HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

CHAPTER
8 The Discrete Fourier Transform

JAuckperHoe npeodpazoBanue Dypbe

Fourier analysis is a family of mathematical techniques, all based on decomposing signals into
sinusoids. The discrete Fourier transform (DFT) is the family member used with digitized
signals. This is the first of four chapters on the real DFT, a version of the discrete Fourier
transform that uses real numbers to represent the input and output signals. The complex DFT, a
more advanced technique that uses complex numbers, will be discussed in Chapter 31. In this
chapter we look at the mathematics and algorithms of the Fourier decomposition, the heart of the
DFT.

Ananu3 @ypbe, (rapMOHUYECKUI aHATIU3) - CEMEICTBO MaTEMaTUYECKUX METO/0B, OCHOBAaHHOE
Ha pa3liOKEHWU CHUTHAJOB Ha cuHycouzbl. JuckpetHoe mpeoOpazoBanue Dypre (I1D) -
AIIEMEHT CEMEMCTBA, UCIIONIb3YEMBIH C Yyupposbimy CUTHAIAMH. DTO TIepBasi U3 YETHIPEX TJIaB 10
peaibHomy(BemectBeHHOMY) JAII®, Bepcus nuckperHoro ananusa Oypbe, KOTOPBIH, A7 TOrO
YyTOOBl TNPEACTAaBUTh CUTHAJIBI BBOJAA U BBIBOJAA, MCHOJNb3Ys BELIECTBEHHBIC YHCIA.
Komnuiekcnoe JIII®, Gonee mpoaBHHYTass METOJIUKA, KOTOpas HCIHOJIb3YET KOMIUIEKCHBIE
grcia, Oyner o0cykaeHo B riase 31. B 3Toif rmaBe MBI pacCMOTPUM MaTEMAaTHKy M aTOPHTMBI
nexomnosuimu Oypee, ocHoBbI(cepana) JI1O.

The Family of Fourier Transform
CemeiicTtBo IIpeodpa3zoBanuii ®ypbe

Fourier analysis is named after Jean Baptiste Joseph Fourier (1768-1830), a French
mathematician and physicist. (Fourier is pronounced: =i, and is always capitalized).). While
many contributed to the field, Fourier is honored for his mathematical discoveries and insight
into the practical usefulness of the techniques. Fourier was interested in heat propagation, and
presented a paper in 1807 to the Institut de France on the use of sinusoids to represent
temperature distributions. The paper contained the controversial claim that any continuous
periodic signal could be represented as the sum of properly chosen sinusoidal waves. Among the
reviewers were two of history's most famous mathematicians, Joseph Louis Lagrange (1736-
1813), and Pierre Simon de Laplace (1749-1827).

Anamn3 @ypbe(criekTpalbHblii aHanu3) Ha3BaH nmo uMmeHu J[l:keana banTucra [[xo3eda
®oypuepa (1768-1830), dpanirysckoro matemaruka u ¢pusuka. (Dypbe 00bsABIeH: 0reid. p
BCErJa IeyaTaercss NpONMCHBIMU OykBamu). B TO Bpems Kak MHOrMe€ BHOCHJIM BKJIaJ B
uccienoBanusi, @yppre HMHTEPECEH CBOMMH MaTEMaTHYECKMMM OTKPBITUSIMH U NOHMMAaHHEM
PaKTUYECKOH Mosie3HOCTH MeTo0B. Dyphbe ObLIT 3aMHTEPECOBAH PacpOCTPAaHEHUEM TEIJIOTHI,
u npexacraswi B 1807 Oymary Ha ucmonb3oBaHMH cuHycoun B WHcTuTyT ®paHunu, 4TOOBI
IIPEJCTaBUTh TEMIIEpAaTypHbIE pacupeneneHus. bymara coaepikana CIIOpHOE yTBEPXKACHUE, YTO
10001 HENpEepHIBHBIM NEPUOANUECKUN CUTHATI MOXKET OBbITh MPEICTABICH KaK CyMMa JOJIKHBIM
0o0pa3oM BBIOpPaHHBIX CHHYCOMJAAJIbHBIX BOJIH. Cpeau perieH3eHTOB ObUIM JABa M3 Haumbosee
M3BECTHBIX B XPOHOJOTUU MaTeMaTukoB, Jlarpanx [[xo3ed Jlyu (1736-1813), u Pierre Caiimon
Jlarumac (1749-1827).
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While Laplace and the other reviewers voted to publish the paper, Lagrange adamantly protested.
For nearly 50 years, Lagrange had insisted that such an approach could not be used to represent
signals with corners, i.e., discontinuous slopes, such as in square waves. The Institut de France
bowed to the prestige of Lagrange, and rejected Fourier's work. It was only after Lagrange died
that the paper was finally published, some 15 years later. Luckily, Fourier had other things to
keep him busy, political activities, expeditions to Egypt with Napoleon, and trying to avoid the
guillotine after the French Revolution (literally!).

B 10 Bpems kak Jlamnmac u Apyrue pereH3eHThl TOJI0COBANIM, YTOObI M3AaTh Oymary, Jlarpamxk
HENpPEeKJIOHHO Bo3paxkai. [loutu 50 ner, Jlarpank ynmopHO yTBEpsKIaj, 4TO TaKOW MOAXOJ HE
MOJKET HCIIONB30BaThCs, YTOOBI TMPEACTaBUTh CUTHAJBI C yelamu, TO €CThb, INpEephIBaEMbIe
HaKJIOHaMM, THUIA HPAMOYIOJIbHBIX MEaHApPOB (BOJIH, Kosiebanuii). WHcturyT Ppannuw,
MIPEKIJIOHACH Tepen npecTikeM Jlarpanxka, oTkimonmn padory dypre. Jta Oymara Obuia U3gaHa
TOJIBKO TIOCJIE TOTro, Kak Jlarpamwxk ymep, 310 nmpuOimsutenbHo 15 rogamu mosxke. K cuactsio,
@yppe UMeN Opyrue Aejla COXPAHSIOLUE €ro 3aHATOCTb, OJUTHUECKHUE AEUCTBUS, SKCIIEAULIUN
B Eruner ¢ HamoneoHoMm, M mONBITKA(TPyIHOE YKJIOHEHHME) H30€KaThb TMIBOTHHBI IIOCIE
@paniysckoit PeBomonnn (OykBasbHO!).( ¢ TpyI0M H30€kKaTh TMILOTHHBI?)

Who was right? It's a split decision. Lagrange was correct in his assertion that a summation of
sinusoids cannot form a signal with a corner. However, you can get very close. So close that the
difference between the two has zero emergy. In this sense, Fourier was right, although 18th
century science knew little about the concept of energy. This phenomenon now goes by the
name: Gibbs Effect, and will be discussed in Chapter 11.

Krto Obin1 mpaB? D10 — pemieHue, mpu KOTOpoM Trosoca pasaenmiuch(Yactuuno Jlanrpanx u
gactudHo @Dypbe). Jlarpamx ObUT mpaB, yTBEpKIas, YTO CyMMHPOBaHUE(COBOKYITHOCTD)
CHHYCOUJ HE MOXET (hOPMHUpPOBATh CHTHAJI C YroJKOBbIMH BepmmHamu. OpHako, Bl moxere
MOONTH K 3TOMY oOueHb Onm3ko. Tak ONM3KO, YTO Pa3HOCTh MEXKIYy ATHUMH JBYMS HMeEET
Hynesylo dHepeuro. XOTs Hayka 18-0ro croieTus 3Hana HEMHOTO OTHOCHUTENIBHO KOHLIEHIHH
SHEPruH, B 3TOM cMbIcie, Obul mpaB Dypbe. DTO sBIEHUE TENeph M3BECTHO O] Ha3BaHHUEM
D¢ ghexm ['ub6ca, u 6ynet obcyxaeHo B riase 11.

Figure 8-1 illustrates how a signal can be decomposed into sine and cosine waves. Figure (a)
shows an example signal, 16 points long, running from sample number 0 to 15. Figure (b) shows
the Fourier decomposition of this signal, nine cosine waves and nine sine waves, each with a
different frequency and amplitude. Although far from obvious, these 18 sinusoids add to produce
the waveform in (a). It should be noted that the objection made by Lagrange only applies to
continuous signals. For discrete signals, this decomposition is mathematically exact. There is no
difference between the signal in (a) and the sum of the signals in (b), just as there is no difference
between 7 and 3+4.

Pucynok 8-1 mwimocTpupyer, Kak CUTHaJl MOXKET OBITh Pa3jIokKEeH B BOJHBI KOCHHYCa U CHUHYCA.
PucyHok (a) mokasbIBaeT NpUMep CUrHajla JIUTEIbHOCTh 16 TOUYEK, BHINOIHIIOMUNCS(TEKY i)
ot Be1OOpkH 0 10 BeIOOpKH 15. PucyHok (b) moka3eiBaeT nexoMmo3unmio Oypbe 3Toro curaania,
JIEBSTh BOJIH KOCUHYCA U JEBATh BOJH CHHYCA, C Pa3IMYHON YaCTOTOM M aMIUTUTYAON Kakaas.
XOTs JajneKo OT OYEBUIHOTO(SIBHOTO), 3T 18 CHHYCOWI CKJIAIBIBAsICh, MPOU3BOAAT (HOpMY
BOJHBI B (a). /IoJoKHO OBITH OTMEUYEHO, YTO BO3pakeHHUe, chaenaHHoe JlarpaHKeM OTHOCHTCS
TOJIBKO K HenpepvignblM CUTHanaM. [l oOuckpemmuvix CUTHANOB, 3Ta JEKOMIIO3MLIMA
MaTeMaTH4ecKd TouyHa. He mMmeeTcs HHMKakoW pa3HOCTH MEXIy CUTHAIOM B (a) U cymMme
curHasioB B (b), Takke, KaK He IMEETCS] HUKAKOH pa3HOCTH Mexay 7 u 3+4.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Why are sinusoids used instead of, for instance, square or triangular waves? Remember, there are
an infinite number of ways that a signal can be decomposed. The goal of decomposition is to end
up with something easier to deal with than the original signal. For example, impulse
decomposition allows signals to be examined one point at a time, leading to the powerful
technique of convolution. The component sine and cosine waves are simpler than the original
signal because they have a property that the original signal does not have: sinusoidal fidelity. As
discussed in Chapter 5, a sinusoidal input to a system is guaranteed to produce a sinusoidal
output. Only the amplitude and phase of the signal can change; the frequency and wave shape
must remain the same. Sinusoids are the only waveform that have this useful property. While
square and triangular decompositions are possible, there is no general reason for them to be
useful.

[ToueMy HUCHONB3YIOTCS CHUHYCOHJbI, HallpUMEp, NPSIMOYTOJIbHBIE WM TPEYTOJIbHBIE BOJHBI?
[TomHuTe, UMeeTcs OECKOHEYHOE YHCIO CHOCOOOB, KOTOPBIMU CUTHAJ MOXKET OBITh Pa3iIOkKEH.
Henp nexoMno3unuu(pasiokeHus) COCTOUT B TOM, YTOObI 3aKOHYUTH KOE-YEM C YEM npouye
UMETh JIeJI0 4YeM C [EepBOHAYaJbHBIM CHUTHaJOM. Hampumep, IeKOMMO3MLIMSA HMITyJbca
MO3BOJIIET CUTHAJIaM OBITh HCCIIEIOBAaHHBIM OJHOM TOUYKOM OJHOBPEMEHHO(B BpeMmsi), Bels K
MOITHOM MeToJKe KOHBOJIOLMU. COCTaBIIAIONIME BOJHBI CHHYca M BOJHBI KOCHHYyca Ooiee
IPOCTBl YEM NEPBOHAYAJIBHBIM CHUTHaJN, I[OTOMY YTO OHHM HMEIOT CBOMCTBO, KOTOpPOTO
MEPBOHAYANILHBIN CUTHAII HE UMEET: CUHYCOUOANbHAS MOYHOCMb(8epHocmb). Kak 00CyXIeHO B
IJ1aBe 5, CHHYCOUJAJIbHBIN BBOJ K CUCTEME, KaK FapaHTUPYIOT MPOU3BEACHUE CUHYCOMIaIbHOIO
BbIXxoga. Toipko ammiuuTyaa M (asa curHaja MOTYT H3MEHSThCS; 4acToTa U (opMa BOJHBI
JOJKHBI OCTaThCsl TEMHU XK€ caMmbIMU. CHHYCOMJIbI - €IUHCTBEHHasl (hopma BOJIHBI, KOTOpbIE
UMEIOT 3TO MOJIEe3HOE CBOICTBO. B TO BpeMs Kak KBajpaTHbIE M TPEYroJbHbIE JEKOMIO3UIIUU
603MOJICHbL, HE WMEETCS HHUKAKOW oOmeld NpUYUHBI(apryMeHTa) Ijisl HHX, YTOOBI OBITh
NOJIE3HBIM.

The general term: Fourier transform, can be broken into four categories, resulting from the four
basic types of signals that can be encountered. A signal can be either continuous or discrete, and
it can be either periodic or aperiodic. The combination of these two features generates the four
ategories, described below and illustrated in Fig. 8-2.

OO6mmwmit TepMuH: npeobpazosarue Pypve, MOKET OBITH Pa30UT HA YETHIPE KATETOPUHU, CIIEIYS U3
YeTbIpeX OCHOBHBIX THUIIOB CHUTHAJIOB, C KOTOPHIMH MOXHO CTaJKuUBaThcs. CUTHAI MOXKET ObITh
Henpepuvlgen WU OUCKpemeH, W MOXKET OBITb nepuoouyeckum WIA anepuooudecKuM.
KomOunanus w3 5TUX JBYX OCOOCHHOCTEH (QOpMUpPYET(MOPOKAAET) UETHIPE KATETOPUH,
OINMCAaHHbIE HUKE U UJUTFOCTPUPOBAHHBIE PUCYHKOM §8-2.
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Aperiodic-Continuous

This includes, for example, decaying exponentials and the Gaussian curve. These signals extend
to both positive and negative infinity without repeating in a periodic pattern. The Fourier
Transform for this type of signal is simply called the Fourier Transform.

AnepHOIMYeCKH - HelpepbIBHbIE

OTO BKIIIOYAET, HANpPUMEp, 3aTyXalOIUe SKCIOHEHIMAIbHbIE(TIOKA3aTebHble (YHKLIHU) U
KPUBYIO HOPMAaJIBHOTO pacIpeneieHUs(KpUBYIO raycca). JTH CUTHAJIbl MPOCTHPAIOTCA U Ha
MIOJIOKUTETIBHYI0O M Ha OTPULATEIbHYI0 OECKOHEYHOCTh 0€3 TOro, 4ToObl IMOBTOPUTHCS B
nepuoauueckom odpasue. IlpeoOpasoBanue ypbe i STOrO TUMA CUTHAJIA IPOCTO HA3bIBACTCA
TpancpopmanToii Dypbe.

Periodic-Continuous

Here the examples include: sine waves, square waves, and any waveform that repeats itself in a
regular pattern from negative to positive infinity. This version of the Fourier transform is called
the Fourier Series.

Ilepuonnyecku - HempepbIBHbIE

3n1echy mpUMephl BKIIIOYAIOT: BOJHBI CHHYCA, KBaJpaTHbIE BOJHBI, U JIO0YI0 (OpMYy BOJIHBI,
KOTOpasi TOBTOPSIET ceOsi B PEryIsIpHOM o00pasle OT OTPUIATEILHOW J0 MOJOKUTEITHHON
OeckoHeYHOCTH. DTa Bepcusl mpeodpazoBanusi Dypbe Ha3biBaeTcs Paiom @ypoe.

Aperiodic-Discrete

These signals are only defined at discrete points between positive and negative infinity, and do
not repeat themselves in a periodic fashion. This type of Fourier transform is called the Discrete
Time Fourier Transform.

AnepuoauvecKku - TUCKPETHbIN

OTH CUTHAQJIBl ONpPENENEHbl TOJBKO B JHCKPETHBIX TOYKAX MEXJIY IMOJOKUTEIbHON U
OTPUIATENLHON OECKOHEUHOCTHIO, U HE MOBTOPSIOT Ce0sl MEPUOJUIECKIM CIIOCOOOM. DTOT THUII
npeoOpazoBanus Oypre HazbiBaeTcs [lpeodpazoBanne @ypoe ¢ AuckpernsiM Bpemenem.

Periodic-Discrete

These are discrete signals that repeat themselves in a periodic fashion from negative to positive
infinity. This class of Fourier Transform is sometimes called the Discrete Fourier Series, but is
most often called the Discrete.

Ilepuoanyecku - JTMCKPETHBIN

OHH - ITUCKPETHBIE CUTHAIBI, KOTOPHIE TOBTOPSIOT caMu ceOsi MepUOTUYECKUM CIIOCOOOM OT
OTPULIATENILHOW [0 TOJIOKUTENBHOW OECKOHEYHOCTH. DTOT Kiacc mnpeodpazoBaHus Dypwe
uHorga HaseiBaetca JluckpetsiM Psamom ®ypbe, HO HamOosiee YacTo OH Ha3bIBaeTCs
JAucKpeTHbIM.

Fourier Transform.

You might be thinking that the names given to these four types of Fourier transforms are
confusing and poorly organized. You're right; the names have evolved rather haphazardly over
200 years. There is nothing you can do but memorize them and move on. These four classes of
signals all extend to positive and negative infinity. Hold on, you say! What if you only have a

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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finite number of samples stored in your computer, say a signal formed from 1024 points. Isn't
there a version of the Fourier Transform that uses finite length signals? No, there isn't. Sine and
cosine waves are defined as extending from negative infinity to positive infinity. You cannot use
a group of infinitely long signals to synthesize something finite in length. The way around this
dilemma is to make the finite data ook like an infinite length signal. This is done by imagining
that the signal has an infinite number of samples on the left and right of the actual points. If all
these “imagined” samples have a value of zero, the signal looks discrete and aperiodic, and the
Discrete Time Fourier Transform applies. As an alternative, the imagined samples can be a
duplication of the actual 1024 points. In this case, the signal looks discrete and periodic, with a
period of 1024 samples. This calls for the Discrete Fourier Transform to be used.

Tpancdopmanra @ypoe.

Bbl Mornu OBl mymaTh, 9TO Ha3BaHWs, JAHHBIC 3TUM YETBIPEM THIAM TpeoOpazoBanuii Dypwe
3alyTHIBAIOIIME W IIJJOXO OpraHUW30BaHbl. BBl mpaBbl; Ha3BaHWS PA3BUIUCH JOBOJIBHO
ciydaitHo(6e3 cucremHo) Oonee yem 200 ser. He umeercs Hudero, 4to Bel MoxkeTe cenars,
KpOME KakK 3alOMHUTh MX W MaHUIYyJHpOBaTh MMHU. Bce 3TH yeTelpe Kiacca CUTHAJIOB
IPOCTUPAIOTCA(PACIPOCTPAHSIOTCSA) OT TOJIOKUTENILHOW 10 OTPULATENIBHON OecKOHeuHOCmU.
[IpotuB, ckaxere Bri! Eciu Bbl umeere TONBKO KOHEYHOE YMCIO BBIOOPOK, COXPAHCHHBIX B
BallleM KOMIBIOTEpE, TOBOPAT curHai, cpopmupoBaH u3 1024 touek. He mmeercs Bepcuu
tpanchopmanTel Dypre, KOTOpas MCIOIB3YeT CUTHAIBI KOHeUHOHM jummHBI? Her, He mmeercs.
BonHbl cuHyca U BOJIHBI KOCHHYCA onpeodeneHbl KaK PaclpOoCTPAHSIOMIUECs OT OTPHUIATEIbHOM
0 TIOJIOKHUTENBbHOM OeCKOHEYHOCTH. BBl He MokeTe HCHOJIb30BaTh TIPYMIy OECKOHEYHO
JUIMHHBIX CHUTHAJIOB, YTOOBI CHHTE3UPOBATh KOE-4TO KOHEUHOe B JuiuHe. [lyThb 00OHTH 3Ty
JTUJIEMMY COCTOUT B TOM, YTOOBI 3aCTaBUTh KOHEUYHBIE JAHHBIE HANOMHUMb(ObIMb NOXOHCUMU
Ha) curHan 0eCKOHEYHOU JIIMHBL. DTO JeNaeTcs, BOOOpakasi, YTO CUTHAI UMEET OECKOHEYHOe
YUCJIO BBIOOPOK CiieBa W crpaBa OT (pakTtuyeckux Touek. Eciam Bce atm "mpemmonaraemele"
BBIOODKM HWMEIOT 3HAuY€HUE HyJsl, BHUIBI(THIBI, (OPMBI) CHUTHANA, OuUCKpemHbie U
anepuoouueckue, u npumensercs [Ipeodpazoanne Dypne ¢ luckperneim Bpemenem. Kax
aNbTepHATHBA, TpEIIojaraéMbie BBIOOPKH MOTYT OBITH JyOIUKaTaMU(TIOBTOPSFOIIIUMUCS)
daktraeckux 1024 Touek. B 3TOM cityuyae, curHan BBITIIAIAT TUCKPETHBIM U TIEPUOJUYECKHUM, C
nepuogom 1024 Bei6opku. 1o Tpedyet ucnonszoBanus uckpernoro [IpeodpazoBanust Oypoe.

As it turns out, an infinite number of sinusoids are required to synthesize a signal that is
aperiodic. This makes it impossible to calculate the Discrete Time Fourier Transform in a
computer algorithm. By elimination, the only type of Fourier transform that can be used in DSP
is the DFT. In other words, digital computers can only work with information that is discrete and
finite in length. When you struggle with theoretical issues, grapple with homework problems,
and ponder mathematical mysteries, you may find yourself using the first three members of the
Fourier transform family. When you sit down to your computer, you will only use the DFT. We
will briefly look at these other Fourier transforms in future chapters. For now, concentrate on
understanding the Discrete Fourier Transform.

