KBAaHTOBAHHBIMH KOX(QQHIMEHTAMH OCTaeTCS MHHHUMAIILHO-
¢azoBbiMH, a uX AUX He BBIXOJST 3a MPeIeNbl 3aJaHHBIX JOMYCKOB.

Hanee, Mbl chopMyIaHpyeM 3alady ONTHMHU3ALNHU, KPATKO MPEACTaBUM HCIIOJIb3yeMble HAMU aJro-
PUTMBI €€ PEIIEHMs], 8 3aTEM NIPUBENEM KOHKPETHBIC PE3YIbTATHI.

IMocranoBka 3aaauu. [lepenatounyro Gpynkiuio kackagHoro bBUX-dunbrpa HIKHEX 9acTOT N-0r0
MopsiZIKa 3aIluIIeM B BUICE

K -1 -2
I+ Az +Ayz

rae K=N/2 u K=(N+1)/2, cooTBeTCTBEHHO JUIsl YEeTHBIX U HedeTHbIX N, koadduimentsr By = A, =1
mpu yeTHOM N u ko3 unmeHTs B, = A, =1 amsg Bcex izm , A, =B,,, =0, B,,, =1 npu Heder-

HOM N.
MacmrabupoBanue H(z), oueHp BaxHOE IpH peanu3anuy GUIbTPOB, UIA HAIeH Heau He MOHAN0-
ourcs. TpeboBanus k mapamerpam AUX GuibTpa 3a1aauM Kak

AaSAamax’ ao ZaOmin’ (2)

raeAa - HepaBHOMepHOCTh AUX B HOMUHaNIBHON mojoce mponyckanus 0<f <f| , a,-MUHUMalIbHOE
otHocuTenbHOe ocnabienne AUX B monoce 3agepxuBanus f,, <f <0,5. YacTOTBl 3TUX MOJIOC HOP-

MHUPOBaHbl OTHOCUTEIBHO YacTOTHI AUCKpeTnu3anuu. lIpaBble yacTu HEPaBEHCTB B (2) COOTBETCTBYIOT
3aaHHBIM nomyckaM. [lapamerpsr AUX BeIpaskeHBI B HenOenax.

CymecTByeT omnpejenieHHas 00J1acTh AOMYCTHMBIX HCXOAHBIX mapamerpoB (JAUIT) AUX ¢unsTpos
3onorapeBa-Kayspa [4]. Pacuer mig mo0oil TOUKM 3TOH 00JacT MPUBOAUT K (QUIBTPY YAOBIETBO-
psromeMy (2). B o6mactu A1 HaxomuTcst 1 0cOOCHHAs TOYKA, COOTBETCTBYIOIIAsI MUHUMYMY HepaB-
HoMepHoctd XI'B3 ¢unbTpos 3onorapeBa-Kayspa. Mbl monbITaeMcst yIIydlIuTh 3TOT MUHHMYM, OII-
TUMH3HPYA K03 umeHTsl 3HaMmenareneit B (1), paccuuraHaple A psina O1aronpusTHBIX TOYEK 00-
nactu {1, BkITt09ast 0COOCHHYIO TOUKY.



3agauy mMuHMMH3anuu HepaBHoMepHocTH XI'B3 mns BUX-GunbTpoB ¢ nepenaTodHoil (yHKIUEH
(1) chopmynupyem Kak

AT(C) = Ty (C) = T i (C) — miin,
Aa(C) < Aamax ’ aO(C) 2 20 min > (3)
a,(C) >0, CeU,

TA€ Tyex U Tmin MAaKCHUMaJbHOE W MHMHUMaNbHOe 3HaueHus XI'B3 B momoce mpomyckaHus, At -
HepaBHOMepHOCTh XI'B3, a,, - oTHOCHUTENBHOE ocnabnernne AUX B mepexoanoit monoce, C - BEKTOp

HUCKOMBIX Koa(duuunentos 3Hamenarenei B (1), U - obnacts ycroHdnBoCTH.
OrpanuueHue Haa,, He JomyckaeT BeiOpoca AUX B mepexogHoit moioce [3]. OueHkHn mapaMeTpoB

YaCTOTHBIX XapaKTEPUCTHK BBIITOJIHUM Ha 3aJaHHOH ceTke 9acToT (500 Touek).

