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Linear Image Processing
Jlunennas O0padorka U3o0paxkenus

CHAPTER
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Linear image processing is based on the same two techniques as conventional DSP: convolution
and Fourier analysis. Convolution is the more important of these two, since images have their
information encoded in the spatial domain rather than the frequency domain. Linear filtering can
improve images in many ways: sharpening the edges of objects, reducing random noise, correct-
ing for unequal illumination, deconvolution to correct for blur and motion, etc. These procedures
are carried out by convolving the original image with an appropriate filter kernel, producing the
filtered image. A serious problem with image convolution is the enormous number of calcula-
tions that need to be performed, often resulting in unacceptably long execution times. This chap-
ter presents strategies for designing filter kernels for various image processing tasks. Two impor-
tant techniques for reducing the execution time are also described: convolution by separability
and FFT convolution.

Jluneiinas oOpaboTka M300paKeHUsI OCHOBAHA HAa TEX K€ CaMbIX JBYX METOJaX KakK OOBIYHBIN
LOC: csepmra v ananuz @ypve. CBepTka Oosiee BakKHA U3 3TH JIBYX, TaK Kak MH(opMarus u3o-
OpakeHUs! KOAUPYIOTCS B MIPOCTPAHCTBEHHOM 00IaCTH(IIPOCTPAHCTBEHHOM JIOMEHE) CKOpee 4eM
9acTOTHOM JoMeHe. JInHeiHas QuubTpays MOXKET yiIydlaTh M300pakeHHss MHOTHMHU CIOCO-
Oamu: 3a0CTpsisi TpaHU OOBEKTOB, MPUBOAS CIyYalHBIA IIyM, UCHPABIIsAs HEPAaBHOMEPHOE OCBE-
IIEHUS, IEKOHBOJIIOLIMIO, YTOOBI UCIIPABUTH MATHA U JABWXXEHUE, U T.J. DTU MPOLEAYPHI BIIOJ-
HEHBI, CBEPTHIBas MEPBOHAYAIBLHOE M300paXKEHHUE C SIAPOM COOTBETCTBYIOMIETO (HIIBTPA, TPO-
u3Bo/A (QuiabTpoBaHHOE M300paxeHue. Cepbe3Hast mpolieMa co CBEPTKOM M300paXkeHUs - Or-
POMHOC YHUCIIO BBIHHCHCHHﬁ, KOTOPBIC HOJIKHBI 6I>ITI) BBIIIOJIHCHBI, YaCTO NPUBOAA K HCIIPUCM-
JeMO JUITMHHBIM BpEMEHaM BBINOJIHEHHs. DTa IJ1aBa MPEICTaBIAeT CTPAaTeruu i IPOEKTUPOBa-
HUS s7ep QUIBTPOB JUIS PAa3UYHBIX 3a/1a4 00paboTKK M300paxkeHus. J[Ba BaKHBIX MeTOJa IS
COKpAlLICHUSI BPEMEHU BBINTOJHEHUS TAKXKE ONHCAHBI: CGEPMKA OMOEIUMOCMbI0 U C8ePMKA
BII®.

Convolution
Konposmonusi(CBepTka)

Image convolution works in the same way as one-dimensional convolution. For instance, images
can be viewed as a summation of impulses, i.e., scaled and shifted delta functions. Likewise, /in-
ear systems are characterized by how they respond to impulses; that is, by their impulse re-
sponses. As you should expect, the output image from a system is equal to the input image con-
volved with the system's impulse response.

CaepTka n3o00pakeHus: paboTaeT TakuM ke 00pa3oM Kak oJHOMEepHas cBepTka. Hampumep, u3o-
OpaxxeHHsi MOTYT OBbITh MPOCMOTPEHBI KaK CYMMUPOBAHUE UMNYI6CO8, TO €CTh, MACIITA0MPOBa-
HUC U CABUHYTBIC IOCJIbTA (I)YHKI_II/H/I AHaJIOFI/I‘IHO, JAUHElnble cucmembl XapaKTCPU30BaHbI TCM,
KaK OHM OTBEYAIOT HAa UMIYJIbCBI; TO €CTh UX UMUYIbCHLIMU nepedamodnbimu @QyHkyusmu. I1o-
CKOJIBKY BBI TOJDKHBI 0KUAATh, H300pasKeHHE BBIXOJa OT CHCTEMBI PABHO BXOJHOMY M300pake-
HUI0, CBEPHYTOMY C UMITYJILCHOM MepeaTOYHON (YHKIIMEH CHCTEMBI.