Kak oxa3zasioch, 4T0Obl CHHTE3UPOBATh CUTHAJl KOTOPBIN SBISIETCS anepuoouyeckum, Tpedyercs
OecKkoHeuHOoe YHACIIO CHUHYCOU, DTO JIelNaeT HeBO3MOXKHBIM BhIYHCIHTE [IpeoOpasoBanne dypoe
¢ JluckperHeiM BpemenemM B KOMIBIOTEpHOM(MAIIMHHOM) airoputme. Hckmouenwue,
€AMHCTBEHHBIN Tul npeobdpazoBanus ypbe, KOTOPbINH MoOXkeT ucrnosb3oBarbes B LIOC — IATID.
Jpyrumu cioBamu, HH(POBbIE KOMITBIOTEPHI MOTYT paboTaTh TOJBKO ¢ UH(pOpMAIMEn, KOTopast
ABIIIETCS Ouckpemmuoti U KoHneunou B JnuHe. Korma Bpl Ooperech ¢ TeopeTHMUECKUMU
npoOjeMaMu, MbITalTeCh pEMIUTh MpoOJeMbl JOMalIHeW paboTod, U  00IyMbIBaHHEM
MaTeMaTUYeCKON TaiHbl, Bbl MOXETe€ HCHOJIb30BaTh IMIE€PBBIE TPH UIEHA CEMENCTBA
npeoOpaszoBanuii @ypre. Korga Bol cagurecs 3a Bamr koMmbioTep, Bol Oynere ncnosnab3oBath

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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tonbko JI1®D. B Oyaymmx rimaBax Mbl KpaTKO paccMOTpUM 3 apyrue npeobdpazoBanusi Oypoe.

[Toka ke, ynop Ha nonnmanue Jluckperroro [IpeobpazoBanus Oypbe.
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FIGURE 8-1b. Example of Fourier decomposition.
A 16 point signal (opposite page) is decomposed into 9 cosine waves and 9 sine waves. The frequency of each
sinusoid is fixed; only the amplitude is changed depending on the shape of the waveform being decomposed

PUCYHOK 8-1b. [Tpumep nexommosunuu Oypre.

16 Touek curHana (IPOTHBOIIONOXKHAS CTPAHWIA — Ha PUCYHKe 8b?) pasznoxeH Ha 9 BONH KOCHHYcCa W 9 BOJNH
cuHyca. Yacrora KaxIOH CHHYCOHMIbl ITOCTOSHHA; TOJBKO AMIUIUTYJAa W3MEHEHa B 3aBUCHMOCTH OT (HOpPMBI
pa3maraeMoit GOpMBI BOITHBL

Type of Transform Example Signal

Fourier Transform .
signals that are continious and aperiodic

Fourler Series
signals that are continious and periodic

Discrete Time Fourier Transform . .
signals that are diserete and aperiodic N - - .-' "By o ¥ B R
[
I-. I-. I-.
Discrete Fourier Transform . L L
sigrals that are discrete and periodic e . _."'-.__. - _-"'-."_ . _."'-.
g . ] g
FIGURE §-2

[lustration of the four Fourier transforms. A signal may be continuous or discrete, and it may be periodic or
aperiodic. Together these define four possible combinations, each having its own version of the Fourier transform.
The names are not well organized; simply memorize them.

PUCVYHOK 8-2 . MmmtocTparus 3TUX 4eThIpex npeodpasosanuit Oypee.
Cursan MokeT ObITh HENPEPhIBEH MU JUCKPETeH, U MOXET OBbITh MEePHOANYECKUM N anepuoaudeckuM. Bmecte
OHHU OINpEJNEIISIOT YEeThIPe BO3MOMKHBIX KOMOWHAIMM, KaXK/lash MMEET €ro COOCTBEHHYIO BEpPCHIO IpeoOpa3oBaHus
®ypse. Ha3zBanus I10X0 OpraHU30BaHbl; MIPOCTO 3aIOMHUTE UX.

Look back at the example DFT decomposition in Fig. 8-1. On the face of it, it appears to be a 16
point signal being decomposed into 18 sinusoids, each consisting of 16 points. In more formal
terms, the 16 point signal, shown in (a), must be viewed as a single period of an infinitely long
periodic signal. Likewise, each of the 18 sinusoids, shown in (b), represents a 16 point segment
from an infinitely long sinusoid. Does it really matter if we view this as a 16 point signal being
synthesized from 16 point sinusoids, or as an infinitely long periodic signal being synthesized
from infinitely long sinusoids? The answer is: usually no, but sometimes, yes. In upcoming
chapters we will encounter properties of the DFT that seem baffling if the signals are viewed as
finite, but become obvious when the periodic nature is considered. The key point to understand is
that this periodicity is invoked in order to use a mathematical tool, i.e., the DFT. It is usually
meaningless in terms of where the signal originated or how it was acquired.
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[TocmoTpum Hazan Ha npumep aexkommnosunmu 11D Ha puc 8-1. Ha nune sroro, kaxercs, ecTb
16 Touek curHaia, paszioKeHHbIE Ha 18 cHUHycOou, Kaxaas U3 KOTOPbIX COCTOUT U3 16 Touek. B
Oonee ¢opManbHOM BBIpOKEHUH, 16 TOUEK CHUTHaNa, I[OKa3aHHble B (a), OJKHBI
paccMmaTpuBaThCs KaK €IMHCTBEHHAs(0TAeNIbHAS) TOUKa OECKOHEUHO JJITUHHOIO MEPHOIUIECKOrO
CUTHana. AHAJOTUYHO, Kaxnas u3 18 cuHycoun, mokasaHHbiX B (b), mpencraBiser 16 Todex
cerMeHTa OECKOHEYHO [UIMHHOM CuHycounbl. JICHCTBUTENHRHO JM HMEET 3HAuYCHHUE,
paccmaTpuBaeM JIM Mbl 3TO Kak 16 Touek curHajia CUHTE3UpyeMble OT 16 TOUeK CHHYCOUIbI, WIH
KaKk OCCKOHEYHO JJIMHHBIN MEePUOJIMYECKHI CUTHAJ, CHHTE3UPYEMbI OT OECKOHEYHO JTMHHOU
cunycounbl? OTBET: He gce2da, HO uHO20d, Oa. B MOCIEAyIONMUX TIaBaX MbI CTOJKHEMCS CO
cBorictBamu J[[1®D, koTOphIe KaXyTCs 3aTPYyIHUTEILHBIMU(HEOJATONPUATHBIMU), €CJIA CUTHAJIBI
paccMaTpuBalOTCSl KaKk KOHEUHbIE, HO CTaHyT OYEBHUJIHBI, KOIJla pPacCMaTpPUBACTCS
nepuoanueckuii xapakrep. KiroueBoil myHKT, 4TOOBI MOHSATH - TO, YTO 3Ta MEPUOAUYHOCTH
BBI3BaHA, YTOOBI UCIONB30BATh Mamemamuyeckuli uncmpymeum, 10 ecth, JI1D. He umeer
3HAYEHUS YCIOBHE TOTO, I/I€ CUTHAJ MPOU30ILIEN UK KaKk OH ObLT MpUOOpETEH.

Each of the four Fourier Transforms can be subdivided into real and complex versions. The real
version is the simplest, using ordinary numbers and algebra for the synthesis and decomposition.
For instance, Fig. 8-1 is an example of the real DFT. The complex versions of the four Fourier
transforms are immensely more complicated, requiring the use of complex numbers. These are
numbers such as: 3+4j, where j is equal to ¥ (electrical engineers use the variable j, while
mathematicians use the variable, 7). Complex mathematics can quickly become overwhelming,
even to those that specialize in DSP. In fact, a primary goal of this book is to present the
fundamentals of DSP without the use of complex math, allowing the material to be understood
by a wider range of scientists and engineers. The complex Fourier transforms are the realm of
those that specialize in DSP, and are willing to sink to their necks in the swamp of mathematics.
If you are so inclined, Chapters 30-33 will take you there.

Kaxmoe w3 »otux uyerhipex mnpeoOpazoBanuiit Dypbe MOXKET OBITh MOAPA3ACICHO Ha
BellleCTBEHHbIE U KOMILJIEKCHbIe Bepcuu. BemiecTBeHHas Bepcus camas MpOCTasi, UCIONb3Ys
OoOBIYHBIC YHMCTa W anreOpy s cuHTe3a W Aekommosunuu. Hampumep, puc. 8-1 - mpumep
BemlectBeHHoro JIII®. KommuiekcHble Bepcun 3TUX 4eThlpex npeoOpa3oBanuii dypre odeHb
CHJIBHO YCIIO’KHEHBI, TpeOys UCIOIb30BaHUE KomnieKcHulx dyucen. OHU - uncna tuna: 3+4j, rae j
paBHO ¥ | (MHXEHEPBI-3JIEKTPUKHU, MCHONB3YIOT MEPEMEHHYIO j, B TO BpPeMsl KaK MaTeMaTHUKH
HCIOJIB3YIOT NEPEMEHHYIO0, ). KoMIiekcHas maTemMaTuka MOXET ObICTPO CTaTh MOJABJISIOLIEH,
naxe s tex, kro crneunanusupyrorces B LHOC. daktuyecku, nepBuYHas Lellb 3TOM KHUTH
COCTOUT B TOM, 4TOOBI mpenctaButh oOcHOBHbIe mnpuHIMNbl [[OC 6e3 wucnonb3oBaHUs
KOMIUIEKCHOW MAaTeMaTHUKH, MO3BOJIAS MaTepuany ObITh MOHATHBIM JJsi Oojiee MIMPOKOTO
JMarna3oHa yueHbIX U uHKeHepoB. KomruiekcHble npeoOpazoBanust Pypese - 00nacth T€X, KTO
cnernuanusupyrotes B LIOC, u kemnaer mo mew morpy3utbes B 0010To MatemMaTuku. Ecnu Bol
CKJIOHHBI K 3TOMY, Bac oxxunarot rinaser 30-33.

The mathematical term: transform, is extensively used in Digital Signal Processing, such as:
Fourier transform, Laplace transform, Z transform, Hilbert transform, Discrete Cosine transform,
etc. Just what is a transform? To answer this question, remember what a function is. A function
is an algorithm or procedure that changes one value into another value. For example, y='2x + 1
is a function. You pick some value for x, plug it into the equation, and out pops a value for y.
Functions can also change several values into a single value, such as: y = 2a + 3b + 4c , where a,
b, and ¢ are changed into y.

MaremaTuueckuii TEpMHMH: TpPaHC(OPMaHTa, SKCTEHCUBHO(LIMPOKO) HCIONB3YETCS B
Hudposoit O6pabotke Curnanos, tuna: Tpancpopmanta Dypbe, TpaHnchopmanTa Jlamaca, Z
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Tpancpopmanra, ['unsbepToBa TpancopmanTa, uckpernas tpancopmanta Kocunyca, u 1.1.
Tonbko, uTo siBisieTcst TpaHchopmaHTor? UTOOBI OTBETUTH HA 3TOT BOMPOC, BCIIOMHUTE, YTO
takoe QyHKIMSA. DOyHKIUS - aNTOpPUTM WIH MPOLEIypa, KOTOpas U3MEHSET OJHO 3HAUYCHHE B
npyroe 3Haduenue. Hampumep, y = 2x+1 - pyHkius. Ber BeIOMpaeTe HEKOTOpOe 3HAYCHUE IS X,
MOJICTABJISIETE 3TO B ypaBHEHUE, U TMOJTy4YaeTe 3HaUeHue i y. OYHKIIMH MOTYT TaK)Ke U3MEHSATh
HECKOJbKO 3HAUCHWHM B OJAMHOYHOE(EIMHOE) 3HaueHue, tuma: y = 2a+3b+4c, tne a, b, u ¢
M3MEHEHbI(3aMEHEHBI) Ha .

Transforms are a direct extension of this, allowing both the input and output to have multiple
values. Suppose you have a signal composed of 100 samples. If you devise some equation,
algorithm, or procedure for changing these 100 samples into another 100 samples, you have
yourself a transform. If you think it is useful enough, you have the perfect right to attach your
last name to it and expound its merits to your colleagues. (This works best if you are an eminent
18th century French mathematician). Transforms are not limited to any specific type or number
of data. For example, you might have 100 samples of discrete data for the input and 200 samples
of discrete data for the output. Likewise, you might have a continuous signal for the input and a
continuous signal for the output. Mixed signals are also allowed, discrete in and continuous out,
and vice versa. In short, a transform is any fixed procedure that changes one chunk of data into
another chunk of data. Let's see how this applies to the topic at hand: the Discrete Fourier
transform.

TpanchopMaHThI - psIMOE MPOJOHKEHHUE ITOr0, MO3BOJIAS 0OOMM U BBOAY U BBIBOAY HMETh
MHo2ouUCIeHHble(kpamHble) 3HaueHus. [Ipeamornoxum, uto Bbl coctaBmsere curnan uz 100
BBIOOpOK. Eciiit Bl mpuymaete(nzo0perere) HEKOTOPOE ypaBHEHUE, ATOPUTM, WU MIPOLIEAYPY
s u3MeHeHus(3amensl) atux 100 BeiOopok Ha  gpyrue 100  BbIOOpOK, BHI
camocTosITeNlbHO(caM1) mony4yuin TpaHchopmanTy. Ecnu Bel mymaere, uTo 3TO IOCTaTO4HO
MOJIe3HO, BBl MMeeTe ToTHOe MpaBo MPUKPENHTH Bally (aMIUIAI0 K 3TOMY(Ha3BaTh 3TO Ballen
dbaMuuen) U pa3bACHATH €€ JOCTOMHCTBA BaliuM KoJiieram. (3To paboTaer Jydine BCero, eciu
Bol  Bemaromumiicss @paniry3ckuii  MaremMaTuk 18-oro cromerusi). TpanchopmaHTBI He
OTpaHHYEHBI JIIOOBIM CeUU(PUUECKUM TUIIOM WM YUCIOM JaHHbIX. Hampumep, Bol Mornu Ol
umeTh 100 BBIOOPOK MUCKPETHBIX JaHHBIX T BBoJa U 200 BEIOOPOK AMCKPETHBIX JAAHHBIX IS
BbIX0/1a. AHAJIOTMYHO, BbI MOryiM OB MMETHh HENPEPBIBHBIN CUTHAMI JUIsl BBOJA U HENPEPBIBHBIN
cUrHam 17 BbIBoAA. CMelIaHHbIE CHUTHABI TaK)Ke MO3BOJIAIOTCS, JUCKPETHBIE B HEMPEPHIBHBIC,
u HaobopoT. Kopoue roBops, TpaHchopMmaHTa - Jr00asi YCTAaHOBJICHHAs IMPOIEIypa, KOTOpas
U3MEHsAET(3aMEeHseT) OJIHY MOPIHUIO TAaHHBIX Ha JIPYTYIO MOPIUIO NaHHBIX. [laBaiiTe mocMOTpUM,
KaK 3TO MPUMEHSETCA(OTHOCUTCA) K TeKymiell Teme(pazaeny): HuckpeTHoe mnpeodOpa3zoBaHue
Dypse.

Notation and Format of the Real DFT

Cucrema o0o3navenuii(3anuces) u @opmar Peaabnoro 11D

As shown in Fig. 8-3, the discrete Fourier transform changes an N point input signal into two
N/2+1 point output signals. The input signal contains the signal being decomposed, while the
two output signals contain the amplitudes of the component sine and cosine waves (scaled in a
way we will discuss shortly). The input signal is said to be in the time domain. This is because
the most common type of signal entering the DFT is composed of samples taken at regular
intervals of time. Of course, any kind of sampled data can be fed into the DFT, regardless of how
it was acquired. When you see the term "time domain" in Fourier analysis, it may actually refer
to samples taken over time, or it might be a general reference to any discrete signal that is being
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decomposed. The term frequency domain is used to describe the amplitudes of the sine and
cosine waves (including the special scaling we promised to explain).

Kaxk nokazano Ha puc. 8-3, muckperHoe npeodpazoanue Oypbe 3aMEHsAET CUTHAT BBOJIA TOUKH
N nByms CUTHaJIJaMH  TOYKH BeIXOZa  N/2+1. Bxonnoi CUTHAJ COIEPKUT
aHaJIM3UpyeMbli(pacnagaroniics, pa3iaraéMblil) CUTHAJI, B TO BpEMS Kak JiBa CUTHAJa BBIXOJa
coaepkKaT amnaumyosbl COCTaBISIONIMX BOJIH CHHYCa U KOCHHYca (MacmTabupyembie criocoOoMm,
KOTOPBIA MBI KOPOTKO(BCKOpE) 00Cy1uM). BXOHOM CHUTHAN, KakK CYUTAIOT, HAXOJIUTCS B IOMeHe
BpeMeHH. DTO - TO, TMOTOMYy 4YTO Haubonee OOmUI(OOBIYHBINA) THUN  CUTHANA,
BBojsmiero(Bxoadmero) JII® cocraBneH u3 BBHIOOPOK, MNPUHATHIX PABHOMEPHO 6peMeHuU.
Koneuno, m0060# BUJ(TUI) TPOHM3BEACHHBIX BHIOOPOK MAHHBIX MOKET ObITh mojaH B JI1D,
HE3aBHUCHUMO OT TOTO, Kak 3T0 Obu1o npuodpereHo. Koraa Bel Buaute TepmuH "noMeHn BpemeHu"
B aHammze Dypbe, 370 MOXKET (PaKTUYECKH OTHOCHTHCS K BBHIOOpKAaM, B3STBIM Yepe3 KaKoe-TO
BpeMsi, WJIM 3TO MOTJIO Obl OBITH OOIIEH CCHUIKOW Ha JHO0OM AMCKPETHBIM CUTHAN, KOTOPBIHA
paznaraercsi. Tepmun JIoMeH 4acTOTHI HCIIOIB3yETCs, YTOOBI OMKICATh AMIUTUTY bl BOJIH CHHYCA
1 KOCHHYCa (BKIIIOYAs CTICIIMAIIBHOE MaCIITAOMPOBAHKE, KOTOPOE MBI 00€eIaan OOBSICHUTB).

Time Domain Frequency Domain
Forward DFT .

x[ ] — Re X[ | Im XJ ]
NN EEEEEEEEEEEEE (HEEEE NN RN HEEEEEENE N
0 N-1 0 N2 0 MN/2

N samples N/2+1 samples N/2+1 samples

Inverse DFT (casine wave amplirudes) (sine wave amplifudes)
N A

collectively referred to as X[ |

FIGURE 8-3

DFT terminology. In the time domain, x[ ] consists of N points running from 0 to N-1. In the frequency domain, the
DFT produces two signals, the real part, written:, and the imaginary part, written: /mX[ ]. Each of these frequency
domain signals are N/2 + 1 points long, and run from 0 to N/2. The Forward DFT transforms from the time domain
to the frequency domain, while the Inverse DFT transforms from the frequency domain to the time domain. (Take
note: this figure describes the real DFT. The complex DFT, discussed in Chapter 31, changes N complex points
into another set of N complex points).

PUCYHOK 8-3

Tepmunonorus JI1®. B nomene Bpemenu, x[ | cocTout u3 touek N, Bermonasronmxcs ot 0 mo N-1. B gactorHOM
novene, JII® mpowsBoauT Ba CHTrHaja, BEMIECTBEHHYIO HYacTh, 3allMChIBaeMylo: Re X[ ]. ¥ MHUMYyIO YacTh,
3amuceiBaemyto Im X[ ]. Kaxaplii W3 3THX 4YacTOTHBIX [JOMEHOB cHrHama — uatces N/2+1 Touek, u
padoraet(mporekaer) ot 0 mo N/2. Ipsimoit AIIP mpeoOpa3zoBbiBacT AOMEH BPEMEHH B YaCTOTHBIH JOMEH, B TO
BpeMmsa kak OOpartueii JIII® npeoOpa3oBeIBaeT 4YaCTOTHBIA JOMEH B JIOMEH BpeMeHH. (3aMeTbTe: PHUCYHOK
onuceiBacT peadbHbIii(BemecTBeHHblil) JAI®. Kommiuekcuwrii AP, o6cyxnenHbiii B TiaBe 31,
U3MEHsET(3aMEHsIeT) KOMIUIEKCHBIE TOYKU N B Ipyroil Habop KOMIUIEKCHBIX N TOYEK).

The frequency domain contains exactly the same information as the time domain, just in a
different form. If you know one domain, you can calculate the other. Given the time domain
signal, the process of calculating the frequency domain is called decomposition, analysis, the
forward DFT, or simply, the DFT. If you know the frequency domain, calculation of the time
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domain is called synthesis, or the inverse DFT. Both synthesis and analysis can be represented
in equation form and computer algorithms.

YacTOTHBIN JOMEH COAEPKUT TOYHO Ty K€ caMylo MH(OPMAIKIO KaK JOMEH BpEMEHH, TOJIbKO B
npyroii ¢popme. Ecnu Bbl 3Haere onuH nomeH, BBl MOkeTe BBIUMCIHTH APYTOH. YUHTHIBas
CUTHaJ JOMEH(a) BpEMEHH(s), TPOIECC BBIUMUCICHUS YaCTOTHOTO JIOMEHA Ha3bIBACTCS
AeKkoMmIo3unuei, anaausoM, npameiM AP, wiu npocro, AIP. Eciu Bel 3HaeTe 4acTOTHBIM
JIOMEH, BBIYUCIICHUE JJOMEHA BPEMEHHU HA3bIBACTCS CHHTE30M, Wik 00paTHbIM JAII®P. U cunTe3
U aHajgu3 MOTYT OBITh TPEJCTaBICHBI B (hOpME YpaBHEHUS U KOMIBIOTEPHBIX(MAIIMHHBIX)
aIrOpUTMax.

The number of samples in the time domain is usually represented by the variable N. While N
can be any positive integer, a power of two is usually chosen, i.e., 128, 256, 512, 1024, etc.
There are two reasons for this. First, digital data storage uses binary addressing, making powers
of two a natural signal length. Second, the most efficient algorithm for calculating the DFT, the
Fast Fourier Transform (FFT), usually operates with N that is a power of two. Typically, N is
selected between 32 and 4096. In most cases, the samples run from 0 to N-1 , rather than 1 to N.