Aaroputmbl. CopMyITUpoBaHHYIO 3a1a9y (3) MOKHO peuiaTh TEMH WM WHBIMH aJrOpUTMaMH He-
JMHEHHOTO MPOrpaMMHUPOBAHMS IIPU HAJIMYUK OorpaHndeHuid. OMHAKO 371eCh MBI IPUMEHHM J[Ba XOPO-
110 M3BECTHBIX aJIrOpUuTMa 6e3y0HOBHOI>'I OIITUMU3AlK, a UMCHHO I‘pa[[HeHTHLIfI TIOUCK U COIIPAKCH-
HBIX HampasineHuil dneruepa - PuBca. Pemenne mocraBieHHON 3aaui STUMU MPOCTHIMH alrOpUTMa-
MH CHJIBHO 3aBUCHT OT BHIOPAHHOTO HAYaJbHOTO MPUOIMKEHHS, T.€. B HAllleM CIy4ae OT UCXOIHOTO
¢bunsTpa. Mcmonp3yeMm psn ucXomHBIX GruibTpoB 3onorapeBa-Kayspa paccUmTaHHBIX ISl TOYEK 00-
mactu JUII, pacmomararomuxcs B A -okpectHoctH KpuBod BD [4], r1me aj.,, <ag <agmn +A,

f, =f,,. KpuBas BD, 1 xotopolt a, =a,,, , BKIIOUAET BBILIEYIOMIHYTYI0 OCOOCHHYIO TOuKy. M3

BCEX PEHICHUH HAMICHHBIX JUI UCXOJHBIX (QUIIBTPOB B ITOPUTMAX BHIOWPAETCS HAMITYyYIlIee.

PesyabTaTthl. [IpuBenem pe3ynbraTsl pemieHus 3anadu (3) g AByX IPUMEPOB C TPeOOBaHHUAMHU K
AUX u3 [4] u [6].

[pumep 1. TpeboBanusa k AUYX [4]: Aa,,, =3 1b, ay., =45 b, f,,=0,1 u f,,=0,2. OTum napamer-
pam ynosneTrBopseT GuibTp 3onoTapéBa-Kayspa munumansHoro nopsaka N=4. B tabnuue 1 npuse-
JIeHbl HEpaBHOMEPHOCTH M MakcuManbHble 3HaueHUs X1 B3 B monoce mporryckanusi GuibTpoB 30I10-
tapésa-Kayspa momydennsie B [4] pu N=4, 5, 6 m 7 mist ocobeHHBIX Touek obnactu JJUII coorBeT-
CTBYIOITUX MUHUMYyMY HepaBHOMepHocTH XI'B3. DTu Toukm pacmonararoTcs Ha YIOMSHYTOW BBIIIE
KkpuBoii BD npu Aa < Aa f; <fimax> £2 =5, - 3MECH f,,,, MAKCUMAIIbHAS YaCTOTa MOJIOCHI TPOITyC-

max >

KaHW, IS KOTOPOW HepaBeHCTBA (2) oOpamaroTcs B paBEHCTBA.