The two-dimensional delta function is an image composed of all zeros, except for a single pixel
at: row = 0, column = 0, which has a value of one. For now, assume that the row and column
indexes can have both positive and negative values, such that the one is centered in a vast sea of
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zeros. When the delta function is passed through a linear system, the single nonzero point will be
changed into some other two-dimensional pattern. Since the only thing that can happen to a point
is that it spreads out, the impulse response is often called the point spread function (PSF) in
image processing jargon.

JIBymepHas nenbTa QyHKIMS - H300pakeHHe, COCTAaBICHHOE U3 BCeX HyJed, eciiu Obl HE eIUH-
CTBEHHBIN(OTENBHBIN) MUKCeN B: cmpoke = 0, cmondoye = 0, KOTOPBIA UMEET 3HAUCHUE eOUHUYA.
[Toka, nmpeAmnonaok)uTe, YTO UHAECKCHl CTPOKU U CTOJIOIA MOTYT UMETh, U MOJOKUTENIbHBIE U OT-
pUIIaTeNbHbIE 3HAYEHMS, TaK, YTO €JUMHMIA IEHTPHpOBaHAa B oOmMpHOM Mope Hyznei. Korma
nenbra QYHKIUIO MPOMYyCKAIOT Yepe3 JUHEHHYI0 CUCTeMY, €IMHCTBEHHAs TOYKA OTJIMYHAs OT
HyJs OyJneT M3MEHEHa Ha HEKOTOPBIM Jpyroil AByMepHBIH oOpasen. Tak Kak eIMHCTBEHHas
BEIllb, KOTOpas MOXET CIy4aTbCid C TOYKOH, COCTOMT B TOM, 4YTO 3TO pPAaCIPOCTPAHE-
HUe(paccenBaHKE), UMITyJIbCHAs MepenaTodHas (QyHKIHMS 4acTo (PYHKIMSA paccesiHUs TOYKHU
(®PT) Ha xaproHe 00pabOTKH U300PAKECHHIA.

The human eye provides an excellent example of these concepts. As described in the last chapter,
the first layer of the retina transforms an image represented as a pattern of light into an image
represented as a pattern of nerve impulses. The second layer of the retina processes this neural
image and passes it to the third layer, the fibers forming the optic nerve. Imagine that the image
being projected onto the retina is a very small spot of light in the center of a dark background.
That is, an impulse is fed into the eye. Assuming that the system is linear, the image processing
taking place in the retina can be determined by inspecting the image appearing at the optic nerve.
In other words, we want to find the point spread function of the processing. We will revisit the
assumption about linearity of the eye later in this chapter.

UYenoBeueckuil T71a3 o0ecredrMBaeT MPEBOCXOAHBIM MpUMEp ATUX KoHIeniui. Kak ommcaHo B
MPOIIUION TIaBe, MEPBBIN YPOBEHb CETUATKU MPEOOPa30BBIBACT N300paKEHHE, MPEACTABICHHOE
Kak oOpaszell MHAMKATOpa B M300paK€HHME, NMPEJICTABICHHOE KakK 00paselr] MMITYJIhLCOB HEpBa.
Bropoii ypoBeHb ceTdaTku o0pabaThiBaeT 3TO HEBPAJIbHOE H300pa)Ke€HHE W TepefacT 3TO K
TPETbEMY YPOBHIO, CTEKJIOBOJIOKHA, (POPMUPYIOLINE 3pUTENbHbBIN HepB. BooOpasute, yTo u30-
OpaxeHre, MPOCKTHPYEMOEe Ha CeTYATKY - OU€Hb MaJICHbKOE MATHO(SUCHKa) HHIUKATOpA B IICH-
Tpe TemMHoro (ona. To ecTh B ria3 nojgaH umiyibce. [IpuHuMas, 4To cucreMa SBJSETCS JTUHEH-
HOM, 00paboTKa M300paKeHHUs, IMEIOIIasi MECTO B CETYATKE, MOXKET OBITh OMpEeNeieHa, OcMaT-
puBas n300paxkeHue, MOSIBIISIIOIIEECs B 3pUTEIBHOM HepBe. JpyruMu ClI0BaMu, Mbl XOTUM HalTH
(GYHKIMIO paccesHUsI TOUKH 00pabOTKU. MBI MOBTOPHO MOCETUM HPEATNOI0KEHHE OTHOCUTEIBHO
JIMHEHHOCTH TJ1a3a M03KE B 3TOM IJIaBe.