Yucio BEIOOPOK B JOMEHE BpeMEHH 0OBIYHO Mpe/CTaBisieTcs nepeMenHoii N. B To Bpems kak N
MO3KET OBITh JIFOOBIM MOJIOKUTEIBHBIM LEJIBIM YHCIIOM, OOBIYHO BBIOUpAETCs MOKa3aTelb Ba, TO
ectpb, 128, 256, 512, 1024, u T.n1. Jns 3Toro umeercss ABe NMpuiuHbL. BO mepBbIX, XpaHeHUE
JTaHHBIX B HU(pOBON PopMe UCTIOIB3YET aipecalvio B JBOMYHOM KOJE, CO3/JaHUE CTEeIeHEN /1Ba
€CTeCTBEHHAs JJIMHA CUTHana. Bo BTOphIX, Hanboee d3pPEKTUBHBIA aITOPUTM IJIsI BBIYUCIICHUS
JII®, Bbeictpoe mpeobpazoBanue dypre (BIID), 0O6brdyHO padoTaer ¢ N, KOTOPBIA SBISETCS
nokasaresnemM(cTenenpio) asa. Kak mpasuno, N otobpan mexnay 32 u 4096. B GonpmmHcTBE
CIy4yaeB, BBIOOPKH, BRITOTHSIOTCA(MpoTeKatoT) oT 0 1o N-1, ckopee uem 1 k V.

Standard DSP notation uses lower case letters to represent time domain signals, such as , x[ |, y[
] and z[ ]. The corresponding upper case letters are used to represent their frequency domains,
that is, X |, Y] ], and Z[ ]. For illustration, assume an N point time domain signal is contained in
x[ ]. The frequency domain of this signal is called X[ ], and consists of two parts, each an array of
N/2+1 samples. These are called the Real part of X[ |, written as: ReX]| ], and the Imaginary
part of X[ |: written as: Im X[ |. The values Re X[ | in are the amplitudes of the cosine waves,
while the values in /m X[ Jare the amplitudes of the sine waves (not worrying about the scaling
factors for the moment). Just as the time domain runs from x[0] to x[N-1], the frequency domain
signals run from ReX[0] to ReX[N/2], and from ImX[0] to Im X[N/2]. Study these notations
carefully; they are critical to understanding the equations in DSP. Unfortunately, some computer
languages don't distinguish between lower and upper case, making the variable names up to the
individual programmer. The programs in this book use the array XX] ] to hold the time domain
signal, and the arrays REX][ ] and IMX] ] to hold the frequency domain signals.

Crangapt cuctemsl oOo3HaueHuid [JOC 11 mpencTaBiieHHss CUTHAJIOB JIOMEHa BpPEMEHU
HCIIOJIB3YET CHMBOJIbI CTPOUYHBIX OyKB, Tuna, x[ |, y[ | u z[ ]. CooTBeTCTBYIOIIME CHMBOJIbI
BEPXHEro perucTpa HCIoIb3YIOTCs, YTOOBI MPEACTABUTh UX YACTOTHBIC JOMEHBI, TO ecTh X[ |,
Y11, wu Z ]. g wnmoctpauuu(NosSCHEHUs), TpUMUTE(TIPEANON0XKUTE) ToYka N cuUrHaia
JIOMEHA BpEeMEHU coaepkutcs B x[ |. UacTOTHBIM JOMEH 3TOro curHajga HasbiBaetrcs X[ |, u
COCTOUT U3 [JBYX 4YacTeil, Kaxabli MaccuB u3 BbIOOpOK N/2+1. OHu Ha3bIBalOTCA
BemectBennoi yactbio u3 X[ |, 3amuceiBacmoii kak: ReX| |, u Muaumoii yactbio u3 X| |:
3anucbiBaeMol Kak: Im X[ |. 3naueHus Re X[ | - aMIIUTy bl BOJIH KOCHHYCA, B TO BpeMsI Kak
3HaueHus /m X[ | - aMIUIMTyibl BOJIH CHHYyca (HE BBI3bIBAIOIINN OECHOKOWCTBA OTHOCUTEIHHO
kodpdurmeHToB((hakTOpoB) MacmITaOMpOBaHUS B TeUeHHUE(IJi1) MOMEHTa). Takxke, Kak JOMEH
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BpeMeHH BhInoiaHseTcs oT x[0] k x[N-1], cUTHaJIbI 4aCTOTHOTO JJOMEHA, BhIMOJHEHHbIE 0T ReX[0]
K ReX[N/2], n ot ImX[0] x Im X[N/2]. U3yunte 3TH cucTteMbl 0003HAUCHUN TmiaTeabHO; OHU
KpuTudeckue(BakHbl) g noHumanus ypaBHeHui B I[OC. K coxaneHunto, HeKOTOpbIe
MalIMHHbBIE S3BIKH HE Pa3inyaloT HIKHUNW M BEPXHUH PETUCTp, JAeNias UMEHa MepeMEHHOU Mo
YCMOTPEHUIO UHAUBUYAIBHOTO MporpaMMucTa. [IporpaMmsl B 3TON KHUTE UCHOJIB3YIOT MAaCCUB
XX [ ], uToOBl cumTaTh cWTHaI AOMEHOM BpeMeHH, W MaccuBbl REX[ | u IMX[ ] 4ro0OmnI
MIPOBOAMTH(CYUTATH) CUTHAJIBI YACTOTHBIM JJOMEHOM.

The names real part and imaginary part originate from the complex DFT, where they are used to
distinguish between real and imaginary numbers. Nothing so complicated is required for the real
DFT. Until you get to Chapter 31, simply think that "real part" means the cosine wave
amplitudes, while "imaginary part" means the sine wave amplitudes. Don't let these suggestive
names mislead you; everything here uses ordinary numbers. Likewise, don't be misled by the
lengths of the frequency domain signals. It is common in the DSP literature to see statements
such as: "The DFT changes an N point time domain signal into an N point frequency domain
signal." This is referring to the complex DFT, where each "point" is a complex number
(consisting of real and imaginary parts). For now, focus on learning the real DFT, the difficult
math will come soon enough.

Bewecmeennasn yacmos v MHuMas wacmos Ha3BaHUU(MMEH) TPOUCXOAT M3 KoMmruiekcHoro JII1D,
I7Ie OHU HCIIOJIB3YIOTCS, YTOOBI pa3iuyaTh peaibHble U KOMNJIeKCHble uucina. Huyto cronb
CIOXKHOTO He TpeOyercs misi peanbHOro(BemiectBeHHoro) JII1®. Iloka Ber He mpumerech 3a
r1aBy 31, mpocTo aymaiite, 4To "BEIIECTBEHHAs YacTh'" 03HAYAET aMAIAUMYObl OIHbL KOCUHYCA,
B TO BpeMsl KaK "MHHMas 4acTh' O3HAYACT amMnAumyovbl 0JHul cuHyca. He mo3BOJSHTE STUM
HABOJSIIIMM Ha Pa3MBIIUICHUS Ha3BaHWSIM BBecTH Bac B 3a0mykIeHHe; BCe 3/1eCh HCIOJIB3YET
OOBIYHBIC YHCIa. AHAJIOTMYHO, HE OyIbTe BBEACHBI B 3a0NyKICHHE OJuUHAMU CUTHAJIOB
YaCTOTHBIX  JIOMEHOB. OJT0  o0bryHO B jutepatype IIOC, droObl  BHUAETH
uHcTpyKiuu(hopmynupoku) tuma: "D wmsmenser(3ameHsieT) TOYKy N curHajga JOMEHA
BpeMEHM B TOUYKy N CHUTHaja 4acTOTHOro JoMeHa." OTo - 4YTO  Kacaercs
KomniekcHozo(eewecmeennozo) 1D, rae kaxaas "Todka" - KOMIUIEKCHOE YUCIO (COCTOSIIEe
u3 peasbHOH M MHUMOHN dacteif). Iloka, Qokyc(leHTp BHHUMAaHHUS) HAINpaBlICH Ha H3yuyeHHE
peansHOTO(BemecTBeHHoro) 1D, TpyaHas MmaTeMaTHKa HAYHETCS JOCTATOYHO CKOPO.

The Frequency Domain's Independent Variable
Hes3aBucumas Ilepemennas Yacroruoro lomena

Figure 8-4 shows an example DFT with N=128. The time domain signal is contained in the
array: x[0] to x[127]. The frequency domain signals are contained in the two arrays: ReX[0] to
ReX[64], and Im X[0] to Im X[64]. Notice that 128 points in the time domain corresponds to 65
points in each of the frequency domain signals, with the frequency indexes running from 0 to 64.
That is, N points in the time domain corresponds to N/2+1 points in the frequency domain (not
N/2 points). Forgetting about this extra point is a common bug in DFT programs.

Ha pucynke 8-4 nokazan npumep HII® c N=128. Curnan nqoMeHa BpPEMEHU COLEPKUTCS B
maccuie: x[0] x x[127]. Curnanel 4aCTOTHOTO JOMEHA coAep)kaTcs B AByX MaccuBax: ReX[0] k
ReX[64], u ImX[0] x ImX[64]. OOpartute BHHMaHHE, 4TO 128 TOYEK B JIOMEHE BpEMEHU
COOTBETCTBYIOT 65 TOUKamM B KaXJIOM W3 CHUTHAJOB YacCTOTHOTO JIOMEHa, C YaCTOTHBIMHU
WHJeKcamu, BeinodHsomumucs ot 0 1o 64. To ects N ToYek B IOMEHE BPEMEHU COOTBETCTBYIOT
N/2+1 Toukam B 4YacTOTHOM jJoMmeHe (He N/2 Toukam)). YIylIeHHE OTHOCHUTEIBHO JTOTO

JIOTIOJTHUTEIBHOTO MyHKTA - 00bIYHas omnOka B mporpamMmax JAI1dD.
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The horizontal axis of the frequency domain can be referred to in four different ways, all of
which are common in DSP. In the first method, the horizontal axis is labeled from 0 to 64,
corresponding to the 0 to N/2 samples in the arrays. When this labeling is used, the index for the
frequency domain is an integer, for example, Re X[k] and Im X[k], where k runs from 0 to N/2 in
steps of one. Programmers like this method because it is how they write code, using an index to
access array locations. This notation is used in Fig. 8-4b.

lopu3oHTanpHash OCh YAaCTOTHOTO JOMEHA MOXET OBITh YIMOMSHYTa YETBHIPHbMS Pa3IUnIHBIMU
criocobamu, Bce u3 KoTophix 00bruHEI B [IOC. B mepBom MeToe, TOpr30HTaIBHAS OCh ITOMEUEHA
or 0 mo 64, coorBercTBys BbIOOpKamM 0 k N/2 B maccuBax. Korma 3To MapkupoBaHHE
WCITOJIB3YETCs, MHIEKC JJII YaCTOTHOTO JOMEHA - IIeJI0e 4ucio, Hanpumep, , ReX[k] n ImX[k],
rae k Bemonusercs ot 0 mo N/2 B marax onuH(emuHuna). IIporpaMMUCTBI MOAOOHO 3TOMY
METOJly, TOTOMY 4YTO TO, KaK OHM 3alMCHIBAIOT KOJ, MCIOJb3Yysl HHAEKC(yKa3aTellb, HOMED),
YTOOBI OOPATUTHCS K PACMIONIOKEHUAM MaccuBa. JTa cucTeMa 0003HauUEHH NCTIONIB3YETCs B PUC.

8-4b.
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FIGURE 8-4

Example of the DFT. The DFT converts the time domain signal, x[ ], into the frequency domain signals, ReX] | and
ImX][ ]. The horizontal axis of the frequency domain can be labeled in one of three ways: (1) as an array index that
runs between 0 and N/2, (2) as a fraction of the sampling frequency, running between 0 and 0.5, (3) as a natural

frequency, running between 0 and z. In the example shown here, (b) uses the first method, while (c) use the second
method.

PUCYHOK 8-4

[Mpumep AI1D. 1D npeoOpa3oBbIBacT CUrHaN JOMEHA BPEMEHH, X[ |, B CHUTHAJIBI 4YacTOTHOro JoMeHa, ReX[ | u
ImX[ ]. TopuzoHTa/IbHAasE OCh YaCTOTHOTO JIOMEHAa MOXKET OBITh MOMEYEHAOJHHM U3 Tpex crocoboB: (1) kak
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uHJeKc(HoMep?) MaccuBa, KOTOpbIi BbimosHsercss Mexay 0 m N/2, (2) kak ApoOb(moiis,yacTh) YacTOTHI
NOCBUIOK(BBIOOPOYHON 4YacToThl), BbimonHstomencs Mexay 0 wm 0.5, (3) kxak coOcTBeHHas(HaTypajibHasi,
coOCTBeHHas) yacTora, BeIIONHsIOmAsca Mexay 0 n z. B nmpumepe nokasanHoM 3xech, (b) HUCHONB3yeT NEpBBIH
METOJI, B TO BpPeMsI KaK (C) HCIOJIb3YIOT BTOPOW METOI.

In the second method, used in (c), the horizontal axis is labeled as a fraction of the sampling rate.
This means that the values along the horizonal axis always run between 0 and 0.5, since discrete
data can only contain frequencies between DC and one-half the sampling rate. The index used
with this notation is f, for frequency. The real and imaginary parts are written: ReX [f |Jand ImX [f
], where f, takes on f N/2+1 equally spaced values between 0 and 0.5. To convert from the first
notation, &, to the second notation, f, divide the horizontal axis by N. That is, f= k/N. Most of the
graphs in this book use this second method, reinforcing that discrete signals only contain
frequencies between 0 and 0.5 of the sampling rate.

Bo BTOpoM Merone, ucmonb3yeMoM B (C), TOPU3OHTAIbHAsT OCh MOMEYEHa KaK JpOoOb(mois,
YacTh) 4YACTOTHl BBIOOPKM(YACTOTHI JMCKPETHU3AIMU). ODTO O3HAYaeT, 4YTO 3HAYEHUS TI0
TOPU30HTAJILHOW OCH, Bcerja BbloiaHsAeMor Mexay 0 u 0.5, HaunMHasg ¢ AUCKPETHBIX JAHHBIX
MOTYT COJEPKaTh TOJNBKO YAaCTOTHI MEXAY MOCTOSHHBIM TOKOM(DC) ¥ TMONIOBHHONM YacTOTHI
BBIOOpKH(IUCKpeTH3aIun). MHAEKC, MCIOIb3yeMbIi C ATOW cUCTeMOW OOO3HAueHUU - f, aJd
4yacToThl. PeasibHble 1 MHUMBIC YacTH HamucaHbl: ReX [f u ImX [f ], rae f, npunumaer fN/2+1
paBHO pasznenbHbie 3HadeHuss Mexay O wm 0.5. IlpeoOpa3zoBbiBas W3 TEPBOH CHUCTEMBI
0003HaueHMH, k, K BTOpOI cucteMe 0003HauUCHHIH, f, eAT ropu3oHTanbHy10 ock N. To ectpb =
k/N. DBonpmuHCTBO TpaKOB B OSTOM KHUTE MCHOJB3YIOT O3TOT BTOpPOH METO,
yYKpeTisisi(yCUIIuBasi, yIpOUHss), YTO JUCKPETHBIE CUTHAJBI COIEPIKAT TOJBKO YaCTOTHI MexK Ty 0
u 0.5 9acTOTHI BEIOOPKU(TUCKPETHU3AITNH ).

The third style is similar to the second, except the horizontal axis is multiplied by 2z. The index
used with this labeling is o, a lower case Greek omega. In this notation, the real and imaginary
parts are written: ReX [0] and /mX [®], where o takes on N/2+1 equally spaced values between 0
and @. The parameter, o, is called the natural frequency, and has the units of radians. This is
based on the idea that there are 2z radians in a circle. Mathematicians like this method because it
makes the equations shorter. For instance, consider how a cosine wave is written in each of these
first three notations: using & : c[n | = cos(2 mkn/N), using fic[n] = cos(2nfn) and using w:c[n]=
cos(m n).

Tpetnii cTuap MOAOOEH BTOPOMY, KpOME T'OPHU30HTAJIBHONM OCH YMHOXEHHOH Ha 2m. WHpaekc,
WCTIONB3YEMBIN C 3TUM MAapKHUPOBAHHEM (0, CTpOYHAs Tpeueckas OykBa omeza. B 3Toli cucreme
0003HAYCHHI, pealbHbIE U MHHUMBIE YacTh HamucaHbl: ReX [w] u ImX [w], Toe ® TpUHUMaET
OJIMHAKOBO pa3zeiibHbIe 3HaueHus N/2+1 mexny 0 u w. [lapameTp, ®, Ha3pIBaeTCS COOCTBEHHOM
YacTOTOM, U M3MEpsEeTCA B paJuaHax. JTO OCHOBAHO Ha HJEE, YTO B KPYre COACPKUTCS 27
paauaH. MaTeMaTuku MOJOOHBI(CXOJHBI) ATOMY METOAY, MOTOMY YTO 3TO JIelaeT ypaBHEHUS
kopoue. Hampumep, paccMoTpuTe, Kak BOJHA KOCHHYCA HAlMCaHa B KaXXIOW W3 3TUX MEPBBIX
TpeX cucTeM 0o0O03HaYeHWH: ucnonb3ys k:c[n] = cos(2mkn/N), ucnionw3ys fic[n] = cos(2nfn) u
UCnonb3ys ®:c[n] = cos(wn).

The fourth method is to label the horizontal axis in terms of the analog frequencies used in a
particular application. For instance, if the system being examined has a sampling rate of 10 kHz
(i.e., 10,000 samples per second), graphs of the frequency domain would run from 0 to 5 kHz.
This method has the advantage of presenting the frequency data in terms of a real world
meaning. The disadvantage is that it is tied to a particular sampling rate, and is therefore not
applicable to general DSP algorithm development, such as designing digital filters.
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UYeTBepThlii METOJ COCTOMT B TOM, YTOObI MapKHUpOBaTh TOPH3OHTAJIBHYIO OCh B €IUHMIAX
AQHAJIOTOBBIX 4YacTOT, HCHOJb3yeMbIX B CHEIU(pUUYECKOM MpuiokeHud. Hampumep, eciu
uccienyemMas CUCTeMa HMMEET 4acTOTy BBIOOpKH(4yacToTy nuckpermsanuu) 10 kI (To ecTb,
10,000 BBIOOpPOK B CEKYHIY), TUarpaMmbl(rpaduku) 4acTOTHOTO AoMeHa padoTanu 061 oT 0 10 5
k[1. DTOT Meron HMMeeT NPEeHMYIIECTBO NPEACTABICHUS YAaCTOTHBIX MAHHBIX B TEpPMHUHAaX
peaNbHOr0 MHPOBOTO 3HaueHUsA(MEXIyHapoaHbIX enuHunax?). Hemoctatok - 1O, 4TO 3TO
CBSI3aHO €O crenu(puYecKor 4acTOTONW BHIOOPKU(AUCKPETU3ALMH), U TIOATOMY HE NMPHUMEHUMO K
Pa3BUTHIO TEeHEpaTbHOTO(yHUBEPCAIBHOTO, OOIIEro BHIA) anroputma  [IOC, TtHma
POEKTHPOBAHUS IIUPPOBBIX HUIHTPOB

All of these four notations are used in DSP, and you need to become comfortable with
converting between them. This includes both graphs and mathematical equations. To find which
notation is being used, look at the independent variable and its range of values. You should find
one of four notations: £ (or some other integer index), running from 0 to N/2; £, running from 0 to
0.5; o, running from 0 to &; or a frequency expressed in hertz, running from DC to one-half of an
actual sampling rate.

Bce atu ueThipe cucteMbl o003HaueHuii ucnonb3ytores B [IOC, u Bam gomxHO ctath ya100HBIMU
npeoOpa3oBaHWe MEXAY HUMHU. JTO BKIIOYACT M JAUArpaMMbI(TpaduKd) U MaTeMaTHYeCKue
ypaBHeHUsA. UToObI HaWTH, KOTOpas cucTeMa OOO3HAUYEHWW WCIOJb3YeTCsI, CMOTPUTE Ha
HE3aBHCHUMYIO TIEPEMEHHYIO U €€ Iuana30oH 3HaueHUW. Bl MOMKHBI HAUTH OJHY U3 YETHIPEX
cucteM o0o3HaueHUH: k (WM HEKOTOPBIN APYToM IENOYUCICHHBIM UHACKC), BBITTOJHSIOITUIACS
ot 0 no N/2; f, Bemonnstomieecss o 0 mo 0.5; ®, BeimonHstonwiics ot 0 10 7; WIKM YacToTa,
BbIp@XCHHAs] B Iepliax, BBINOJHSIOMIEMCS OT MOCTOSHHOTO TOKa /0 MOJIOBUHBI (PaKTHUECKON
Y4acTOThI BHIOOPKH(IUCKPETH3ALINN ).

DFT Basis Functions
basucubie @ynkuuu 11D

The sine and cosine waves used in the DFT are commonly called the DFT basis functions. In
other words, the output of the DFT is a set of numbers that represent amplitudes. The basis
functions are a set of sine and cosine waves with unity amplitude. If you assign each amplitude
(the frequency domain) to the proper sine or cosine wave (the basis functions), the result is a set
of scaled sine and cosine waves that can be added to form the time domain signal.

Bonuel cuHyca u KocuHyca, ucrnonb3dyembie B J[[I® 00bYHO HA3BIBAIOTCS 0a3HCHBIMU
¢pynxmuavu 11D, JIpyrumu cinoBamu, npoaykuus(seixox) JIID - nabop umcen, KoTopsle
NPEJCTaBISIIOT aMIUIUTYbl. basucHeie ¢GyHKIuM - HaOOp BOJH CHHyca U KOCHHyca C
amumutyoi enuHuibl. Ecnu Bel HazHadaere KaXAyH aMIUIUTYQy (YacTOTHBIA JOMEH) K
HaJUIeKaled BOJHE CHHYCa WM KOcWHyca (0Oa3ucHOW (GyHKIHMH), pe3yiabTaT - Habop
MacCIITaA0UPYEMBIX BOJIH CHHYCa U KOCHUHYCa, KOTOpPbIE MOTYT OBITH CJIOXKEHBI, YTOOBI
c(hOopMHPOBATH CUTHAJI IOMEHA BPEMEHHU.