Tabmuma 1. [Napamerpst XI'B3 BUX-dunstpor

OuneTpel 3onoTtapeBa-Kayspa | OnTuMuznpoBaHHBIE (PHIBTPHI
N At T nax At T nax
4 1,80 4,45 0,468 391
5 1,49 3,78 0,315 3,83
6 1,21 3,86 0,0789 3,25
7 0,91 3,28 0,0746 3,42

B tabnume 1 naHbl Takke mapameTpbl ONTHMHU3UPOBAHHBIX (HIBTPOB, HANIEHHBIX C IOMOIIBIO ajl-
TOpUTMa TPaIMEHTHOTO MOKMCKA, KOTOPBIA OKa3alcs MpeArnouTuTeNnsHee anroputMa dnerdepa - Pusca
st Bcex N. ITapamerpsr XI'B3 mpencraBieHsl B oTcUeTaX 9acTOTHI AUCKpeTH3anuu. Kak BHIAM, OIT-
TAMU3AIUS PUBOIUT K CYIIECTBEHHOMY YMEHBIICHUIO AT B CpaBHEHUM CO 3HAYCHUSIMH, PACCUUTAH-
HBIMU 151 GuITsTpoB 3oiioTapeBa-Kayspa ¢ MuHNMaNbHON HepaBHOMEepHOCTRIO XI'B3. MakcumanbpHOe
yMeHblIenue HepaBHoMepHocT XI'B3 nomydeHo nmpu N=6 u mocturaer 6osiee 15 pa3. Mbl Taxke Ha-
OmoaeM, 9TO MakcMManbHble 3HadeHus XI'B3 rt,, Ul HaliIGHHBIX pelIeHHH Malo OTIMYaroTCA
(mpryeM B OONBIIYIO WM MEHBIIYIO CTOPOHY) OT IMONYYEHHBIX I GHIBTPOB 3onoTapéBa-Kayapa.
KoaddumpmenTsl onTHMHU3UPOBAHHOTO MUHHMabHO-(a30Boro Guibrpa s N=6 npuBelcHbl B Ta0-
e 2.



Tabnuma 2.

Koaddunmentst BUX-dunbtpa

i Aji Ay Bj; B,
1 |-0,86328743 | 0,92474421 | -0,58435120 | 1
2 | -0,88674211 | 0,70177197 | -0,20228016 | 1
31-1,10001088 | 0,34085920 | 1,29895159 | 1

Ha puc. 1 mokazanel HopmupoBaHHble AUX, a Ha puc. 2 npuseaensl XI'B3 ¢unbrpoB 3omorapesa-

Kayspa (3-K) u ontumusupoBaHHBIX GIIBTPOB (“O”). DTH XapakTEpPUCTHKH COTJIACYIOTCS C IaH-
HBIMH Ta0OIuIE! 1 g N=6.
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Puc.1l. AUYX ¢uneTpos a) B oCHOBHOH NOOCe H ©) B HOMHHATBHOH NOI0Ce OPONYCEAHHA H NepeXoJHOH momoce

B nonoce 3anepxxuBanns AUX ¢unsTpoB Ha puc.la IpaKTHUECKH COBHANAIOT M HE MPEBBILIAIOT 3a-
naHHoro ypoBHA -45 1b (T.e.2, =45 1b). B monoce npomyckanus Ha puc. 16 HepaBHOMepHOCTE AUX

ONTUMU3UPOBAHHOTO (PHIIBTpa MHOTO OoJIbINe, YeM Yy punbTpa 3omoTapeBa-Kayspa, HO HE TIPEBhINIACT
3amaHHoro ypoBHs 3 ab. s o6oux (hUiIbTPOB MmoJI0oca IO 3TOMY YPOBHS CHIIBHO pacIIMpeHa B CpaB-
HEHUW C HOMHUHANbHOU mostocor 0,1. /st onTUMHU3NPOBAaHHBIX HEMHHUMAIBHO-(Pa30BEIX (QUIHTPOB,
paccMOTpeHHBIX B [3], HabmroMaeTcst o100HAsT KapTHHA.
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Puc.2. XTI B3 QWIBTPOB B IoIoce POy CKAHHA

Ha puc.16 BugHO, 94TO BEIOPOC HOPMUPOBAHHOTO yCHIIeHHs B TiepexonaHoi momoce (0,1-0,2) He mpe-
Beimaetr 0 nb, wnmm wHave, corimacHo (3), oTHOCHTENbHOE ociabimenne AUX B mepexoHOo# monoce
a,, > Onb. Beuto 3aMedeHo, 4To Takke Kak | I HeMUHUMalbHO-(ha30Bbix BUX-umsTpoB [3] manb-

Hellee yMeHbIIeHne HepaBHoMepHOCTH X1 B3 compoBokmaeTcst pocToM 3TOTo BEIOpoOCa.