Figure 24-1 outlines this experiment. Figure (a) illustrates the impulse striking the retina while
(b) shows the image appearing at the optic nerve. The middle layer of the eye passes the bright
spike, but produces a circular region of increased darkness. The eye accomplishes this by a
process known as lateral inhibition. If a nerve cell in the middle layer is activated, it decreases
the ability of its nearby neighbors to become active. When a complete image is viewed by the
eye, each point in the image contributes a scaled and shifted version of this impulse response to
the image appearing at the optic nerve. In other words, the visual image is convolved with this
PSF to produce the neural image transmitted to the brain. The obvious question is: how does
convolving a viewed image with this PSF improve the ability of the eye to understand the world?

PucyHok 24-1 OCHOBBIBAET ATOT JKCIMEPUMEHT. PHCYHOK (a) WMIUTFOCTPHUPYET UMITYJIbC, HAKH-
MaIoIUi CeTuaTKy, B TO BpeMs Kak (b) moka3piBaeT m300paskeHUE, TOSBISIONICECS B 3PUTENb-
HOM HepBe. CpeqHuil ypoBeHb IJ1a3a mepenaeT spKui BBIOPOC, HO MPOU3BOAMUT KPYTOBYIO 00-
JacTh YBETMYEHHON TEMHOTHI. [ J1a3 BBIMOIHIET 3TO MPOIECCOM M3BECTHBINA Kak OOKOBOE MO/IaB-
nenue. Eciu HepBHAS KIIETKA B CPEHEM YPOBHE aKTUBU3UPOBAHA, 3TO YMEHBIIIAECT CIIOCOOHOCTh
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ero OiM3IIexalx coceel, 4ToObl CTaTh akTUBHBIM. Koria noiaHoe n3o0paxeHne npocMOTPEHO
IJ1a30M, Kaxaas TOYka B HM300paKEHUHU >KEPTBYET(BHOCHUT) MacIITAOUPYEeMYIO M CIBUHYTYIO
BEPCHUIO TOW MMITYJIbCHON MEepenaTouyHOr (YHKIIMH K M300PaKEHUIO0, MOSBISIONIEMYCS B 3pH-
TETLHOM HepBe. J[pyrumu cioBamu, BU3yalibHOE H300pakeHHe cBepHyTO ¢ 3TUM DPT, uToOnI
MIPOU3BECTH HEBPAIBLHOE U300pakeHHE, MepeaanHoe K Mo3ry. OYeBUIHBIN BOIPOC: KaK CBEpPTKa
pocMOTpeHHOTO n300pakeHus ¢ 3tuM OPT ynydmaeT cnocoOHOCTH ri1a3a, YTOOBI MOHATH MUP?

a. Image at first layer b. Image at third layer

FIGURE 24-1

The PSF of the eye. The middle layer of the retina changes an impulse, shown in (a), into an impulse surrounded by
a dark area, shown in (b). This point spread function enhances the edges of objects.

PUCYHOK 24-1

@OPT rnaza. CpenHuil ypoBEeHb CETYATKH U3MEHSCT MMITYJIbC, IOKA3aHHBIN B (2), B MMITYJIbC, OKPYXKCHHBIH TEMHOMH
00J1acThI0, MOKa3aHHBIN B (b). OTa GyHKIMS paccestHUS TOUKH pacInpseT rpaHn OOBEKTOB.
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FIGURE 24-2

Mach bands. Image processing in the retina results in a
slowly changing edge, as in (a), being sharpened, as in
(b). This makes it easier to separate objects in the image,
but produces an optical illusion called Mach bands. Near
the edge, the overshoot makes the dark region look
darker, and the light region look lighter. This produces
dark and light bands that run parallel to the edge.
PUCYHOK 24-2

ITonocer Maxa. O6paboTtka M300pakeHuss B ceTyaTKe
MIPUBOJUT K MEAJICHHO M3MEHSIOUIEMYCsl Kpato((ppoHTY),
Kak B (a), 3aocTpsieMblid, kak B (b). DTo obneryaer Bo3-
MOYKHOCTh OTACJSTh OOBEKTHI B M300paKEHUH, HO TPO-
WU3BOJUT ONTHYECKUI OOMaH II0 MMEHU MOJIockl Maxa.
Oxono kpasi(ppoHTa), MepeperyJIMpoBaHie IeiaeT TeM-
HBIH TIPOCMOTp 0OJacTH 0ojiee TEMHBIM, U CBETIIBIA MPO-
CMOTp OOJIacTH CBeTiiee. DTO NIPOU3BOJUT TEMHBIE U
CBETJIBIE IMOJIOCHI, KOTOpBIE NPOXOIAT NapaJlICIBHO

Kkparo((ppoHTY).