The DFT basis functions are generated from the equations:
bazucueie ¢pynkiuu 1P creHeprupoBaHbl ypaBHEHUSIMH:
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EQUATION 8-1 . o
Equations for the DFT basis functions. In oy [f] = Ccos( 2nki/N)
these equations, ¢[/] and s, [i] are the

cosine and sine waves, each N points in

length, running from i= 0 to ¥-1. The e s
parameter, &, determines the frequency of Sy [-f] = sin(2nki/N)

the wave. In an N point DFT, & takes on
values between 0 and V2.

EQUATION 8-1

Equations for the DFT basis functions. In these equations, ck[i] and sk[i] are the cosine and sine waves, each N
points in length, running from i=0 to N-I. The parameter, k, determines the frequency of the wave. In an N point
DFT, k takes on values between 0 and N/2

YPABHEHIE 8-1.

VYpauenust jis 6asucHbix Qynkuuii JI[1®. B atux ypaBHenusix, ck[i] u sk[i] - BOIHBI KOCHHYCA U CUHYyCA, KQXKIOH
Toukd N B JnuHe, BeIMOHsOIEHCs ot (=0 1o N-1. [lapametp, k, onpezenser yactoTy BosHbl. B N Toukax JT1D, &
NpUHUMaeT 3HadeHust Mexay 0 u N/2

where: ck[i] is the cosine wave for the amplitude held in ReX[k], and sk[ ] is the sine wave for the
amplitude held in Im X[k]. For example, Fig. 8-5 shows some of the 17 sine and 17 cosine waves
used in an N-32 point DFT. Since these sinusoids add to form the input signal, they must be the
same length as the input signal. In this case, each has 32 points running from =0 to 31. The
parameter, k, sets the frequency of each sinusoid. In particular ¢;[ ], is the cosine wave that
makes one complete cycle in N points, cs[ ] is the cosine wave that makes five complete cycles in
N points, etc. This is an important concept in understanding the basis functions; the frequency
parameter, k, is equal to the number of complete cycles that occur over the N points of the signal.

I'ne: ck{ ] - BosiHa KOocHHYca Ui aMIUIUTY/bI, MOA/IepKaHHOM(ynoBieTBopstomeit) ReX[k] u —
sk[ ] BonmHa cuHyca A aMIUIMTYAbl, IpoBeAeHHON(oanepxannoil) B ImX[k]. Hanpumep, puc.
8-5 moka3bIBaeT 4acThb(HEKOTOphIe) U3 17 BomH cuHyca U 17 BOJIH KOCHHYycCa UCHONB3ys N-32
touek B JIII®. Tak kak 3TH CUHYCOMJIbI cllaratoT (POPMUPYEMBIII BXOJTHOM CUTHAN, OHU JOJIKHbI
OBITh TOHM kK€ caMOl OiuHbl KaK BXOAHOW curHai. B 3Tom cimyuae, Kaxkaplii umeeT 32 TOYKH,
BeinonHsttonuecs ot (=0 go 31. [lapamerp, &, ycTaHaBIMBaeT 4acTOTy KaXKI0¥W cuHycounbl. B
4acTHOCTH cl[ ], sBIsieTcs BOJIHOM KOCHHYCa, KOTOpas JeslaeT oouH MOMHBINA HuKi(nepuon) B N
TOYKaX, c¢5[ | - BOJHA KOCHHYCA, KOTOpas IeNAeT nsAmb TOJHBIX NUKIOB(IIEpHUoI0B) B N TOUKaX,
U T.A. OTO - BaKHas KOHLEMIMS B MOHMMaHUU Oa3MCHBIX (PyHKIUS; YaCTOTHBIA mapamerp, k,
SIBJIIETCS PAaBHBIM YHCIy TOJIHBIX IMKJIOB(IIEPUOAOB), KOTOpPbIE MPOUCXOIAT MO N TOUKaM
CUTHaJA.
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FIGURL 8-3
DFT basis functions, A 32 point DFT has 17 discrete cosine waves and 17 discrete sine waves for
its basis functions, Eight of these are shown in this figure. These are discrete signals: the continuous

lines are shown in these graphs only to help the reader's eve follow the waveforms.

PUCYHOK 8-5
Bbazucueie pynkiun A, 32 touku AIID nmeroT 17 QUCKpeTHBIX BOJH KOCHHYCA U 17 IUCKPETHBIX BOJH CHHYycCa

Jutst ero 0asucHbIX (QyHKIMi. BoceMpb M3 HUX ITOKa3bIBAIOTCS B 3TOM PHCYHKE. J[MCKpETHBIE CHTHANBI; TIOKa3aHbl Ha
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3TUX rpaqwu(ax HEMNPCPBIBHBIMU JIMHUAMUA TOJIBKO JJIA TOTO, YTOOEI TOMOYb rj1a3y uyurTareiisd CJICea0BaTh 3a q)OpMaMI/I
BOJIHBI.

Let's look at several of these basis functions in detail. Figure (a) shows the cosine wave This is a
cosine wave co[ ] of zero frequency, which is a constant value of one. This means that Re X[0]
holds the average value of all the points in the time domain signal. In electronics, it would be
said that Re X[0] holds the DC offset. The sine wave of zero frequency, so[ ] is shown in (b), a
signal composed of all zeros. Since this can not affect the time domain signal being synthesized,
the value of Im X[0] is irrelevant, and always set to zero. More about this shortly.

JlaBaiiTe paccMOTPUM HECKOJIBKO W3 3TUX Oa3ucHbIX (QyHKIMA moapoOHo. PucyHok (a)
MIOKa3bIBAET KOCHHYC BOJHBI, 3TO SIBISIETCA B KOCHHYCOM BOJIHBI Cg[ | HYJIEBOH 4aCTOTBI, KOTOpast
ABIISIETCS. KOHCTAHTOW 3HAYEHUEM equHHIA. JTO o3HadaeT, uro Re X[0] comepkuT cpennee
3HAYCHHUI BCEX TOYEK B CHTHAJE JJOMEHa BpeMeHHU. B anexkTpoHuke, ckazanoch Obl uTo ReX[0]
COJICPKUT cMellleHHe MOcTOAHHOro Toka(cMmeienne DC). CuHyc BOJIHBIA HYJIEBOM YacTOTHI,
so[ ] mokazanubiii B (b), CHUTHaJ, COCTaBIEHHBI M3 BceX HyJed. Tak Kak 3TO HE MOXKET
3aTparuBaTh CHHTE3MPYEMbIi CUTHANl JOMEHA BpeMeHH, 3HadeHue /m X[0] HecooTBeTCTBYIOIIEE,
M BCET/Ia yCTAaHABIIMBATh HA HyJIb. BOJIbIIIE OTHOCHTEIBHO 3TOTO BCKOPE.

Figures (¢) & (d) show c;[ | & s2[ ], the sinusoids that complete two cycles in the N points.
These correspond to Re X[2] & Im X[2], respectively. Likewise, () & (f) show cjo[ ] & s10[ ] the
sinusoids that complete ten cycles in the &, points. These sinusoids correspond to the amplitudes
held in the arrays ReX[10] & Im X[10]. The problem is, the samples in (e) and (f) no longer /ook
like sine and cosine waves. If the continuous curves were not present in these graphs, you would
have a difficult time even detecting the pattern of the waveforms. This may make you a little
uneasy, but don't worry about it. From a mathematical point of view, these samples do form
discrete sinusoids, even if your eye cannot follow the pattern.

Pucynku (c) u (d) mokasbIBaroT c;[ | U sz |, 3TU CHHYCOHIbI 08a MONMHBIX HUKIA(Tieproaa) B N
toukax. OHU COOTBETCTBYIOT(3anuckiBatoTcs) Re X[2] u Im X[2], COOTBETCTBEHHO. AHAJIOTUYHO,
(e) u (f) mokaszwiBatOT cio[ | ¥ S10[ | CHHYCOMABI YTO MOJIHBIE AECATH HUKJIOB(NEPUOAOB) B N,
TOYEK. OTH CHHYCOHJBI COOTBETCTBYIOT aMIUTUTYAaM, HpPOBEACHHBIM(TIOAIEPKAHHBIM) B
maccuBax Re X[10] u Im X[10]. Ilpo6nema, BbiOOpku B (€) u (f) Oonblie He Hanomunarom
KOCHHYC W CHHYC BOJHBI. Ecnu Obl HempephIBHBIE KPUBBIE HE OBUIM TPEACTABICHBI B JTHX
rpagukax, Bam Obu1o Ob TpyJHO TOYHO OOHApPYKUTH(YBHUIETH) oOpasel (GOpMbI BOIHBL. ITO
MOXET JieiaTh Bam HEMHOro HEmpocTo, HO HE BOJHYHTeCh OTHOCHUTENbHO »dTOoro. C
MaTeMaTHYECKON TOYKU 3PEHUs, TH BHIOOPKH (POPMUPYIOT TUCKPETHBIE CUHYCOHIBI, 1aXKe €CIIU
BaIll TJIa3 HE MOKET CJIEIOBATh 32 00PA3IIOM.

The highest frequencies in the basis functions are shown in (g) and (h). These are cyp[ ] & snz[ |
or in this example, cj6] ] & s16[ ]. The discrete cosine wave alternates in value between 1 and -1,
which can be interpreted as sampling a continuous sinusoid at the peaks. In contrast, the discrete
sine wave contains all zeros, resulting from sampling at the zero crossings. This makes the value
of Im X[N/2] the same as Im X[0], always equal to zero, and not affecting the synthesis of the
time domain signal.

Campble BBICOKHE 4acTOThI B 0asucHbIX (yHKIusAX mokasbBaiorcs B (g) u (h). Ouu - cyp[ | 1
Syp[ ] wm B aTOM TIpuUMEpe, Ci6[ | & S16[ ]. JUCKpeTHBIE BOJIHBI KOCUHYCA U3MEHSIOT 3HAYCHHS
Mexay 1 u -1, KOTopoe MOXKET HMHTEPIPETUPOBATHCS KaK OCYIIECTBICHHE BBIOOPKHU
HENPEPBIBHON CHHYCOM[IBI B nukax. HampoTuB, TUCKpETHAs] BOJTHA CHHYCA COJIEPKUT BCE HYIIH,
cJemys, MPOU3BOS BEIOOPKHU MPH HYJIEBBIX NEPECEUCHUsIX. DTO Aenaet 3HaueHue [m X[N/2] tem
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ke cambIM Kak [m X[0], Bcerga paBHbIM HYJIIO, M HE BO3ACHCTBYIOIIUM(HE UMEIOIIUM BIIUSHHS)
Ha CUHTE3 CUTHaJla JIOMEHA BPEMEHH.

Here's a puzzle: If there are N samples entering the DFT, and N+2 samples exiting, where did the
extra information come from? The answer: two of the output samples contain no information,
allowing the other N samples to be fully independent. As you might have guessed, the points that
carry no information are /m X[0] and /m X[N/2], the samples that always have a value of zero.

Nmeercs mpobnema: Ecnu mmerorcs N BeiOopok BBoga /AIID, m N+2 BbIOOpOK BBIXOAA,
rae(0TKya) IOMOJIHATENbHAas uHpopManus ucxoawia? OTBET: JBE W3 BBHIOOPOK BBIXOJA He
colepKaT HUKakoi wuHpopManuu, mo3BOJAA JApYyruM N BBIOOpKaM OBITH IOJHOCTBIO
He3aBUCUMBIMH. [Tockobky Bbl MOTTIH OBI TIPEATIONIOKNTE, TOYKH, KOTOPBIE HE HECYT HUKAKOM
unpopmanuu - Im X[0] u Im X[N/2], BBIOOpKH, KOTOPBIE BCET1a UMEIOT 3HAYCHHUE HYIIS.

Synthesis, Calculating the Inverse DFT
Cunre3, Borunciaenne Qoparnoro 11D

Pulling together everything said so far, we can write the synthesis equation:
[Tepemenienue, BMecTe Bce CKa3ajo MOKa, MbI MOXKEM 3alucaTh YpaBHEHHE CHHTE3a:
(qu/ITBIBaSI CKa3aHHOE, Mbl MOJXEM 3IIHCATh ypaBHeHHe CHHTE32):

x[i] z ReX [k] cos(2mki/N) + Z .’:JT‘([H sin{ 2mki/N)

ke
EQUATION 8-2
The synthesis equation. In this relation, x[7] is the signal being synthesized, with the index, 7, running from 0 to N-1.

S WAL i e V[T hold the amplitudes of the cosine and sine waves, respectively, with & running from 0 to N/2.
Equation 8-3 provides the normalization to change this equation into the inverse DFT.

YPABHEHUE 8-2
VYpaBHeHue cuHTe3a. B 3TOM OTHOIIEHUH, X[i] - CHHTE3UpYEMBI CHTHAJI, C HHAEKCOM I, BRITOJHsomuiics ot 0 10

N-1. J MR and Re V8] ppoposT(nepkar) aMIUITYZBI BOIH KOCHHYCa M CHHYCA, COOTBETCTBEHHO, ¢ K,
BeinonHsommMes ot 0 1o N/2. Ypasuenue 8-3 obecreunBacT HOPMAaIHM3ALUI0 YTOOBI M3MEHHUTH(3aMEHHTD) 3TO
ypaBHeHue B obpatHoe J([1D.

In words, any N point signal, x[i], can be created by adding N/2+1 cosine waves and N/2+1 sine
waves. The amplitudes of the cosine and sine waves are held in the arrays 741 amd Sed]d]
respectively. The synthesis equation multiplies these amplitudes by the basis functions to create
a set of scaled sine and cosine waves. Adding the scaled sine and cosine waves produces the time
domain signal, x[7].

B cnosax, mobas Touka N curHana x[i], MOXKeT ObITh co3faHa, npubaBiss N/2+1 BOJHBI
KocuHyca u  N/2+1 BomHBI CHHyca. AMIUIMTYZbl BOJH KOCHHYca UM CHHyca
npoBeaeHbI(oanepxanbl) B Maccupax AL and B AR coorpeTcTBEHHO. VpaBHEHME cuHTE3a
YMHOXKaeT 3TH aMIUIMTYyJbl Ha Oa3ucHBbIE (YHKLIUHU, YTOOBI cO37aTh HAOOp MacIITaOUpyeMbIX
BOJIH CHHYCA U KocuHyca. Jlo0aBIeHre MacIITabupyeMbIX BOJIH CHHYCA M KOCHHYCA IIPOM3BOIUT
CUTHAaJI JOMEHA BPEMEHHU, X[i].

In Eq. 8-2, the arrays are called " *[#l and Re Xl rather than Im X[k] and Re X[k]. This is

because the amplitudes needed for synthesis (called in this Re X[k] discussion: *# 1#] and Je A [k
are slightly different from the frequency domain of a signal (denoted by: Im X[k] and Re X[k]).
This is the scaling factor issue we referred to earlier. Although the conversion is only a simple
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normalization, it is a common bug in computer programs. Look out for it! In equation form, the
conversion between the two is given by:

B ypaBHeHnnu 8-2, MaccuBbl HazpiBafoTcs -4 4] snd HeXIA] cxopee wem Im X[k] u Re X[k]. Dro -
TO, TMOTOMY YTO aMHAUMYObl, HeoOXoOoumvle Oas cuHme3a (BBI3BABIIUE AITO OOCYXKIEHHUE:

fa JE] and Re VAN crerka oTnmMuaroTes OT cucHana uacmommozo Oomena (0003HAYEHHOTO: Im
X[k] n Re X[k]). D10 - mpobnema kodddunuenta(paxropa) MacmTabupoBaHus, KOTOPYIO MbI
YIOOMSHYJIM paHee. XOTs MpeoOpa3oBaHHWE - TOJNBKO MPOCTas HOpMalM3auus, 3TO -
o6mas(o0pryHas) omuoOKa B KOMITBIOTEPHBIX MTporpammax. Mmerite sto BBUy! [IpeobpasoBanue
MEXY ATUMU JABYMSI(MEXIy HUMH) JaeTcsi B pOpMe ypaBHEHHUS:

EQUATIONS 8-3 ==
Conversion between the sinusoidal amplitudes and the frequency domain Re X “f ] ,
values. In these equations, “**14l and " %18 hold the amplitudes of the N72
cosine and sine waves needed for synthesis, while Re X[k] and Im X[k] hold

the real and imaginary parts of the frequency domain. As usual, N is the 1 fmX [ff ]
number of points in the time domain signal, and £ is an index that runs from ImX k] - T
0 to N/2. :

ReX [k]

YPABHEHMUA 8-3
[TpeoOpa3oBaHue MeXAy CHHYCOWAAIBHBIMH aMIUTUTYIAMH U 3HAUEHMsIMH  EXCEM foir fwe special cases:

4acTOTHOr0 JoMeHa. B »stux ypaBHeHusix, L4l g hin g4 = ReX [ﬂ]
NPOBOAAT(JEpKaT) aMILIMTYbl BOJH KOCHHYCa M CHHYCa, HEOOXOIMMBIX Re X ['ﬂ] = -
IUIA CHUHTe3a, B TO BpeMs kak Re X[k] wu Im X[k] mpoBomar(mepxar) N

peanbHbie(BEIIECTBEHHBIE) U MHHMBIC YacTH YacTOTHOro jgomena. Kax

00bI4HO, N - YHCJIO TOYEK B CHUTHAJE JOMEHA BPEMEHU, U k - HHJCKC, R f [,\, .2] Re X l_.-‘\,-_,.-ZJ
> . A/ _

KOTOpPBIN BoITIONHsETCS OoT 0 10 N/2. €A | \

Suppose you are given a frequency domain representation, and asked to synthesize the
corresponding time domain signal. To start, you must find the amplitudes of the sine and cosine
waves. In other words, given Im X[k] and Re X[k], you must find ‘#-*{&1 il #e X5 Equation 8-3
shows this in a mathematical form. To do this in a computer program, three actions must be
taken. First, divide all the values in the frequency domain by N/2. Second, change the sign of all
the imaginary values. Third, divide the first and last samples in the real part, Re X[0] and Re
X[N/2], by two. This provides the amplitudes needed for the synthesis described by Eq. 8-2.
Taken together, Eqs. 8-2 and 8-3 define the inverse DFT.

[Ipennonoxum, Bam naiT mnpencraBieHHE YacTOTHOTO JOMEHA, U MPOCIT CUHTE3UPOBATH
COOTBETCTBYIOIIMI CHTHAJ JOMEHa BpeMeHU. UToObl HavyaTh, BBl JOKHBI HAUTH aMILTUATY bl
BOJIH KOocuHyca U cuHyca. Jpyrumu cinoBamu, naetrcs Im X[k] u Re X[k], Bel no/KHBI HalTH
fm ATEL aned Re ARl Vpapnenne 8-3 mpencTaBiseT 9TO B MaTeMaTHUeCKoit Gpopme. UToObl aenath
ATO B KOMIIBIOTEPHOM TMporpamme, JOJKHBI ObITh PUHATHI TpU AeicTBUs. Bo mepBbIx, penure
BCE 3HAYEHUS B 4aCTOTHOM JoMeHe N/2. Bo BTOpBIX, H3MEHUTE 3HAK BCEX MHHUMBIX 3HAUCHU.
Tpetbe, genuTe TIEPBHIC U TIOCJICIHNE BEIOOPKH B BellecTBeHHON YacTh, Re X[0] u Re X[N/2], Ha
IBa. DTO o0ecreurnBaeT aMILUIUTYIbl HEOOXOIMMBIE ISl CHHTE3a, OMMCAaHHOTO ypaBHEHUEM 8-2.
B3steie BMecTe, ypaBHeHUs 8-2 u 8-3 onpenensitoT ooparHoe [I1D.

The entire Inverse DFT is shown in the computer program listed in Table 8-1. There are two
ways that the synthesis (Eq. 8-2) can be programmed, and both are shown. In the first method,
each of the scaled sinusoids are generated one at a time and added to an accumulation array,
which ends up becoming the time domain signal. In the second method, each sample in the time
domain signal is calculated one at a time, as the sum of all the corresponding samples in the
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cosine and sine waves. Both methods produce the same result. The difference between these two
programs is very minor; the inner and outer loops are swapped during the synthesis.

[Tomroe OGpathsiii 1P moka3zaHo B KOMIBIOTEPHON IporpamMme, MOKa3aHHOW B Ta0muie 8-1.
Nmerotcss aBa  mytu(crmocoba), KOTOpbIMH  cUHTe3 (ypaBHeHHE §-2) MOXeT ObITbh
3amporpaMMHpoBaH, W o0a TMoka3aHbl. B mepBoM MeTone, Kaxkgas M3 MaclITaOUpyeMBbIX
CUHYCOHWJI CIeHEpUpOBaHA MO OJHONW u J00aBleHa K MAacCHBY HAKOIUICHUW, KOTOPBIH,
3aKaHYMBAasICh, CTAHOBUTCSI CUTHAJIOM JJOMEHa BpeMeHU. Bo BTopoM meToze, Kaxaast BbIOOpKa B
CUTHAJIE JOMEHa BPEMEHM paccuMTaHa OJHOBPEMEHHO, KaK CyMMa BCEX COOTBETCTBYIOIIMX
BBIOOPOK B BOJIHaX KOCHUHYCa U CHHYCA.
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100 " OBPATHOE JJMICKPETHOE ITPEOGPA30OBAHUE ®YPLE
110 'The time domain signal, held in XX[ ], is calculated from the frequency domain signals,
120 'held in REX[ ] and IMX[ ].