[pumep 2. Tpebosanus k AUX [6]: Aa,,,=0,5 nb, a,.,=321b, f,,=0,25 u f,,=0,3. [lonsiTkn
pemrenus 3anauun (3) ans N=4, 5,...,12 He nanu oxugaeMoro 3gQexra, T.e. HAM HE yAaJOCh YMEHb-
IIUTh MUHUMAaNbHBIE HepaBHOMepHOCTH X1 B3 dunbrpoB 3omorapeBa-Kayspa. 3T HepaBHOMEPHOCTH
cooTBeTCTBYIOT ToukaM D B obnactu AUII ¢ koopauHaTtamu Aa = Aa f; =f max» £2 =5, , @ HE TOU-

max 2
kaM Ha kpuBoil BD kak B mpumepe 1. fBnsercs nu Takoe pasnuuue WM HEyAadHBIH BBIOOP Hadallb-
HBIX OPUOTIKCHUN W/WIIN aJrOPUTMOB ONTHMHU3ALUKM MPUYMHONW OTpULIATENBHOIO 3¢ deKTa IpeacTo-
UT BBUICHUTD B JAaJbHEHIIEM.

3aMeTHM, 9TO ATOT MpUMep ObLT pACCMOTPEH BO MHOTHIX ITyOJIMKALIMSAX U B YACTHOCTH B [3], TOe mpu
N=12 ObuTH MOMyYEeHbI BaApHAHTHI PEIICHUH C PEKOPIHO Majod HepaBHOMepHOCThI0 XI'B3, HO nuiib
JU11 HEMUHUMAJbHO-(a30BbIX (QHIBTPOB.

3akimoyenne. CoueTaHne ONTUMH3AINN UCXOIHBIX MapameTpoB AUX u k03(h(HUIHMEHTOB MO3BOJISI-
€T MUHHMH3HMPOBaTh HepaBHOMepHOcTH XI'B3 B moyoce mpomyckaHMs KacKaIHBIX MHHHAMAJbHO-
¢azoBbix BUX-punstpoB. B wactHOCTH, TOKa3aHO, YTO A GUIBTpa 4-r0 NOPSIIKAa HEPAaBHOMEPHOCTD

XI'B3 MOXXHO YMEHBITUTH MPUMEPHO B 4 pasa, a a1 GuibTpa 6-ro mopsaka - 6onee 4eM B 15 pa3 B

cpaBHeHuH ¢ uabTpamu 3onorapeBa-Kayspa ¢ muHMManbHON HepaBHOMepHOCThIO XI'B3. OmHako

npu 0osee KEeCTKUX TPeOOBAaHUAX K MEPEXOAHON MOJI0Ce M PACIIUPEHHOM MOI0Ce MPOIYCKAaHHUs ONTHU-

MU3alMs, BBIIOIHEHHAS A7 Pa3HbIX MOPAAKOB (UIBTPA, HE MPUBOAUT K IIOJOKHUTEIBHBIM PE3yJIbTa-

TaM. Bo3MOXHO, 4TO MpUMEHEHHE JPYTUX HAYaJIbHBIX MPHOIVKEHUH W/HIH aJlTOPUTMOB HEJIMHEHHO-

ro MporpaMMUpOBaHus, 3Q(HEKTUBHO ONEPUPYIOMUX NPH HANWYHUA OTPAaHUYCHUH, MO3BOJIUT PELIUTh

3Ty Npo0JieMy, a €CITH HET, TO PACCMOTPEHHBIH HAMHU IOAXOJ HUMEET OIPaHNUCHHOE TPUMEHEHHE.
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