a. True brightness

b. Perceived brightness

Humans and other animals use vision to identify nearby objects, such as enemies, food, and
mates. This is done by distinguishing one region in the image from another, based on differences
in brightness and color. In other words, the first step in recognizing an object is to identify its
edges, the discontinuity that separates an object from its background. The middle layer of the
retina helps this task by sharpening the edges in the viewed image. As an illustration of how this
works, Fig. 24-2 shows an image that slowly changes from dark to light, producing a blurry and
poorly defined edge. Figure (a) shows the intensity profile of this image, the pattern of brightness
entering the eye. Figure (b) shows the brightness profile appearing on the optic nerve, the image
transmitted to the brain. The processing in the retina makes the edge between the light and dark
areas appear more abrupt, reinforcing that the two regions are different.

Jlronu M pyrue *UBOTHBIE MCIIOJIB3YIOT 3pEHUE, YTOOBI UAECHTU(PHUIHUPOBATH MOOIU30CTH 00B-
€KThl, TUIa BParos, IpOJAOBOJIbCTBUS, U TIOMOIIHUKOB. JTO CIENAHO, OTIMYasi OJHY O0JIacTh B
n300pakeHUH OT JPYTOil, OCHOBAHO HA pa3IMuUsIX B IPKOCTH U IBeTe. [[pyrumu cioBamu, mnep-
BBII IIar B MpU3HaHUE 00BEKTA TOJHKEH WIACHTU(HUIIMPOBATH €ro TPaHH, Pa3phbiB, KOTOPBIHA OT/e-
nseT 00beKT oT ero ¢oHa. CpeHUIl YPOBEHb CETUYATKU MTOMOTaeT 3TOH 3ajaue, 3a0CTpsis TpaHH
B IMPOCMOTPEHHOM H300pakeHnn. Kak WTrocTpanus Toro, Kak 3To padoraer, puc. 24-2 mokassi-
BaeT M300paKeHHe KOTOPOEe MEJUIEHHO M3MEHSETCsl OT TEMHOr0, O CBETJIOT0, MPOU3BOAS pac-
TUTBIBYATBIA W TUIOXO ONpeAeNeHHbIH Kpai(ppoHT). PucyHok (a) moka3siBaeT KOH(UTYpamuio
MHTEHCUBHOCTH 3TOT0 M300paxkeHus1, oOpasel spKoCTH, BBoAsLIeH r1a3. Pucynok (b) mokasbiBa-
€T KOHQUTYPALIHIO IPKOCTH, TIOSBIISIFOIIYIOCS Ha 3pUTEIILHOM HEpBE, H300pakeHue, mepe1aHHoe
K Mo3ry. O6paboTka B ceTuaTKe JienaeT Kpai((ppoHT) MeXy CBETOBBIMH U TEMHBIMU O0JIACTSI-
MU, K&KyTCs(TIOABIISIIOTCS) O0Jiee pe3KUMHU, YKPETUIsis, 4TO ATH JABE 00JaCTH pa3INyIHBL.
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The overshoot in the edge response creates an interesting optical illusion. Next to the edge, the
dark region appears to be unusually dark, and the light region appears to be unusually light. The
resulting light and dark strips are called Mach bands, after Ernst Mach (1838-1916), an Austrian
physicist who first described them.

[TepeperynupoBanue B 0TBETE Kpasi((ppOHTA) CO3/1a€T MHTEPECHBIN ONTHYECKU oOMaH. Psom ¢
KpaeM((ppoHTOM), TeMHasi 00JIaCTh, KAXKETCsl, HEOOBIYHO TEMHOW, U CBETas 00JIaCTh, KAXKETCH,
HEOOBIYHO CBETJION. 3aKaHYMBAIOMIMICS WHAMKATOP W TEMHBIE JIEHTHI Ha3bIBAIOTCSA MOJ0CAMM
Maxa, o umenu Ernst Mach (1838-1916), aBcTpuiickoro (usuka KOTOPBIi IEPBBIM OMKCAT HX.

As with one-dimensional signals, image convolution can be viewed in two ways: from the input,
and from the output. From the input side, each pixel in the input image contributes a scaled and
shifted version of the point spread function to the output image. As viewed from the output side,
each pixel in the output image is influenced by a group of pixels from the input signal. For one-
dimensional signals, this region of influence is the impulse response flipped lefi-for-right. For
image signals, it is the PSF flipped lefi-for-right and top-for- bottom. Since most of the PSFs
used in DSP are symmetrical around the vertical and horizonal axes, these flips do nothing and
can be ignored. Later in this chapter we will look at nonsymmetrical PSFs that must have the
flips taken into account.