130"

140 DIM XX[511] 'XX[ ] holds the time domain signal

150 DIM REX[256] 'REX[ ] holds the real part of the frequency domain

160 DIM IMX][256] 'IMX] ] holds the imaginary part of the frequency domain

170"

180 PI =3.14159265 'Set the constant, PI

190 N% =512 "'N% is the number of points in XX[ ]

200"

210 GOSUB XXXX 'Mythical subroutine to load data into REX][ ] and IMX] ]

220"

230

240" 'Find the cosine and sine wave amplitudes using Eq. 8-3

250 FOR K% =0 TO 256

260 REX[K%] = REX[K%] / (N%/2)
270 IMX[K%] = -IMX[K%] / (N%/2)
280 NEXT K%

290"

300 REX[0] = REX[0] /2
310 REX[256] = REX[256] /2

320"
330"

340 FOR 1% =0TO 511 'Zero XX ] so it can be used as an accumulator
350 XX[1%] =0

360 NEXT 1%

370"

380 'Eq. 8-2 SYNTHESIS METHOD #1. Loop through each

390 ' frequency generating the entire length of the sine and cosine
400 ' waves, and add them to the accumulator signal, XX[ ]

410"

420 FOR K% =0 TO 256 'K% loops through each sample in REX[ ] and IMX] ]
430 FOR I% =0TO 511 '1% loops through each sample in XX[ ]

440"

450 XX[1%] = XX[1%] + REX[K%] * COS(2*PI*K%*1%/N%)
460 XX[1%] = XX[1%] + IMX[K%] * SIN(2*PI*K%*1%/N%)

470"

480 NEXT 1%
490 NEXT K%

500

510 END

380
390
400
410"

AJbTepHATHBHBIN K01 AJs cTpok oT 380 x0 510
' Vpasuenue 8-2 METO/] CUHTE3A #2. Loop through each
' sample in the time domain, and sum the corresponding
' samples from each cosine and sine wave

420 FOR I% =0TO 511 'I% loops through each sample in XX] ]
430 FOR K% =0TO 256 'K% loops through each sample in REX] ] and IMX] ]

440"

450 XX[1%] = XX[1%] + REX[K%] * COS(2*PT*K%*1%/N%)
460 XX[1%] = XX[1%] + IMX[K%] * SIN(2*PI*K%*1%/N%)

470"

480 NEXT K%
490 NEXT 1%

500"

510 END
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TABJINIIA 8-1
Time Domain Frequency Domain
1) T T A0 T T T
| a. The time domain signal | | k. Re X[ ] (the frequency domain) |

;=
o
=

Lk
Lt
=

Amplitude

=]
Amplitude

ka3
=

10

=

it ] 6 24 £ 0 4 ] 12 16
Sample number Frequency sample number
Eq. 8.2 Eg. 83
3 =| I I

| ¢, Re X[ ] (cosime wave amplhitudes) |

L= -1 -u-—-u-u—5--0-8-N

Amplitude

1.0
0 4 & 12 I
Frequency sample number

FIGURE 8-6

Example of the Inverse DFT. Figure (a) shows an example time domain signal, an impulse at sample zero with an amplitude of
32. Figure (b) shows the real part of the frequency domain of this signal, a constant value of 32. The imaginary part of the
frequency domain (not shown) is composed of all zeros. Figure(c) shows the amplitudes of the cosine waves needed to
reconstruct (a) using Eq. 8-2. The values in (c) are found from (b) by using Eq. 8-3.

PUCYHOK 8-6

[Mpumep O6GpartHoro(museptupoBanuoro) JII®. PucyHok (a) mokassiBaeT NpUMEp CUTHala JIOMEHAa BpPEMEHH,
AMITYJIbC B BEIOOpKE HYNb ¢ ammumaTynoi 32. Pucyrnok (b) moka3siBaeT BENIECTBEHHYIO YaCTh YaCTOTHOTO JTOMEHA
3TOTO CUTHaja, IIOCTOSIHHOE 3HaueHne 32. MHMMas 4acTh 9aCTOTHOTO JOMEHa (HE MOKa3aHa) COCTABJIEHA U3 BCEX
HyJnel. PUCYHOK (C) MOKa3bIBaeT aMIUTHTY/IBI BOJIH KOCHHYCA, HEOOXOAMMBIX, YTOOBI BOCCTAHOBHTH (@), MCIIONB3YS
ypaBHeHue 8-2. 3nadenus B (¢) HaiiaeHsl ot (b), UCmoNb3ys ypaBHeHuUe 8-3.

Figure 8-6 illustrates the operation of the Inverse DFT, and the slight differences between the
frequency domain and the amplitudes needed for synthesis. Figure 8-6a is an example signal we
wish to synthesize, an impulse at sample zero with an amplitude of 32. Figure 8-6b shows the
frequency domain representation of this signal. The real part of the frequency domain is a
constant value of 32. The imaginary part (not shown) is composed of all zeros. As discussed in
the next chapter, this is an important DFT pair: an impulse in the time domain corresponds to a
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constant value in the frequency domain. For now, the important point is that (b) is the DFT of
(a), and (a) is the Inverse DFT of (b).

Pucynok 8-6 mmmoctpupyetr onepanuto O6patHoro(nueptupoBanHoro) JIID, u nebGonpmue
pazIuYHs MKy YACTOTHBIM JIOMEHOM M aMIUTUTYJaMH, HEOOXOAUMBIMU JJIsl CUHTe3a. PucyHok
8-6a - mpuMep CUTHAJIa, KOTOPBIM MBI JKE€JIaéM CHHTE3MPOBATh, UMITYJbC B BBIOOPKE HYJb C
amruTyaoi 32. PucyHok 8-6b mokas3pIBaeT 4acTOTHOE MPEJCTABICHHUE JOMEHA 3TOTO CUTHAJA.
BemecTBeHHass 4acTh 4aCTOTHOTO JIOMEHA - IOCTOSIHHOE 3HaueHuWe 32. MHumas 4acth (He
MOKa3aHa) COCcTaBlieHa U3 BceX Hynei. Kak o0cyk/IeHo B cleAylomel TliaBe, 3To - BaXKHAS napa
JAII®: umnynbc B JOMEHE BPEMEHH COOTBETCTBYET ITOCTOSSHHOMY 3HAUYCHHIO B YaCTOTHOM
nomene. Iloka, BaxHbli MyHKT - TOT (b) - JIID (a), u (a) — Obpammuviii(uneepmuposanHulii)
D (b).

Equation 8-3 is used to convert the frequency domain signal, (b), into the amplitudes of the
cosine waves, (c). As shown, all of the cosine waves have an amplitude of fwo, except for
samples 0 and 16, which have a value of one. The amplitudes of the sine waves are not shown in
this example because they have a value of zero, and therefore provide no contribution. The
synthesis equation, Eq. 8-2, is then used to convert the amplitudes of the cosine waves, (b), into
the time domain signal, (a).

VYpaBHenue 8-3 wucmonb3yercs, 4TOOBI TpeoOpazoBaTh cHUTHAN JoMeHa 4acToTel, (b), B
aMIUIMTYAbl BOJIH KOcHHYca, (¢). Kak mokazaHo, Bce BOJIHBI KOCHHYCa UMEIOT aMIUIUTYAY 06d,
uckmouas BEIOOpkH 0 u 16, KOTOpble UMEIOT 3HAYCHUE eOuHuya. AMILTUTYAbI BOJIH CHHYyCa HE
MOKA3bIBAIOTCS B 3TOM IIPUMEpE, TOTOMY UYTO OHU MMEIOT 3HAaUEHHE HYJIsI, U IO3TOMY HE BHOCST
HUKaKoro BKJaJa. YpaBHEHHWE CHUHTE3a, ypaBHEHHE §-2, TOrJa HCIOIb3yeTCs, YTOOBI
npeoOpa3oBaTh aMILTATYAbI BOJIH KOCHHYca, (b), B CHTHAJ IOMEHA BpEMEHH, (a).

This describes how the frequency domain is different from the sinusoidal amplitudes, but it
doesn't explain why it is different. The difference occurs because the frequency domain is
defined as a spectral density. Figure 8-7 shows how this works. The example in this figure is the
real part of the frequency domain of a 32 point signal. As you should expect, the samples run
from O to 16, representing 17 frequencies equally spaced between 0 and 2 of the sampling rate.
Spectral density describes how much signal (amplitude) is present per unit of bandwidth. To
convert the sinusoidal amplitudes into a spectral density, divide each amplitude by the bandwidth
represented by each amplitude. This brings up the next issue: how do we determine the
bandwidth of each of the discrete frequencies in the frequency domain?

DTO OMHCHIBACT, KAK YACTOTHBIN JIOMEH OTJIMYAETCS OT CUHYCOUAAIBHBIX aMIUIMTY, HO 3TO HE
OOBSCHSICT, nouemy 3TO Pa3NU4HO. Pa3HOCTh MPOMCXOIUT, MOTOMY YTO YACTOTHBIM JOMEH
OTpeNieNieH KaK CHeKTpajbHas MIoTHOcTh. Ha pucynke 8-7 mokazaHo, Kak 3TO padoTaer.
[Ipumep B 3TOM pHCYHKE - BEUIECTBEHHAs 4acThb YaCTOTHOI'O JIOMEHa M3 32 TOYEK CUTHAaJA.
[Tockonbky BbI JOMKHBI 0XHIaTh, BBIOOPKH, BBIMTONHEHHBIE oT O g0 16, mpencraBisror 17
YacTOT, OIMHAKOBO pa3fenbHbIX Mexay 0 u '/, u3 wacToTHI BBIOOPKU(YACTOTHI JUCKPETU3ALINH).
CnexmpanvHas niomHoCcms OTMCHIBAET, CKOJIBKO CUTHAjA (aMIUTUTY/T) IPUCYTCTBYET HA MOOYIb
wupunvl  nonocel yacmom. UYUToObl TNPeoOpa3OBBIBATH CHHYCOMJATbHBIE AMIUTUTYIbl B
CIIEKTPAJIbHYI IUIOTHOCTb, JACJIHUTE KAXKAYH aMIUINTYJly Ha I[IHPHUHY MOJIOCHl YacToT,
MPEJCTAaBICHHYI0 KXKIOW aMIUTUTYAOW. DTO TMOAHMMAET CIEIYIONIyI0 MpOoOieMy: KaK Mbl
ompeessieM MTUPHUHY MOJIOCHI YaCTOT KaXXI0M U3 JUCKPETHBIX YaCTOT B YACTOTHOM JIOMEHE?

As shown in the figure, the bandwidth can be defined by drawing dividing lines between the
samples. For instance, sample number 5 occurs in the band between 4.5 and 5.5; sample number
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6 occurs in the band between 5.5 and 6.5, etc. Expressed as a fraction of the total bandwidth (i.e.,
the N/2), bandwidth of each sample is 2/N. An exception to this is the samples on each end,
which have one-half of this bandwidth, 1/N. This accounts for the 2/N scaling factor between the
sinusoidal amplitudes and frequency domain, as well as the additional factor of two needed for
the first and last samples.

Kak mokazaHo Ha pUCyHKE, MIMPHHA IOJIOCHI YacTOT MOXET OBITh OMpE/CNICHa, BBIYCPUUBAS
pazaenurenbHble IMHUU MEXIy BbliOopkamu. Hanmpumep, naras BbIOOpKa MPOUCXOIUT B MOJIOCE
Mexay 4.5 u 5.5; mecras BRIOOpKa MPOUCXOIUT B TIOJIOCE MEXKAY 5.5 1 6.5, u T.11. BeIpaxkeHHBIM
KakK JIpoOb(1oiist, hpakiysi) MOJTHON MIUPHUHBI TIOJIOCHI YacTOT (TO ecTh, N/2), MHMpPHUHA TOJIOCHI
4acTOT KaxJ0i BBIOOpKH - 2/N. BbIpakeHHBIM Kak JApOOB(I0Js) MOJHOW IIUPUHBI MOJOCHI
4acToT (TO ecTh, N/2), IIUPHHA TIOJIOCHI YaCTOT KaxJa0u BBIOOpKH - 2/N. UckimroueHue K dTomy -
BBIOOPKH HA KaXKIOM KOHIIE, KOTOPhIE WUMEIOT MOJOBHHY 3TON IIWPHHBI MOJOCH 4acToT, 1/N.
D10 00BsicCHSET MacmTadupyomui kodddumueHT(dakrop) 2/N MEXITy CHHYCOWIATbHBIMHU
aMIUTATY 1aMU u YaCTOTHBIM JIOMEHOM, TaKKe Kak JOTIOTHUTEITHHBIM
kod(purmenTom(pakTopom) 1Ba, HEOOXOAUMBIM JIJIS1 IEPBOM U MTOCIICTHEH BHIOOPOK.

Why the negation of the imaginary part? This is done solely to make the real DFT consistent
with its big brother, the complex DFT. In Chapter 29 we will show that it is necessary to make
the mathematics of the complex DFT work. When dealing only with the real DFT, many authors
do not include this negation. For that matter, many authors do not even include the 2/N scaling
factor. Be prepared to find both of these missing in some discussions. They are included here for
a tremendously important reason: The most efficient way to calculate the DFT is through the
Fast Fourier Transform (FFT) algorithm, presented in Chapter 12. The FFT generates a
frequency domain defined according to Eq. 8-2 and 8-3. If you start messing with these
normalization factors, your programs containing the FFT are not going to work as expected.

[Toyemy oTpurianue MHUMOM 4YacTu? DTO CACIAHO UCKIIOUUTEIHHO, YTOOBI JENaTh pedabHblil
JII® coBMeCTUMBIM C ero Oonbmmum(ctapmum) Oparom, komniekchvim JJI1D. B rinaBe 29 Mbl
MOKa)KeM, YTO HEOOXOUMO JIeJlaTh MaTeMaTHKy U3 KoMmruiekcHou pabotel AI1D. [Ipu koHTaKTe
TONBKO ¢ peanbHbIM (11D, MHOTO aBTOPOB HE BKIIIOYAIOT 3TO OTpHUIaHKE. B 3TOM OTHOLIECHUH,
MHOTO aBTOPOB JeNIal0, Jaxe He BKIOYaroT 2/N macmrabupyromuii koddduruent(daktop).
ByzabTe roTOBBI, YTOOBI HAWTH 00a M3 3TUX OTCYTCTBYIOIIMX B HEKOTOPBIX 00CyxIeHHsX. OHU
BKJIFOYECHBI 3[I€Ch IO YPE3BBIYAWHO BAXKHOW TNpuumMHE: HambOosee 3S(P(PEeKTUBHBINA CroOcoO
BerunciaTh JI1D - uepe3 brictpoe npeobpazoanue Oypre anroput™ (BIID), mpencraBieHHbII
B riase 12. BII® renepupyer 4aCTOTHBIN 1OMEH, ONPEAEICHHBIN COTJIaCHO ypaBHEHMIO 8-2 U 8-
3. Ecan Bel cmemmBaere cHavana ¢ 3TUMH KodddunumeHtamu((akTopamu) HOpMalU3alluy,
Baly nporpammsl, coaepsxamire bII® He coOuparoTcst paboTaTh Kak 05KUIAETCsl.

FIGURE 8-7

The bandwidth of frequency domain samples. Each
sample in the frequency domain can be thought of as 94
being contained in a frequency band of width 2/N, & ™
expressed as a fraction of the total bandwidth. An
exception to this is the first and last samples, which
have a bandwidth only one-half this wide, 1/N.
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9TOMY - TIEpBasi ¥ MOCJIEAHsS BHIOOPKH, KOTOPBIE UMEIOT TI0JIOCY YaCTOT, TOJILKO NOJIOBHHY ATOH IMpUHBL, 1/N.

Analysis, Calculating the DFT

The DFT can be calculated in three completely different ways. First, the problem can be
approached as a set of simultaneous equations. This method is useful for understanding the DFT,
but it is too inefficient to be of practical use. The second method brings in an idea from the last
chapter: correlation. This is based on detecting a known waveform in another signal. The third
method, called the Fast Fourier Transform (FFT), is an ingenious algorithm that decomposes a
DFT with N points, into N DFTs each with a single point. The FFT is typically hundreds of times
faster than the other methods. The first two methods are discussed here, while the FFT is the
topic of Chapter 12. It is important to remember that all three of these methods produce an
identical output. Which should you use? In actual practice, correlation is the preferred technique
if the DFT has less than about 32 points, otherwise the FFT is used.

Ananu3, Berunciaenue 11D

JII® moxkeT OBITH paccUMTaH TpeMs MOJHOCTHIO PazIUMYHBIMU crocoOamu. Bo mepBbIX, K
npo0jaeMe MOYKHO NpUOIMKAThCS Kak HA0Op cucmemvl ypasHenuu. ITOT METOJ MOJE3€H Ui
nonumanug JAI1D, Ho caumkoM HedpEKTHUBEH Uil MPAKTUYECKOTO HCIONb30BaHMA. BTopoi
METOJ BBOJUT MJCK OT MPOLUIOW IVIABBL: KoppenAyus. DTO OCHOBAHO Ha OOHApYXEHHUU
U3BECTHOH (opMbI BOMHBI B JAPYyroM curHaine. TpeTuil meroxa, Ha3biBaeMblii BrICTphIM
npeobOpazoBannem @Dypre (BIID), sBusercs wu300peTaTeNbHBIM —aJITOPUTMOM, KOTOPBIH
ananmmsupyet(pacunenser) JII® ¢ nynkramu(trouxkamu) N, B N IO xkaxaelii c¢
€IMHCTBEHHON(0TIebHOI) ToukOoM. BII® - TUMMYHO B COTHU pa3 OBICTpEE YeM JIPYTHUE METO/IBI.
IlepBrie aBa MeTOma O0OCYXIIEHBI 3/1€Ch, B TO BpeMs kak BII®D - trema(pasaen) rnassl 12. BaxkHo
IIOMHUTb, YTO BCE TPU M3 ITHX METOJOB IPOU3BOAAT HIAECHTHUUHYIO HPOAYKLHIO(BBIXOA.
Kotoperit  Bel  momksbl  ucmonbs3oBath? B (akTHueckod MpakTUKe, KOppensius -
MPUBUJICTHPOBAaHHAs MeToauKa, eciu [(I1®D mmeeT MeHbIe yeM NMPHOIU3UTENBHO 32 TOYKH, B
nHaye(B IPOTUBHOM ciyuae) ucrnoib3yercst bI1D.

DFT by Simultaneous Equations

Think about the DFT calculation in the following way. You are given N values from the time
domain, and asked to calculate the N values of the frequency domain (ignoring the two
frequency domain values that you know must be zero). Basic algebra provides the answer: to
solve for N unknowns, you must be able to write N linearly independent equations. To do this,
take the first sample from each sinusoid and add them together. The sum must be equal to the
first sample in the time domain signal, thus providing the first equation. Likewise, an equation
can be written for each of the remaining points in the time domain signal, resulting in the
required N equations. The solution can then be found by using established methods for solving
simultaneous equations, such as Gauss Elimination. Unfortunately, this method requires a
tremendous number of calculations, and is virtually never used in DSP. However, it is important
for another reason, it shows why it is possible to decompose a signal into sinusoids, how many
sinusoids are needed, and that the basis functions must be linearly independent (more about this
shortly).

TP Cucremoii ypaBHeHU#

Hymaiite otHocuTenbHO Bhraucienus I caenyromum ciocobom. Bam narot 3nadenus N ot
JIOMEHa BPEMEHHM, M MPOCAT BBIYMCIUTH 3HaueHHss N YacTOTHOrO JIOMEHa (UTHOpHUpYs [Ba
YaCTOTHBIX 3HAYEHHUs JOMEHa, KOTopble BBl 3HaeTe, MOMKHBI OBITH HyJeBbIMH). OCHOBHas
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anrebpa oOecreynBaeT OTBET: YTOOBI PEIIUTh st N HEU3BECTHBIX, BBl TOMKHBI OBITH CITIOCOOHBI
3anucath N TMHEHHO He3aBUCUMbIE ypaBHEHUA. YTOObI AenaTh 3T0, OepuTe NEepBYIO BHIOOPKY OT
KKIOW CHHYCOUJBI, U CIOXHUTEe UX BMecTe. Cymma JNOJDKHA OBITh paBHA MEpPBOM BBIOOPKE B
CUTHaJe JIOMEHa BpPEMEHHU, TakuM oOpa3om, obecrieynBas IepBO€ ypaBHEHHE. AHAJIOTHYHO,
ypaBHEHHE MOKET OBITh HAMHCAHO B KaXJOH M3 OCTAIOIIUXCS TOYEK B CHTHAJIE JOMEHA
BpEMEHH, MpHUBOJS K TpeOyeMbiM ypaBHeHueM N. Pemenune MoxeT Toraa ObITh HalJEHO,
WCIIONIB3Ysl YCTAaHOBJICHHBIE METOMABI JUIS PEIICHHs] CUCTEMbl ypaBHEHUW, TUTA YCTpaHEHUs
laycca (anmumuHanuu, yctpaneHus, uckimodenus ['aycca). K coxaneHuto, 3ToT MeTos Tpedyer
OTPOMHOTO YHCJIa BBIUMCIICHUH, U (paKTHUeCKH HUKoraa He ucnoin3yercs B LIOC. Oxnako, 310
BaYKHO TIO JPYTOil MpHUUYMHE, 3TO MOKAa3bIBAET, nOYeMy BO3MOMKHO aHAIM3UPOBATH(PACUIICHUTD)
CUTHAJl B CHUHYCOHUIBI, KaK MHO20(CKOIbKO) CUHYCOU] HEOOXOUMO, U 4TO Oa3ucHble (QyHKIUS
JIOJDKHBI OBITh JIMHEWHO HEe3aBUCUMBI (00JIBIIIE OTHOCUTEIHHO 3TOTO BCKOPE).

DFT by Correlation

Let's move on to a better way, the standard way of calculating the DFT. An example will show
how this method works. Suppose we are trying to calculate the DFT of a 64 point signal. This
means we need to calculate the 33 points in the real part, and the 33 points in the imaginary part
of the frequency domain. In this example we will only show how to calculate a single sample, Im
X[3], i.e., the amplitude of the sine wave that makes three complete cycles between point 0 and
point 63. All of the other frequency domain values are calculated in a similar manner.

TP Koppeasinueid

JaBaiiTe mepeiaeM K Jyduiemy IyTH, cmanoapmuomy nymu Boeraucienus JIIO. Ilpumep
MOKaXKET, KaK ATOT MeToj padotaeT. [Ipenmnonoxkum, uto Mbl mpoOyem Berauciath 1D u3 64
TOYEK CUTHAJA. ITO 03HAYAET, YTO MBI JOJDKHBI BHIUMCIUTH 33 TOUKH B BEIIECTBEHHOH 4acTH, U
33 TOYKHM B MHUMOM(HECOOCTBEHHOI) YaCTH YaCTOTHOTO JOMEHa. B 3TOM mpuMepe MbI TOJBKO
MOKa)KeM, KaK BBIYMCIMTH €IWHCTBEHHYIO(OTAEIbHYI0) BBIOOPKY, /m X[3], TO ecTh, aMIIuTyAa
BOJIHBI CHHYyCa, KOTOpas JieiaeT TP MOJHBIX MHUKIa(repruoaa) Mexay Toukod 0 m Toukoil 63.
Bce npyrue yacToTHBIE 3HAUECHUS JJOMEHA PACCUUTAHBI TIOAOOHBIM CIIOCOOOM.

Figure 8-8 illustrates using correlation to calculate /m X[3]. Figures (a) and (b) show two
example time domain signals, called: respectively. The first signal x1[ ], is composed of nothing
but a sine wave that makes three cycles between points 0 and 63. In contrast, is x2[ | composed
of several sine and cosine waves, none of which make three cycles between points 0 and 63.
These two signals illustrate what the algorithm for calculating /m X[3] must do. When fed x1[ |,
the algorithm must produce a value of 32, the amplitude of the sine wave present in the signal
(modified by the scaling factors of Eq. 8-3). In comparison, when the algorithm is fed the other
signal x2[ ], a value of zero must be produced, indicating that this particular sine wave is not
present in this signal.

PucyHok 8-8 wimocTpupyeT UCoNb30BaHUE KOPPENISIUU, YTOOBI BRIYUCIUTE Im X[3]. Pucynku
(a) u (b) moka3pIBalOT IBa MpHMEpa CUTHAJIAa IOMEHA BPEMEHH, Ha3biBaeMble: x1[ | u x2[ ],
cooTBeTcTBeHHO. [lepBbIil curHan x1[ ], cocTaBiaeH TOJNBKO U3 BOJHA CHHYCA, KOTOpas JeJaeT
Tpu nukma(rnepuoaa) mexay toukamu 0 m 63. Hamportus, x2[ | sBIsA€TCS COCTaBICHHBIA W3
HECKOJIbKUX BOJIH CHHYCAa U KOCHHYCA, HU OOHA W3 KOTOPBIX HE JAENAcT TpU LMKIA(IIEpHoAa)
Mexay Toukamu 0 1 63. DTu 1Ba CUTHAJIA WUTFOCTPUPYIOT TO, YTO JIOJKEH JEIaTh allTOPUTM ISl
Boruncienuss I/m X[3]. Korma momano x1[ ], anropuT™ AOMKEH MPOU3BECTH 3HA4YEeHHE 32,
aMIUIUTy/la BOJIHBI CHHYyCa TMIpeJAcCTaBieHa B CuTHale (u3MeHsemass Kkoddduurentamu
MaciradupoBanus ypaBHeHust 8-3). Jlns cpaBHEHUs, KOTJa alTOPUTM IMOJaH APYTOTr0 CHTHAA,
x2 [ ], 3HaueHHe AOKHO OBITH MPOU3BEACHO HYJISA, YKa3blBas, 4yTO 3Ta creuuduyeckas BOJIHA

CHHYCa - HC IIPCACTAaBJICHA B 9TOM CUTHAJIC.
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The concept of correlation was introduced in Chapter 7. As you recall, to detect a known
waveform contained in another signal, multiply the two signals and add all the points in the
resulting signal. The single number that results from this procedure is a measure of how similar
the two signals are. Figure 8-8 illustrates this approach. Figures (c) and (d) both display the
signal we are looking for, a sine wave that makes 3 cycles between samples 0 and 63. Figure (e)
shows the result of multiplying (a) and (c). Likewise, (f) shows the result of multiplying (b) and
(d). The sum of all the points in () is 32, while the sum of all the points in (f) is zero, showing
we have found the desired algorithm.

Konnenmust koppensiiuu  Obiia mipenctaBieHa B riaBe 7. Kak Bbl MOBTOpPHO BEI3BIBacTe,
oOHapy»uBaTh  M3BECTHYIO (opMy BOJHBL, COJAEpXKallylocs B  JAPYrOM  CHUTHAJe,
yMHOXKaeTe(MyIbTUILTUIINPYETE) JIBa CUTHAJIA U MPUOABIISIETe BCE TOYKUA B 3aKAHUMBAIOIIEMCS
curHaine. EnquHcTBEeHHOE 4nCiI0 (HOMEp, KPUTEPHid), KOTOPBIA CIEAYET U3 ITOW MPOIEAYPHI -
Mepa TOro, HAaCKOJbKO MOJOOHBI JBa CHUTHala. PUCYHOK §-8 WILIIOCTPHpPYET 3TOT MOIXOA.
Pucynku (¢) u (d) o6a oToOpakaroT CUTHaJ, Mbl CMOTPUM JIJIsI, BOJIHBI CHHYCa, KOTOpas JeiaeT 3
uKiIa Mexay Beioopkamu 0 u 63. PucyHOK (€) moka3pIBaeT pe3ysbTaT YMHOXKEHHA (a) U (C).
Amnanornuno, (f) mokaseiBaet pe3ynbrat ymHoxxenus (b) u (d). Cymma Bcex Touek B (€) - 32, B
TO BpeMs Kak cyMMa BceX Touek B (f) HysieBasi, MOKa3bIBasi Mbl HAIILTH JKEeTATEIbHBIA aJTOPUTM.

The other samples in the frequency domain are calculated in the same way. This procedure is
formalized in the analysis equation, the mathematical way to calculate the frequency domain
from the time domain:

Jlpyrue BbIOOpKHM B YacTOTHOM JOMEHE pPAaCCUMTaHbl TaKUM ke oOpa3oM. DTa mpoueaypa
dbopManu3oBaHa B ypagHeHUU aHAIU3Ad, MATEMAaTHUYECKUM CIOCOO BBIYUCIUTH YAaCTOTHBINA TOMEH
OT JOMEHA BPEMEHHU:

v -1
EQUATION 8-4

The analysis equations for calculating the DFT. In these Re X [,ﬂ;] - E II" ] cos(Im kilN )
equations x[i], is the time domain signal being analyzed, i=u

and are the frequency Re X[k] & Im X[k] domain signals

being calculated. The index i runs from 0 to N-1, while the T

index k& runs from 0 toN/2.

ImX|k] Z x[i] sin(2mki/N)
VYpaBHenus: ananmza nis BeiumcieHus AIID. B stux 10

YpaBHEHISIX X[i], ABISAETCA aHAIM3UPYEMBIM CUTHAJIOM JOoMeHa BpeMeHH, u Re X[k] u Im X[k] - paccuuTsiBaeMbIe
CUTHAJIBI 4aCTOTHOTO JoMeHa. Munaekce i, BeimoHsercs oT 0 10 N-1, B To BpeMs Kak MHICKC K BeimonHseTcs oT N
1o N/2.

In words, each sample in the frequency domain is found by multiplying the time domain signal
by the sine or cosine wave being looked for, and adding the resulting points. If someone asks you
what you are doing, say with confidence: "I am correlating the input signal with each basis
function." Table 8-2 shows a computer program for calculating the DFT in this way.

B croBax, kaxxmas BBIOOpKAa B YaCTOTHOM JIOMEHE HaWJIeHa, YMHOXas(MyJIbTUILUIAIIUPYS)
CUTH&JI JIOMEHa BpPEMEHHM BOJHOW CHHyCca WJIHM KOCHMHYCA,  pa3blCKMBas, M NpuOaBiss
3aKaHuuBaromuecss TOYkU. Ecim kTto - TO cnpammBaer Bac, yto Bel apemaere, rosopure c
CaMOYBEpEHHO: " 51 KOppEeIUPYyIO BXOJHOM CUTHAMN ¢ Kaxa0oi Oa3zucHoM QyHkiuei. B Tabmure 8-
2 noka3zaHa KOMIIbloTepHasi nporpamma Juist Beiuuciienus JAI11® takum oOpazom.

The analysis equation does not require special handling of the first and last points, as did the
synthesis equation. There is, however, a negative sign in the imaginary part in Eq. 8-4. Just as
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before, this negative sign makes the real DFT consistent with the complex DFT, and is not
always included.

VYpaBHeHHEe aHanM3a He TPeOyeT crenuaabHON 00paOOTKH MEPBBIX W MOCIEIHUX TOUYEK, TaKKe,
KaKk ¥  ypaBHEHHE cHHTe3a. lIMeercs, OIHAKO, OTPHUIATENbHBIM  CHUTHAI B
MHHUMOW(HECOOCTBEHHOI ) YacTu ypaBHeHUs 8-4. Takke, Kak MPexk/Ie, STOT OTPUIATEIHHBIA 3HAK
nenaeT peanvHuli(eewecmseennvii) 11D coBMeCTUMBIM C komnaekcHuim J[IID, u He Bceraa
BKJTIOUAETCSI.

Example | Example 2
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|£1. x1[ 1. signal being analyeed | | b. x2[ 1. signal being analyzed |
| I
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FIGURE 8-8

Two example signals, (a) and (b), are analyzed for containing the specific basis function shown in (c¢) and (d).
Figures (e) and (f) show the result of multiplying each example signal by the basis function. Figure (e) has an
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average of 0.5, indicating that x1[ | contains the basis function with an amplitude of 1.0. Conversely, (f) has a zero
average, indicating that x2[ ] does not contain the basis function.

PUCYHOK 8-8

[Ba npumepa curnana, (a) u (b), NpoaHATU3UPOBAHBI VIS COAEPXKAHUS CHELUPHUUYECKOH 0a3nCHOM (YHKINH,
nmoka3anHO# B (¢) u (d). Pucynku (e) m (f) mokaswsIBalOT pe3ynbTaT yMHOXKEHHS KaXKIOH BBIOOPKON CHTHAaa
OazmucHoO# ¢yHKIMHU. PucyHok (€) nmeer cpennee uncio 0.5, ykassiBas, 9to x1[ | comeput 6a3ucHy0 (YHKIHIO C
ammmutynoit 1.0. HaoGopor, (f) mMeeT HymeBoe cpemHee YMCIO, yKasbiBas, 4To x2[ | HE COAEPKUT OazHCHYIO
(hyHKIHIO.

In order for this correlation algorithm to work, the basis functions must have an interesting
property: each of them must be completely uncorrelated with all of the others. This means that if

you multiply any two of the basis functions, the sum of the resulting points will be equal to zero.
Basis functions that have this property are called orthognal. Many other

Jise 3TOrO ajaropuTMa KOppessiiMU, 4ToObl paboTaTh, OazucHbIE (DYHKIMHM JOJKHBI UMETb
MHTEPECHOE CBOMCTBO: KaXKJasi U3 HUX JIOJDKHA OBITh MOJHOCTBIO HEKOPPENUPOBAHHOU CO BCEMHU
JIpyTUMH. OTO O3HAYaeT, 4To, ecid Bbl yMHOXaeTe(MyJIbTHILIMLIMPYETE) JIOObIE 1BE U3
0a3uCHBIX (PYHKITHH, CyMMa 3aKaHYMBAIOIIUXCS TOYEK OyleT paBHa Hyr0. basucHeie GpyHKINH,
KOTOpblE HMEIOT 3TO CBOMCTBO, Ha3bIBAIOTCS OPTOrOHAJBHBIMH. MHOrO JApyrux
OPTOTOHAITBHBIX 0Aa3MCHBIX (DYHKIMIA CYIIECTBYIOT, BKIIFOUAs: KBaJpaTHBIC BOJIHBI, TPEYTOJILHBIC
BOJIHBI, UMITYJIbCBI, ¥ T.JA. CHUTHaJIBl MOTYT OBITh PAaCHWIICHEHbI B HUX JIPyrHe OpPTOrOHAJIbHBIC
0aszucHbIe (DYHKIMH, UCIIONB3YSl KOPPEISIHIO, TaKXkKe, Kak CACIaHO 37IeCh ¢ CHHYCOMAaMHU. DTO
HE JOJDKHO TPEAINoJiarath, 4TO 3TO SBISETCS HONE3HbIM, TOJIBKO TO, YTO 3TO SBJISETCA
B03MONCHBIM.

As previously shown in Table 8-1, the Inverse DFT has two ways to be implemented in a
computer program. This difference involves swapping the inner and outer loops during the
synthesis. While this does not change the output of the program, it makes a difference in how
you view what is being done. The DFT program in Table 8-2 can also be changed in this fashion,
by swapping the inner and outer loops in lines 310 to 380. Just as before, the output of the
program is the same, but the way you think about the calculation is different. (These two
different ways of viewing the DFT and inverse DFT could be described as "input side" and
"output side" algorithms, just as for convolution).

Kak npenBapurensHo nokasano B Tabnune 8-1, O6pamusiti J{I1® nmeeT aBa ciocoda, KOTOpbIe
OyoyT OCYyIIECTBICHbl B KOMIIBIOTEPHOW mporpamMmme. OTa Ppa3HOCTh BKJIKOYAEeT B
ce0s(nopazymeBaeT) nookauky BHYTPEHHUX M BHEUIHMX LUKJIOB B TE€YEHHE CHHTe3a. B To
BpEMs KaK 3TO HE MU3MEHSET MPOIyKUUIO(BbIX0/A) IPOrpaMMBbl, 3TO AENAET Pa3HOCTh B TOM, KaK
Brl paccmarpuBaere To, uto caenaercs. [Iporpamma 1D B Tabmune 8-2 MOXeT Takke OBITH
U3MEHEHA 3TUM CIIOCOOOM, MOAKAYKOW BHYTPEHHMX M BHEIIHUX JJIEKTPUYECKUX IMKIOB B
crpokax oT 310 mo 380. Takke, Kak Mpexzae, BbIXOA MPOTrpaMMBbI - TOT € CaMblil, HO MyTb,
KOTOpBIM BBl Oymaeme OTHOCUTENBHO BBIYMUCICHMS, paszaudeH. (OTH JBa pa3IUYHbIX IMYTH
npocmotpa JAI1D u obpartroro 1D Morau ObITH OMUCAHBI KaK aqTOPUTMEI ""CTOPOHBI BBOAA" U
" CTOpPOHBI BBIBOJA", TAKKE, KAK JIJIs1 CKPYUMBAHUS(KOHBOIIOLUN)).

As the program in Table 8-2 is written, it describes how an individual sample in the frequency
domain is affected by all of the samples in the time domain. That is, the program calculates each
of the values in the frequency domain in succession, not as a group. When the inner and outer
loops are exchanged, the program loops through each sample in the time domain, calculating the
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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contribution of that point to the frequency domain. The overall frequency domain is found by
adding the contributions from the individual time domain points. This brings up our next
question: what kind of contribution does an individual sample in the time domain provide to the
frequency domain? The answer is contained in an interesting aspect of Fourier analysis called
duality.

Kak nanucana nporpamma B Tabiuie 8-2, 3TO ONMUCHIBAET, KaK Ha UHAMBUIYaJIbHYIO BEIOOPKY B
YaCTOTHOM JIOMEHE BO3JICHCTBYIOT BCEMHU BBHIOOpKaMHU B JJOMEHE BpeMeHHU. To ecTh mporpamMmma
BBIYUCIISIET KaXKJI0€ U3 3HAUEHHUI B YaCTOTHOM JIOMEHE MOCJeI0BATENbHO, He Kak rpymnmy. Korma
BHYTPEHHHE W BHEIIHWE IUKJIBI OOMEHEHBI, ITUKIbI MPOTpaMMbl Yepe3 KaKIyi BBIOOPKY B
JIOMEHE BPEMEHHU, BBIYMCISAA BKJIAJ TOM TOYKM K 4YaCTOTHOMY JAOMEHY. [IOJIHBIA 4acTOTHBIN
JIOMEH HaiJieH, TpuOaBIss BKJIAIAbl OT WHAWUBUIYAIBHBIX TOYEK JIOMEHa BPEMEHH. OTO
MOJTHUMAET HAIll CIEAYIOUIUI BOMPOC: KAaKOW BKJIAJ MPOM3BOAWT WHAWBHyallbHAs BHIOOpKA B
JIOMEHE BpeMeHH, o0ecreunBasi 4acTOTHBIA JoMeH? OTBET CONEPKUTCS B MHTEPECHOM acCIEKTe
aHam3a Oypbe HA3BIBAEMOTO OYAIbHOCbIO (NPUHYUNOM OBOLICINEEHHOCTL).

Duality
dyanbHoCcTh

The synthesis and analysis equations (Egs. 8-2 and 8-4) are strikingly similar. To move from one
domain to the other, the known values are multiplied by the basis functions, and the resulting
products added. The fact that the DFT and the Inverse DFT use this same mathematical approach
is really quite remarkable, considering the totally different way we arrived at the two procedures.
In fact, the only significant difference between the two equations is a result of the time domain
being one signal of N points, while the frequency domain is two signals of N/2+1 points. As
discussed in later chapters, the complex DFT expresses both the time and the frequency domains
as complex signals of N points each. This makes the two domains completely symmetrical, and
the equations for moving between them virtually identical.

Cunte3 W ypaBHEeHHMs aHanm3a (ypaBHeHUs 8-2 W 8-4) mopa3uTenbHO MOM00HBL. YUTOOBI
JBUTATbCS OT OJHOTO JIOMEHa 10 APYTrOoHd, W3BECTHHIC 3HAYCHHS YMHOXXCHBI Ha Oa3uCHBIC
GbyHKIMM, ¥ 3aKaHUYMBAIOIIUECS TIpou3BeneHus nobaBneHHble. Dakrt, uto JIIP n Obpamuwiii
JII®D wucnonb3yeT 3TO TOT KE CaMblidi MAaTEMATHYECKUM NOAXOM, JACHCTBUTEIBHO BECbMa
3aMeyvaTesIbHbIN, pacCMaTpUBasi OJHOCTBIO PA3JIMYHBIN MyTh, KOTOPBIM MBI JOCTUTIIM 3THX JABYX
npouenyp. PakTUUeCcKH, €IMHCTBEHHAs CYIIECTBEHHAas pPa3sHOCTb MEXKIYy O3TUMH JBYMs
YpaBHEHUSAMHU - PE3yJIbTaT JOMEHA BPEMEHH, SBISIOLIETOCS OOHUM CUTHAIOM TOYKH N, B TO
BpeMsl KaK YaCTOTHBIM JOMEH - 0ea curHaia touek N/2+1. Kak oOcyxnaeHo B Ooliee MO3THUX
raBax, Komniaekcuviti J{[I® BeIpakaeT 00a JOMEHA, W BpPEeMsl M YaCTOTHI, IOCKOJBKY
KOMIUIEKCHBbIE CHUTHalbl N TOYEK KaXKIOTO. IJTO JIeaeT 3TH JBa JOMEHA, MOJHOCTHIO
CUMMETPUYECKUMHU, U YPABHEHHUS IS TEpEMEILICHUSI MEX Ty HUMU (DAaKTHUECKU UOCHMUYHbIMU.

This symmetry between the time and frequency domains is called duality, and gives rise to
many interesting properties. For example, a single point in the frequency domain corresponds to
a sinusoid in the time domain. By duality, the inverse is also true, a single point in the time
domain corresponds to a sinusoid in the frequency domain. As another example, convolution in
the time domain corresponds to multiplication in the frequency domain. By duality, the reverse is
also true: convolution in the frequency domain corresponds to multiplication in the time domain.
These and other duality relationships are discussed in more detail in Chapters 10 and 11.

Ota CUMMCETPUA MEKAY JOMEHOM BPEMCHU U YaCTOTHBIM JOMCHAM Ha3bIBACTCA AYAJIBbHOCTBHIO,
U BBI3BIBAET MHOIO MHTEPECHBIX CBOWMCTB. Hampumep, equHCTBEHHas(OTAEIbHAs) TOYKA B
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YaCTOTHOM JOMEHE MepeaacT CUHYCOMLy B JOMEHE BPEMEHHU. JlyallbHOCTbIO, HHBEPCHS - TAKKE
UCTHHA, €JAMHCTBEHHasA(OTIENbHAs) TOYKA B JIOMEHE BPEMEHU COOTBETCTBYET CHHYCOUZE B
yacTOTHOM JoMeHe. Kak gpyroil npumep, CKpyuyMBaHHE(CBEPTKAa) B JOMEHE BpPEMEHU
COOTBETCTBYET YMHOXXEHUIO B 4YacTOTHOM JoMeHe. JlyanpHOCTbIO, mepemMeHa(o0paTHOe
JBUKEHHE,TIPOTUBOIIOJIOKHOE) - TAK)KE€ WCTUHA: CKpyuHMBaHUE(CBEPTKAa) B YaCTOTHOM JOMEHE
nepeaaeT yMHOXKEHUIO B BpeMsl JOMEH. OTH U JApPYTHe€ OTHOLIEHHs yaJbHOCTH OOCYXIEHBbI
6onee moapoobHo B rmaBax 10 u 11.

Polar Notation

Hoasipuas Cucrema 0603HaYeHNH

As it has been described so far, the frequency domain is a group of amplitudes of cosine and sine
waves (with slight scaling modifications). This is called rectangular notation. Alternatively, the
frequency domain can be expressed in polar form. In this notation, ReX[ ] Im X[ ] are replaced
with two other arrays, called the Magnitude of X] |, written in equations as: Mag X| | and the
Phase of X] |, written as: Phase X[ ]. The magnitude and phase are a pair-for-pair replacement
for the real and imaginary parts. For example, Mag X[0] and Phase X[0] are calculated using
only ReX[0] and Im X[0]. Likewise, and Mag X[14] and Phase X[14] calculated using only
ReX[14] and Im X[14], and so forth. To understand the conversion, consider what happens when
you add a cosine wave and a sine wave of the same frequency. The result is a cosine wave of the
same frequency, but with a new amplitude and a new phase shift. In equation form, the two
representations are related:

EQUATION 8-5

The addition of a cosine and sine wave results in a cosine wave with a
different amplitude and phase shift. The information contained in 4 & B
is transferred to two other variables, M and 6.

A cosdx) + I smixh Weos(x = o)

YPABHEHMUE 8-5
CroxxeHHe BOJIH KOCHHYCa M CHHYCa NPUBOAWT K BOJHE KOCHHYCA C Pa3IMYHON aMIUIUTYyIOH M cOBHTOM (as.
Wudopmanms, cogeprxkamasics B A 1 B nepenana(miepeMenieHa) IByM ApYTUM epeMeHHbIM, M 1 6.

The important point is that no information is lost in this process; given one representation you
can calculate the other. In other words, the information contained in the amplitudes 4 and B, is
also contained in the variables M and 6. Although this equation involves sine and cosine waves,
it follows the same conversion equations as do simple vectors. Figure 8-9 shows the analogous
vector representation of how the two variables, 4 and B, can be viewed in a rectangular
coordinate system, while M and 2 are parameters in polar coordinates.

BaxHbIil yHKT - TO, YTO HUKaKasi HH(GOpPMAIHS HE IMOTEPSHA B ATOM IPOIIECCE; YUUTHIBAS OJTHO
npezcraBieHue(oTodpaxenne,0003HaueHne) Bbl  MokeTe BBIUMCINUTH jApyroe. [pyrumu
CJI0BaMH, UH(pOpMaIus, COAepKaIascs B aMIUTUTy1aX 4 U B, Takke COAEP>KUTCS B IEPEMEHHBIX
M. u 0. XoTs »9TO YypaBHEHHE BKJIIOYaeT B
ce0s1(CoIepKHUT) CHHYC U KOCHHYC BOJIHBI, 3TO CJIEIYET 3a
TEMH K€ CaMbIMM KOHBEPCHOHHBIMH YypaBHEHHSIMHU
TaKkKe, Kak U TPOCTble BEKTOpbl. PucyHox 8-9
MIOKa3bIBAET aHAJOIMYHOE BEKTOPHOE MPEJICTABICHHE KaK
9TH JIBE IEPEMEHHBIE, 4 U B, MOTYT OBITh IPOCMOTPEHHI B
OpSMOYTOJIBHOM cHCTeMe KOOpAMHAT, B TO Bpems Kak M
U 0 - mapaMeTpsl B TIOJSIPHBIX KOOPMHATAX.
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FIGURE 8-9
Rectangular-to-polar conversion. The addition of a cosine wave and a sine wave (of the same frequency) follows the same
mathematics as the addition of simple vectors.

PUCYHOK 8-9
[IpsmoyroasHO-NIONIApHOE NpeoOpazoBaHue. ClloKEHUE BOJIHBI KOCHHYCa U BOJIHBI CHHYCA (TOH k€ CaMOW 4acTOTHI)
CJIE/TyeT 3a TOH JKe caMOil MaTeMaTHKON Kak JJ0OaBJIeHHE MPOCTHIX BEKTOPOB.

In polar notation, Mag X[ ] holds the amplitude of the cosine wave (M in Eq. 8-4 and Fig. 8-9),
while Phase X[ ] holds the phase angle of the cosine wave (€ in Eq. 8-4 and Fig. 8-9). The
following equations convert the frequency domain from rectangular to polar notation, and vice
versa:

B nmonsiproii cucteme o6o3nauenuid, Mag X[ | mpoBOAUT(IEPKHUT) aMILJTUTYTy BOJHBI KOCHHYCA
(M B ypaBHeHuu 8-4 u puc. 8-9), B To Bpems Kak (aza X[ | mpoBoauT(aepKHT) (Ga3oBblil yroiu
BOJIHBI KocuHyca (0 B ypaBHeHnn 8-4 u puc. 8-9). Ciaenyroomue ypaBHCHUS TPEOOPa30BHIBAIOT
YaCTOTHBIN JOMEH U3 MPSIMOYTOBHON CUCTEMBI 0003HAUYCHUH B TIOJSPHYIO, U HA00OPOT:

EQUATION 8-6 . o
Rectangular-to-polar  conversion. The rectangular Mag X [k] = (Re X[k + ImX [k])"?
representation of the freq-uency domain, and , is ReX[k] )

Im X[k] changed into the polar form, Mag X[k] and .

hase X[k Xk
Fhase X|K] Phase X' |[k] = arctan M
ReX|k]
EQUATION 8-7 ReX[k] = MagX|[k] cos( Phase X' [k])

Polar-to-rectangular conversion. The two arrays, and ,
are Mag X[k] Phase X[k] converted into and . ReX[k] Im
XTK]

ImX [k] MagX [k] sin( Phase X [k])

Rectangular and polar notation allow you to think of the DFT in two different ways. With
rectangular notation, the DFT decomposes an N point signal into N/2 +1 cosine waves and N/2
+1 sine waves, each with a specified amplitude. In polar notation, the DFT decomposes an N
point signal into N/2 +1 cosine waves, each with a specified amplitude (called the magnitude)
and phase shift. Why does polar notation use cosine waves instead of sine waves? Sine waves
cannot represent the DC component of a signal, since a sine wave of zero frequency is composed
of all zeros (see Figs. 8-5 a & b).

[IpsimoyrosibHast ¥ mojsipHas cuctemMa 0003HaueHHi nmo3Boss.T Bam nymats o JAII® nByms
pasnuuHbIME criocobamu. C npsMOyroibsHON cucteMoit o6o3Hauenuit, JAI1dD pacunenser curnan
Touku N B N/2+1 BoOmHBI KOCUHYCOB W N/2+1 BOJHBI CHHYCOB, KaXJIblii C 3aJaHHOU
amnaumyoou. B nmonsapHoii cucteme obo3nauenuit, I[P pacunenser curnan touku N B N/2+1
BOJIHBI KOCHHYCOB, KOKIBIN C 3aJaHHON amniumyoou (Ha3pIBaeMoi macHumyoou? ((6enudurotl)
abcontomuoil) u cosucom ¢haz. Ilouemy momspHasi cucteMa 00O3HAYEHUH HCIIONB3YET BOJIHBI
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KOCMHyCa BMECTO BOJIH cuHyca? BonHbl cuHyca HE MOIYT IpEACTaBIATh KOMIIOHEHT
MOCTOSIHHOTO TOKa CHTHaJIa, TaK KaK BOJIHA CHHYyCa HYJIEBOM YaCTOTHI COCTABIICHA M3 BCEX HyJIeH
(cm. puc. 8-5amub).

Even though the polar and rectangular representations contain exactly the same information,
there are many instances where one is easier to use that the other. For example, Fig. 8-10 shows
a frequency domain signal in both rectangular and polar form. Warning: Don't try to understand
the shape of the real and imaginary parts; your head will explode! In comparison, the polar
curves are straightforward: only frequencies below about 0.25 are present, and the phase shift is
approximately proportional to the frequency. This is the frequency response of a low-pass filter.

Jlaxxe ipu TOM, YTO MOJIIPHBIE U MPSAMOYTOJIbHBIE MPEACTABICHUS COAEPKAT TOUHO TY KeE CaMyI0
UH(POPMALIMIO, UMEIOTCSI MHOTO TIPUMEPOB, TJ€ OJlHA U3 HHUX OoJiee JIerKas Ui HCIOJIb30BaHMS,
yeM apyras. Hanpumep, puc. 8-10 moka3piBa€T 4aCTOTHBIA JOMEH CUTHAJIA U B MPAMOYTOJIbHOMN
u B nomapuoi  ¢opme. Ilpenympexxnenue: He  mpoOyiite  moHsATs  dopmy
peanbHBIX(BEIIECTBEHHBIX) U MHUMBIX(HECOOCTBEHHBIX) YacTeH; Bamia rojoBa B3opsetcs! s
CpaBHEHUsI, NOJAPHI(TIOISAPHBIE KPUBBIE) MPSMBIE: TOJIBKO YAaCTOThI HIXKE MpuOmmu3urensHo 0.25
MPUCYTCTBYIOT, U CABHUTI (a3 MPHUOIU3UTEIHHO MPOMOPIMOHANEH K YacToTe. DTO - YacTOTHAas
XapaKTepUCTHKa (pUIbTPa HUKHHUX YACTOT.
Rectangular Polar

a. Re X[ ] ¢, Magz X[ ]
1
3 g
-TE_l < r._ 'E_
= =
0
|
2 |
] .1 (.2 03 .4 L] [ i1 0.z 0.3 (.4 0.5
Frequency Freguency
2 6
b, Im X[ ] d, Phase X[ ]
o
4 i
£ 5
=
2 20
s 2
f-:—_
-4
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Frequency Frequency

FIGURE 8-10

Example of rectangular and polar frequency domains. This example shows a frequency domain expressed in both
rectangular and polar notation. As in this case, polar notation usually provides human observers with a better
understanding of the characteristics of the signal. In comparison, the rectangular form is almost always used when
math computations are required. Pay special notice to the fact that the first and last samples in the phase must be
zero, just as they are in the imaginary part.

PUCYHOK 8-10
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[IpuMep NPsAMOYTOJIBHBIX M TONAPHBIX YAaCTOTHBIX JOMEHOB. OTOT MpPHUMEp ITOKa3bIBae€T YAacCTOTHBIM JOMEH,
BBIPXXCHHBII U B IPSMOYTOJILHOM M B MOJSIPHON cucTeMe 00o3HaueHuil. Kak B aToM cityyae, moJisipHasl cucremMa
0003HauCHHU OOBIYHO 0OCCIICYNBACT YCIOBEUCCKUX HAOIIOAATENCH JIydIIMM TOHUMAaHAEM XapaKTePUCTUK CUTHAJIA.
Jis  cpaBHeHUsI, TpPSIMOYTrOJbHas (opMa IOYTH BCET/Ia HCIONB3YyeTCs, KOorga TpeOyrTCsS MaTeMaTHYSCKUE
BerauciieHus. OOpaTuTe BHUMaHKE Ha CHCHUATBHOE PUMEYaHNe - Ha (PakT, 4TO MepBbIC M MOCICTHIE BEIOOPKH B
(aze moKHEI OBITH HYJIEBEIE, TAKKE, KAaK OHU HaXOISTCS B MHUMOW(HECOOCTBEHHOI ) YacTH.

When should you use rectangular notation and when should you use polar? Rectangular notation
is usually the best choice for calculations, such as in equations and computer programs. In
comparison, graphs are almost always in polar form. As shown by the previous example, it is
nearly impossible for Aumans to understand the characteristics of a frequency domain signal by
looking at the real and imaginary parts. In a typical program, the frequency domain signals are
kept in rectangular notation until an observer needs to look at them, at which time a rectangular-
to-polar conversion is done.

Korna Bel 10/mKHBI HCITONB30BaTh NMPSIMOYTOJBHYIO CUCTEMY 0003HAYCHHUN 1 KOorJa Bbl TOKHBI
WCIIONB30BaTh MoJsipHyro? [lpsMoyronpHas cucteMa 00O3HAYCHUH - OOBIYHO JyYIIWWA BBIOOD
JUIsL BBIYMCIICHUM, TUIIA B YPAaBHEHMSIX U KOMIIBIOTEPHBIX IHporpammax. Jlis cpaBHEHW:,
nuarpamMmbl(rpadukn) - mOuYTH Bcerma B moisipHod ¢opme. Kak mokazaHO MpeaplayuM
MIPUMEPOM, TO TIOUYTHU HEBO3MOXKHO VIS Ji0deli(c uenogeueckol mouku 3peHus), YTo0bl MOHSITh
XapaKTEPUCTUKNA CUTHAJIA YACTOTHOTO JOMEHA CMOTPs(TJISAAs) Ha pealbHbIC(BEIICCTBEHHBIE) U
MHUMBIC(HECOOCTBEHHBIE) YacTH. B TUMMYHOM mporpamMme, CHrHajJbl YacTOTHOIO JOMEHa
COXPAHSIIOTCSI B NPSIMOYTOJIBHOM CHCTeMe O0O3HaueHui, Moka HaOIoAaTeab HE J0JDKEH
CMOTpPETh Ha HUX, B KOTOPOE BpeMsi CACIAHO MPeoOpa30BaHKE MPSIMOYTOIBHOTO K MOJISIPHOMY .

Why is it easier to understand the frequency domain in polar notation? This question goes to the
heart of why decomposing a signal into sinusoids is useful. Recall the property of sinusoidal
fidelity from Chapter 5: if a sinusoid enters a linear system, the output will also be a sinusoid,
and at exactly the same frequency as the input. Only the amplitude and phase can change. Polar
notation directly represents signals in terms of the amplitude and phase of the component cosine
waves. In turn, systems can be represented by how they modify the amplitude and phase of each
of these cosine waves.

[Touemy 3TO TpoIEe JOJKHO TOHATH YACTOTHBIH JIOMEH B MOJISIPHOM cHCTeMe 0003HAYCHUit?
DTOT BONPOC UAET K OCHOBE(CEP/IIy) TOrO, TOUYEeMY Pa3ioKEHHE CUTHAJA B CHHYCOU/IBI SIBJISICTCS
moJjie3HbIM. [IOBTOPHO BBI3OBUTE CBOWCTBO CHHYCOWAAIBHOH TOYHOCTH OT TJIABBI 5: €CIH
CHUHYyCOnaa BBOOUT HHHeﬁHym CUCTCMY, BbBIXO/ 6YI[CT TAaKXXC CMHYCOMJa, U B TOYHO Ta KXC caMas
yacToTa Kak BBOJA. ToJbKO amIuiutyaa W (a3a MoryT u3MeHsTbes. [lomsipHas cuctema
0003HaYCHUI HEMOCPEICTBEHHO TPEJCTABISACT CUTHAIBI B TEPMHHAX AaMIUTUTYABI U (a3bl
COCTABJISIFOLIMX BOJIH KOCHHYca. B CBOO ouepe/ib, CUCTEMBI MOTYT OBITh MIPEJCTABICHBI TEM, KaK
OHHU M3MEHSIOT aMIUTUTYAY U a3y KaxkI0i U3 ITHX BOJH KOCHHYCA.

Now consider what happens if rectangular notation is used with this scenario. A mixture of
cosine and sine waves enter the linear system, resulting in a mixture of cosine and sine waves
leaving the system. The problem is, a cosine wave on the input may result in both cosine and
sine waves on the output. Likewise, a sine wave on the input can result in both cosine and sine
waves on the output. While these cross-terms can be straightened out, the overall method doesn't
match with why we wanted to use sinusoids in the first place.

Tenepp paccMOTpUTE TO, 4YTO CIy4aercs, €ClAM MpsIMOYrojbHas CUCTeMa OOO3HAaYeHUH
HCIIOJIb3YETCS € 3TUM cleHaprueM. CMech BOJIH KOCHHYCAa M CUHYCa BBOJIUT JIMHEWHYIO CUCTEMY,
IIPUBO/S K CMECH BOJIH KOCHHYCa U CHUHYyca, ocTaBissd cucreMy. [Ipobiiema, BojHa KOCHHYca Ha
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BBOJIE MOXET NPUBOAMTH, U K KOCHHYCY M BOJHAM CHHYCa Ha BbIXOZAE. AHAJOTMYHO, BOJIHA
CHHYCa Ha BBOJIE MOXET MPUBOAMUTH, U K BOJHAM KOCHHYCY U CHHYycCa Ha BbIXoje. B To Bpems
KaK 3TO MEpeceueHue - CPOKU MOXKET OBITh pa3rilakeHO, MOJHBIA METO/I HE COOTBETCTBYET TOMY,
MOYEeMY MBI XOTEJIM UCTI0JIb30BaTh CHHYCOHIbI BO-IIEPBBIX.

Polar Nuisances
Honsipusie [lomexu

There are many nuisances associated with using polar notation. None of these are overwhelming,
just really annoying! Table 8-3 shows a computer program for converting between rectangular
and polar notation, and provides solutions for some of these pests.

HNmeroTcss MHOTO TIOMEX, CBS3aHHBIX C MCIOJIB30BAHUEM TOJIIPHON cucTeMbl 0003HaueHuit. Hu
OJIHAa W3 HUX HE HEMPEeOoJ0IuMa, TOJIbKO JEHUCTBUTENBHO pa3apakaer! Tabmuia 8-3 moka3piBaeT
KOMIBIOTEPHYIO MPOTpaMMy Ui TMPEoOpa3OBaHHUS MEXKIY MPSAMOYTOJIbHOW W TOJSPHOU
cucTeMoi 0003HauYeHUM, U 00€CIIeUYnBAET PEIICHUSI K HEKOTOPBIM U3 3THX BpEIUTENCH(TTOMEX ).

Nuisance 1: Radians vs. Degrees

Ilomexa 1: Paguansl npotus I'pagycos

It is possible to express the phase in either degrees or radians. When expressed in degrees, the
values in the phase signal are between -180 and 180. Using radians, each of the values will be
between -m and m, that is, between -3.141592 to 3.141592. Most computer languages require the
use radians for their trigonometric functions, such as cosine, sine, arctangent, etc. It can be
irritating to work with these long decimal numbers, and difficult to interpret the data you receive.
For example, if you want to introduce a 90 degree phase shift into a signal, you need to add
1.570796 to the phase. While it isn't going to kill you to type this into your program, it does
become tiresome. The best way to handle this problem is to define the constant, PI = 3.141592,
at the beginning of your program. A 90 degree phase shift can then be written as PI/2. Degrees
and radians are both widely used in DSP and you need to become comfortable with both.

Bo3MoxxHO BbIpazuTh a3y wiM B epadycax WM paduanax. Korga BBIpaXXeHO B Tpajycax,
3HaueHus B (pa3oBoM curHaie - Mexay -180° u 180°. Mcnonb3ys paauaHbl, Kak10€ U3 3HaYCHUN
OyIeT Mexay —m U T, TO ecTh OT -3.141592 no 3.141592. BonbIIMHCTBO MAIIMHHBIX SI3BIKOB
TpeOyeT HCIOJBb30BaHUSl PaJUaHOB Jil MX TPUTOHOMETpUYEeCKUX (YHKIUH, TUIA KOCHHYcCa,
CHUHyCa, apKTaHreHca, ¥ T.1. MokeT ObITh pazapaxaronie padoTaTh C ATUMH JTUHHBIMU
JNECATUYHBIMH YHCJIaMU, W TPYAHO HHTEPIPETHUPOBATH JaHHbIe, KOTOpble Bbl momyuaere.
Hampumep, ecniu Bel xoTute npencraButh capura (assl curnana B 90°, Bel momkHbI 100aBUTH
1.570796 k daze. B To Bpemst kak 3TO HEe cOOMpaeTcs YHUYTOKUTh Bac, 4To0bI HareuaTaTh 3TO B
BaIlly MPOTpaMMy, 3TO CTaHET yTOMHTENbHbIM. Jlyummii coco® obpabaTeiBaTh 3Ty MpobiIemMy
COCTOUT B TOM, YTOOBI onpeienTh KoHCcTaHuTy, Pl = 3.141592, B Hauane Bameit mporpammsl. 90°
capura (a3 MoxkeT Toraa ObIThb HamucaHo Kak PI/2. W rpamgycel, W pagudaHbl LIHPOKO
ucnonb3ytores B [IOC, u Bbl 10mKHBI cTaTh yA00HBIMU C 00OUMHU.

100 'RECTANGULAR-TO-POLAR & POLAR-TO-RECTANGULAR CONVERSION
110"

120 DIM REX][256] 'REX] ] holds the real part

130 DIM IMX][256] 'IMX] ] holds the imaginary part
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140 DIM MAG([256] 'MAG][ ] holds the magnitude
150 DIM PHASE[256] 'PHASE] ] holds the phase

160"

170 P1=3.14159265

180"

190 GOSUB XXXX 'Mythical subroutine to load data into REX[ ] and IMX] ]

200"

210"

220" 'Rectangular-to-polar conversion, Eq. 8-6

230 FOR K% =0 TO 256

240 MAG[K%] = SQR( REX[K%]"2 + IMX[K%]"2 ) 'from Eq. 8-6

250 IF REX[K%] = 0 THEN REX[K%] = 1E-20 '‘prevent divide by 0 (nuisance 2)
260 PHASE[K%] = ATN( IMX[K%] / REX[K%] ) 'from Eq. 8-6

270" 'correct the arctan (nuisance 3)

280 IF REX[K%] < 0 AND IMX[K%] <0 THEN PHASE[K%] = PHASE[K%] - PI
290 IF REX[K%] < 0 AND IMX[K%] >= 0 THEN PHASE[K%] = PHASE[K%] + PI
300 NEXT K%
310"
320"
330" 'Polar-to-rectangular conversion, Eq. 8-7
340 FOR K% =0 TO 256
350 REX[K%] = MAG[K%] * COS( PHASE[K%] )
360 IMX[K%] = MAG[K%] * SIN( PHASE[K%] )
370 NEXT K%
380"
390 END
Tabmuna 8-3

Nuisance 2: Divide by zero error
ITomexa 2: ommnoOka /lejieHusi HA HOJIb

When converting from rectangular to polar notation, it is very common to find frequencies where
the real part is zero and the imaginary part is some nonzero value. This simply means that the
phase is exactly 90 or —90 degrees. Try to tell your computer this! When your program tries to
calculate the phase from: Phase X[k] = arctan( Im X[k] / Re X[k]), a divide by zero error occurs.
Even if the program execution doesn't halt, the phase you obtain for this frequency won't be
correct. To avoid this problem, the real part must be tested for being zero before the division. If it
is zero, the imaginary part must be tested for being positive or negative, to determine whether to
set the phase to m/2 or -n/2, respectively. Lastly, the division needs to be bypassed. Nothing
difficult in all these steps, just the potential for aggravation. An alternative way to handle this
problem is shown in line 250 of Table 8-3. If the real part is zero, change it to a negligibly small
number to keep the math processor happy during the division.

[Ipu npeoOpa3zoBaHMM MPSMOYTOIBHOW CHCTEMBI O0O0O3HAYCHHW B TIOJAPHYIO, OYCHB
o01m1ee(0O0BIYHO) HAWTH YacTOTHI, TJ¢ BEIIECTBEHHAS YacTh HyJIeBasi, © MHIUMasi(HeCOOCTBEHHAs )
4acTh - HEKOTOPOE 3HAYCHHE OTIMYHOE OT HyJs. DTO MPOCTO O3HA4daeT, 4yTo ¢aza - TouHo 90°
i -90°. [lombITaiiTech cooOmUTH 3TO Bamemy KommbioTepy! Korma Bama nmporpamma npoOyer
BBIYUCIITE (Ba3y otT: Phase X[k] = arctan( Im X[k] / Re X[k]), npoucxonut omuOKa AeIeHUS HA
HyJb. J[aXke eclii BBIMOJTHEHHE MTPOrPaMMBI HE OCTAHOBUTCS, (aza KOTOpYyro Bwl momyudnre amns
9TOW 4YacToThl, OyneT HempaBwibHa. UTOOBI M30ekaTh 3TOH MPOOJEMBbI, TEpea JAelIeHHEeM
BEIIIECTBEHHAs] YacTh JOJDKHA OBITh MPOBEPEHA HE SIBISETCS JIM OHA HyleM. Eciu 3To Hylb,
MHHUMasi(HECOOCTBEHHAs) JOJDKHA OBITh TMPOBEPEHA 4YacTh, OyAy4Yd TOJOXKHUTEIbHON WIH
OTPUIIATENLHOM, ONPEACTUTh, YCTAaHOBHUTH JH (Dasy B 1/2 unu -n/2, COOTBETCTBeHHO. HakoHer,
JIeJIeHne JOJKHO ObITh oOoiigeHo. Her Huyero TpyaHOro BO BCeX O3TUX Ilarax, TOJIBKO
MOTEHIMAN Uil yXyAUICHHSA. AJBTEpHATUBHBIA croco® o0pabaTeiBaTh 3Ty MNpodiieMy

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

nokasbiBaeTcs B cTpoke 250 Tabuuisl 8-3. Ecnu BemecTBeHHas 4acTh HyJIeBasi, U3MEHEHHE e¢ Ha
MaJICHbKOE€  OTPULATEIbHOE YMCJIO, 4YTOOBl COXPAaHUTh MAaTEMaTHYECKUH MpoILeccop
CYACTIMBBIM(JOBOJIBHBIM) B TEUEHUE JICTICHMUS.

Nuisance 3: Incorrect arctan
ITomexa 3: HenpaBu/IbHBIN APKTAHT€HC

Consider a frequency domain sample where ReX[k] =1 and Im X[k] = 1. Equation 8-6 provides
the corresponding polar values of Mag X[k] = 1.414 and Phase X[k] = 45°. Now consider another
sample where ReX[k] = -1 and Im X[k] = -1. Again, Eq. 8-6 provides the values of Mag X[k] =
1.414 and Phase X[k] = 45°. The problem is, the phase is wrong! It should be -135°. This error
occurs whenever the real part is negative. This problem can be corrected by testing the real and
imaginary parts after the phase has been calculated. If both the real and imaginary parts are
negative, subtract 180° (or & radians) from the calculated phase. If the real part is negative and
the imaginary part is positive, add 180° (or & radians). Lines 340 and 350 of the program in
Table 8-3 show how this is done. If you fail to catch this problem, the calculated value of the
phase will only run between - @t/2 and @/2, rather than between -w and @. Drill this into your
mind. If you see the phase only extending to £1.5708, you have forgotten to correct the
ambiguity in the arctangent calculation.

Paccmotpute BBIOOpKY dacToTHOTO aomeHa rie ReX[k] = 1 u Im X[k] = 1. YpaBHenue 8-6
obecrieunBaeT COOTBETCTBYIONINE TOJIsipHbIe 3HaueHust Mag X[k] = 1.414 u Phase X[k] = 45°.
Teneps paccmorpure Ipyryio BeiOOpKy rae ReX[k] = -1 u Im X[k] = -1. CHoBa, ypaBHeHue 8-6
obecnieunBaeT 3HaueHus Mag X[k| = 1.414 u Phase X[k] = 45°. Ilpo6nema, (ha3a HenpaBwiibHA!
OT10 n0mwKHO OBITH -135° DTa ommbOKa MPOMCXOAUT BCSKUM pa3, KOTr/a BEIIECTBEHHAs YacTh
OTpHUIIaTeNbHA. JTa MpobiieMa MOXKET ObITh UCIIPaBJICHA, MPOBEPss peanbHbIe(BEIIECTBCHHBIC) U
MHUMBIC YaCTH IMOCIIe TOTO, Kak (ha3a Obuta paccumtana. Ecim u peanbHbie(BEIIECTBEHHBIE) U
MHHUMBIE YaCTH OTpHUIATENbHBI, BhuuTaeTcs 180° (umu  panuaH) ot paccuuTanHou ¢as3wl. Ecnu
BEIICCTBCHHAsT 4YacTh OTpHIATEeIbHA, a MHUMAas(HECOOCTBEHHAs) YacTh TOJOXKHUTEIbHA,
npubasmsiercs 180° (wmm m pamman). Ctpoku 340 m 350 u3 mporpammbl B Tabmuie 8-3
MOKA3bIBAIOT, KaK 3TO caenaHo. Eciu Bel OyneTe HE B COCTOSHHM OXBaTUTh(TIOWMATh,IIOHSATS)
3Ty mpobiieMy, pacueT 3HadeHus Ga3bl OyaeT padoTaTh TOIBKO MEXIY - /2 U /2, CKOopee 4eM
MEXIy -t U M. JTO oTBepcTHe(mpoOen) B BamieM MHEHHE(3HaHWU, UHTelviekTe). Ecnu Bol
BuauTe (hasy, npojyieBaronytocs Toapko Ha +1.5708, Bel 3a0b111 HCIIpaBUTh HEOIHO3HAYHOCTh
B BBIUMCJICHUH apKTaHTEHCA.

Nuisance 4: Phase of very small magnitudes
ITomexa 4: ®a3a o4eHb MAJIEHLKHUX BeJIMYHH

Imagine the following scenario. You are grinding away at some DSP task, and suddenly notice
that part of the phase doesn't look right. It might be noisy, jumping all over, or just plain wrong.
After spending the next hour looking through hundreds of lines of computer code, you find the
answer. The corresponding values in the magnitude are so small that they are buried in round-off
noise. If the magnitude is negligibly small, the phase doesn't have any meaning, and can assume
unusual values. An example of this is shown in Fig. 8-11. It is usually obvious when an
amplitude signal is lost in noise; the values are so small that you are forced to suspect that the
values are meaningless. The phase is different. When a polar signal is contaminated with noise,
the values in the phase are random numbers between -B and B. Unfortunately, this often looks
like a real signal, rather than the nonsense it really is.
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Boo6pasure cnenyronmii cienapuii. Bel BkanbiBaere(paboTtaere) Ha HeKoTopoit 3axaveii LIOC,
¥ BHe3amHO(BAPYT) oOpariaeTe BHUMaHUE, YTO 4acTh (ha3bl HE BBHITJISIUT MPaBOU(IIPaBUILHOMN).
Oto Morno Obl OBITH IIYMOM, MEPEXOSIIMi Ha BCEM MPOTSHKEHUH, WIM OYEBUIHO
HeNpaBUWIbHBIM(OIIMOOYHBIM, JIOKHBIM). [locime pacxona cienyromiero uaca, HMpocMaTpHUBast
COTHU CTPOK KOMIBIOTEPHOTO Koza, Brl Haxomute orBeT. COOTBETCTBYIOLIME 3HAUEHUS B
BEJIMYMHE HACTOJIBKO MAJICHbKUE, YTO OHU 3aXOPOHEHBI B OKpyXaromeM ryme. Eciau BenuynHa
OTpHLIaTeNIbHAs MaJjieHbKast, (ha3a He MMEeeT HUKAKOTo 3HaYeHHUs(CMBICIIA), U MOXKET MPUHUMATh
HeoObIuHbIe 3HaueHus. [Ipumep 3Toro mokaspiBaercs B puc. 8-11. OObIYHO OUYEBHIHO, KOT/IA
aMIUTUTYAHBIM CUTHAJI MOTEPSH B IIyMe; 3HAUEHHs HACTOJIbKO MaJIeHbKUE, YTO BBl BBIHYXKICHBI
[I0JI03peBaTh, YTO 3HAYEHHUs ABIIOTCS OeccMbicieHHbIMU. Paza pasnuuHa. Korpa mosnsipHbIi
CHUTHAQJI 3arps3HeH IIyMOM, 3HaueHuss B ¢asze - ciydailHble yuciaa Mexay -2m u 2m. K
COXAJICHUIO, 3TO 4YacTO HAlOMHHAET peajbHbIN(BEIIECTBEHHbI) CUTHAJ, CKOpee 4YeM
6eccmbicnily(abcypl), 3TO IEHCTBUTEIBHO(PEATIEHO).

Nuisance 5: 2w ambiguity of the phase
Ilomexa 5: HeOMHO3HAYHOCTD (pa3bl 27

Look again at Fig. 8-10d, and notice the several discontinuities in the data. Every time a point
looks as if it is going to dip below -3.14592, it snaps back to 3.141592. This is a result of the
periodic nature of sinusoids. For example, a phase shift of 0 is exactly the same as a phase shift
of 6+2n, O+4mn, 0+6m, etc. Any sinusoid is unchanged when you add an integer multiple of 2z to
the phase. The apparent discontinuities in the signal are a result of the computer algorithm
picking its favorite choice from an infinite number of equivalent possibilities. The smallest
possible value is always chosen, keeping the phase between - and .

[TocmoTpuTte cHoBa Ha puc. 8-10d, m oOpaTuTe BHUMaHUE HAa HECKOJIBKO Pa3phIBOB B JIAHHBIX.
Kaxnplif pa3 Touka cMOTPHUTCSA(BBITIAINT), KaKk OyATO coOupaercst omyckarbest Huxke -3.14592,
3TO mojaepkuBaercss ooparHo k 3.141592 (me maer omyctuthes Hike 3.141592). Dto —
pe3ynbTar(cieayer u3) NepuoANYECKOro xapakrepa cunycoua. Hanpumep, ciur ¢as 6 - TouHo
TOT K€ caMblil Kak - caBur (a3 0+2m, 0+4n, 0+6m, u 1.1, Jlobass cuHycouaa HeW3MEHsEeMa,
korna Bl mpubammsiere kpatHoe 21 k (ase. OueBUIHBIC Pa3phIBBI B CHUTHAJIE - PE3yibTaT
KOMITHIOTEPHOTO aJITOPUTMa, BBIOWPAIOMIETO €ro OJAarompUATHBIA BBHIOOP OT OECKOHEYHOTO
Ylclia SKBUBAJICHTHBIX BO3MOXKHOCTEW. Bcerma BwIOMpaeTcsi camoe MajeHbKOE BO3MOXKHOE

3HaYeHue, coxpaHsis (azy MEXIy -1 U T.
1.5 %

a, Mag X[ ] | 4—---| b, Phase X[ ]
1.0 w
k] =1
= =
5 :
= )
0,5 £ .
-4
0,0 5
0 .1 0.2 3 0.4 L1 0 i1 0.2 03 0.4 s
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FIGURE 8-11

The phase of small magnitude signals. At frequencies where the magnitude drops to a very low value, round-off
noise can cause wild excursions of the phase. Don't make the mistake of thinking this is a meaningful signal.

PUCVYHOK 8-11
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®a3a CUrHajOB MaJICHBKOW BENMUYUHBL. B yacrorax, rae BelIMYMHA [OHMWXKAECTCA K OYEHb HU3KOMY 3HAYCHMUIO,
OKpYKalOUIMH IIyM MOXET BbI3bIBAThH JWKUE OTKIIOHEHHMs (a3bl. He nenaiite ommOKy M3 pasMbIlLUICHHS, YTO 3TO
SIBJIIETCS 3HAYUMBIM CUTHAJIOM.

1

FIGURE 8-12 . i h
Example of phase unwrapping. The top curve shows a ' MFHH B

typical phase signal obtained from a rectangular-to-polar
conversion routine. Each value in the signal must be
between -7 and 7 (i.e., -3.14159 and 3.14159). As shown
in the lower curve, the phase can be unwrapped by adding
or subtracting integer multiplies of 2z from each sample,
where the integer is chosen to minimize the
discontinuities between points.

wrapped

=20 ml'lp.—ﬂl---

=30

Phase imdjlans“r

PUCYHOK 8-12 -40)
[Ipumep ¢azoBoro pazBopaumBanus. BepxHsisi KpuBas 0 0.1 0.1 0.3 0.4 0.5
MOKa3bIBAET THITUIHBIA (Da30BBIA CUTHAI, TTOTYICHHBIA U3 Frequency

MPSIMOYTOJBHOTO K TIONAPHOH KOHBEPCHOHHOM IOAIPOTpaMMoOi(moanporpaMMoii mpeodpasoBanus). Kaxmoe
3HA4YeHHWE B CHUTHAJE JOJDKHO OBITH MEXAY -7 U 7 (TO ecTh, -3.14159 u 3.14159). Kak moka3aHo B 6ojee HHU3KOH
KpHUBOH, (a3a MOKET OBITh pazeepHyma, TpUOaBIss, WM BEIYMATAS IIEJI0€ YUCIIO YMHOXKAasA Ha 21T K&KIYI0 BEIOOPKY,
TJIe LIeJI0E YMCIIO BBIOPaHO, YTOOBI MUHUMHU3HPOBATh PA3PhIBBI MEXK Y TOUKAMHU.

It is often easier to understand the phase if it does not have these discontinuities, even if it means
that the phase extends above m, or below -m. This is called unwrapping the phase, and an
example is shown in Fig. 8-12. As shown by the program in Table 8-4, a multiple of 2 & is added
or subtracted from each value of the phase. The exact value is determined by an algorithm that
minimizes the difference between adjacent samples.

UYacto mpoiie MOHATH(MHTEPIPETUPOBATE) (Da3y, €CIIu ITO HE UMEET ATHX Pa3pPhIBOB, aXKe ECIH
9TO O3Ha4aeT, 4To pacmmpseT(rmpoaieBaer?) ¢a3y BbIEe T, WKW HIKE -T. JTO HA3BIBACTCH,
pa3BopaunBanueM (asbl, 1 IpuMep MnokasbiBaercs B puc. §-12. Kak mokazaHo mporpammoi B
tabnuie 8-4, MHOXKHUTENb 27 T00ABJICH WM BBIYUTACTCS OT KaXI0ro 3HadeHus (a3wl. TodHOE
3HAUEHUE OMPECIICHO AJITOPUTMOM, KOTOPBI MHUHUMHU3HUPYET PA3HOCTh MEXKIY CMEXKHBIMU
BBIOOpKaMH.

Nuisance 6: The magnitude is always positive (m ambiguity of the phase)
ITomexa 6: BeJJMYMHA BCeraa MOJIOKUTEIbHA (HEOHO3HAYHOCTD (pa3bl )

Figure 8-13 shows a frequency domain signal in rectangular and polar form. The real part is
smooth and quite easy to understand, while the imaginary part is entirely zero. In comparison,
the polar signals contain abrupt discontinuities and sharp corners. This is because the magnitude
must always be positive, by definition. Whenever the real part dips below zero, the magnitude
remains positive by changing the phase by & (or - &, which is the same thing). While this is not a
problem for the mathematics, the irregular curves can be difficult to interpret.

Pucynok 8-13 moka3bIBaeT 4aCTOTHBIA JIOMEH CHTHaja B MPSIMOYTOJBHON W MOJSPHOU (Gopme.
BemecTBeHHas yacTh TMagKa ¥ BeChbMa 00JIerdaeT, 4ToObl MOHATh, B TO BpeMs KaK MHUMAsi 4acTh
MIOJIHOCTBIO HyJieBas. JlJi1 cpaBHEHMS, IOJIIPHBIE CUTHANIBI COAEPIKAT PE3KUE Pa3phIBbI U KPYThIE
YTIBL. JTO - TO, IOTOMY YTO BEIMYMHA JOJKHA BCET/Aa OBITh TIOJMOKUTENBHA, 1O ONpedeeHuUio.
Beskuit pa3, korja najgeHue BEeIECTBEHHOW YacTH HIDKE HYJIS, BeIMYMHA(MarHUTya) OCTaeTcs
YBEPEHHOH, W3MeHsisl Ga3y 7 (WK -7, KOTOPBIA SBISETCS TOM kK€ caMOil Bemlblo). B To Bpems
KaKk 3TO - He, ImpoOieMa A MaTeMaTUK{, HENPaBWIbHBIE KPUBBIE MOXET OBbITh TPYIHO
WHTEPHPETUPOBATH.
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100 ' PHASE UNWRAPPING
110"

120 DIM PHASE[256]

130 DIM UWPHASE[256]
140"

150 PI = 3.14159265

160

170 GOSUB XXXX

180"

190 UWPHASE[0] = 0
200"

210"

220 FOR K% =1 TO 256

230 C% = CINT( (UWPHASE[K%-1] - PHASE[K%]) / (2 * PI))

240 UWPHASE[K%] = PHASE[K%] + C%*2*PI
250 NEXT K%

260"

270 END

Rectangular

| i, RuIX[]

e

Amplimde

0.2 0.3 0.4 0.5
Frequency
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] .1 ih2 (IR} b4 (1]
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FIGURE 8-13

Amplitade

'PHASE]J ] holds the original phase
'UWPHASE] ] holds the unwrapped phase

'Mythical subroutine to load data into PHASE] ]
'"The first point of all phase signals is zero

'Go through the unwrapping algorithm

Tabnuma 8-4

Polar

L

c. M.::g X[

Frequency

4—=q d. Phase X][ |

T
l.ll P A TR ”
] il

0 .1 0z 0.3 0.4 0.5

Frequency

Example signals in rectangular and polar form. Since the magnitude must always be positive (by definition), the
magnitude and phase may contain abrupt discontinuities and sharp corners. Figure (d) also shows another nuisance:
random noise can cause the phase to rapidly oscillate between 7 or -m.

[Ipumep curHana B mpsiMOyrosibHOM M mossipHoi ¢opme. Tak kak BenumunHA(MarHuTyza) JOJDKHA BCErAa OBITh
MIOJIOXKHTETIbHA (T10 ONIPENISNICHUIO0), BEIMYHHA, 1 (ha3a MOKET COIepiKaTh PE3KUe Pa3phIBEI M KPYThIE yIIIbl. PUCYHOK
(d) Tarxke mMOKa3BIBAaET APYTYIO IMOMEXY: CIyYalHBINA IIIyM MOXET 3acCTaBIATH (pa3y OBICTpO KoJeOaThCI MEXIY T

WA - TT.
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One solution is to allow the magnitude to have negative values. In the example of Fig. 8-13, this
would make the magnitude appear the same as the real part, while the phase would be entirely
zero. There is nothing wrong with this if it helps your understanding. Just be careful not to call a
signal with negative values the "magnitude" since this violates its formal definition. In this book
we use the weasel words: unwrapped magnitude to indicate a "magnitude" that is allowed to
have negative values.

OpHo perieHre COCTOUT B TOM, YTOOBI MO3BOJIUTH BEIMYMHE UMETh ompuyameibHvle 3HAUCHUS.
B mpumepe puc. 8-13, 310 3acTaBmiI0 OB BEIUYHHY MOSBUTHCS TOT KE CaMbIi KaK BEIIECTBEHHAS
4yacTb, B TO BpeMs Kak (a3a Oblia Obl MOTHOCTHIO HyJeBass. He nMeercss HUYEro HermpaBWIbHO C
3TUM, €CJIM 3TO NOMOTaeT BalleMy MOHUMaHHI0. TONbKO OyIbTe BHHUMATEIbHBIM, YTOOBI HE
BbI3BaTh CHUTHAJ C OTPHUILATEIBHBIM 3HAYEHUEM '"BEJIMYMHBI', TaK KaK HTO HapyIIaeT e€e
¢dopmanbHOe ompeneneHue. B 3TOMl KHUre MBI HCHOJB3YyEeM MEPEIUICTAIONIMEcs CIIOBa:
paszeepHymas  GeluyuHa, 9YTOOBI yKa3aTh "BENMMUYWMHY', KOTOPOW TIO3BOJISIOT HMETh
OTpHULIATENbHBIE 3HAYCHUSI.

Nuisance 7: Spikes between = and -n
ITomexa 7: BoIOpochl MeXKAy n U -7t

Since = and - = represent the same phase shift, round-off noise can cause adjacent points in the
phase to rapidly switch between the two values. As shown in Fig. 8-13d, this can produce sharp
breaks and spikes in an otherwise smooth curve. Don't be fooled, the phase isn't really this
discontinuous.

C Tex mop -m ¥ -7 MPEICTABbTE TOT JKE CaMblid CABUT (a3, OKPY KAIOIIHUN ITYM MOXKET 3aCTaBIsATh
CMEXHBIE TOUKU B (pa3e OBICTPO MEpEKIToUaThCA(MMPUHUMATE) MEXIy ABYMs 3HaueHusMH. Kak
nokazaHo B puc. 8-13 d, 3To MOXeT MPOU3BOAUTH OCTPBIE MEPEPHIBBI U BHIOPOCHI B HWHAYE
rmangko kpuBod. He OynpTe BBefeHBI B 3a0iyxaeHHe, 3Ta (a3a HE JEHCTBUTEIBHO HE
MPEPHIBUCTA.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