Kak ¢ ogHOMepHBIMU CUTHAJIaMH, CBEPTKa U300paKEHHUS MOXKET OBITh IIPOCMOTPEHA IBYMsI CIIO-
cobamM: OT BBOJA, U OT BbIXOAA. OT BXOJHOW CTOPOHBI, KAl IHKCEJ BO BXOJHOM H300pa-
KEHHUU KEPTBYET(BHOCUT; CIOCOOCTBYET)) MACIITAOMPYEMYIO U CABHHYTYIO BEPCHIO (DYyHKITHH
paccesHusl TOYKM K M300pakeHHIO BbIXxoja. Kak MpoCMOTPEHO OT CTOPOHBI BBIXOJA, KaXbIi
IHUKCeNl B U300paKeHUH BBIXOA - TOJ] BIMSIHUEM T'PYMIIBI TUKCEIOB OT BXOAHOTO cUrHana. s
OJTHOMEPHBIX CHUTHAJIOB, 3Ta 00JAaCTh BIUSHMS - 3€pPKAJIbHO OTPAXKCHHAs MMITyJIbCHAsl Iepena-
ToyHast (PyHKIMS, JIeBO - mpaBo. s CUTHAJIOB M300pa)KeHHS, 3TO - 3€PKAJIBHO OTPAKEHHBIN
®OPT, neso - npaso n Husz - eepx. Tak xak 6onpmHCcTBO OPT, ricnons3yemsbix B [IOC cummer-
PUYHBI BOKPYT BEPTHUKAJIBHON ¥ T'OPU3OHTAIBHONU OCEH, OHM 3€PKaJIbHO OTPaXKasiCh, OHU HE Jie-
JA0T HUYETro U MOXTYT UTHOpUpoBaThes. [1o3xke B 3TOM riaBe Mbl OyeM CMOTPETh HAa HECUM-
Merpudeckue OPT, KoTopble NOKHBI IPUHATH BO BHUMAHKE, 3€PKAJIbHOE OTPaKCHUE.

Figure 24-3 shows several common PSFs. In (a), the pillbox has a circular top and straight sides.
For example, if the lens of a camera is not properly focused, each point in the image will be pro-
jected to a circular spot on the image sensor (look back at Fig. 23-2 and consider the effect of
moving the projection screen toward or away from the lens). In other words, the pillbox is the
point spread function of an out-of-focus lens.

Pucynok 24-3 moxaspiBaeT Heckoilbko 00buHBIX DPT. B (a), pillbox wumeer kpyro-
Bble(LIMKJIMYECKHUE) BBICIINE U MPsIMbIe CTOPOHBI. Hampumep, eciiu XpycTanuk KaMepsl JOJKHBIM
00pa3oM He COCpPEeIOTOUYEH, KaKaas TOYKa B U300paKeHUU OyaeT MPOEKTUPOBATHCS K KPYTOBO-
MY(IIUKIUYECKOMY ) TIATHY(SUeiike) Ha JaTYMKe U300pakeHus (B3Il Ha3an B puc. 23-2 u pac-
cMaTpuBath dPPEKT nepeMenieHus MPOSKIIMOHHOTO YKpaHa K WIIH JTATEKO OT XpycTanuka). Jpy-
rumu cioBamu, pillbox - dyHkmus paccessHuss Touku BHE (OKyca(HEPE3KOCTH) XpyCTalH-
Ka(JIMH3bI).

The Gaussian, shown in (b), is the PSF of imaging systems limited by random imperfections.
For instance, the image from a telescope is blurred by atmospheric turbulence, causing each
point of light to become a Gaussian in the final image. Image sensors, such as the CCD and ret-
ina, are often limited by the scattering of light and/or electrons. The Central Limit Theorem dic-
tates that a Gaussian blur results from these types of random processes.
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I'ayccuan, moka3zanssblil B (b), siBisercss @PT oroOpaskeHUs] CUCTEM, OTPaHUMYCHHBIX CIy4YailHbI-
MH HejocTatkamMu. Hampumep, n3zobpakeHne oT TeIecKora pa3MbITo aTMOChepHO TypOyIeHT-
HOCTBIO, BBI3bIBasl KAXKIYIO TOUKY MHIMKATOpa CTaTh ['ayccnaH B KOHEYHOM(3AKIIOYUTEIBHOM)
n3o0paxkeHuu. [latunku nzoopaxkenus, tumna [13C u ceTyaTtku, 4acTO OrpaHUYHUBAIOTCS PACCEH-
BAaHHWEM HMHIMKATOpa U-WIN IEKTPOHOB. LleHTpanbHas mpenenabHas Teopema IUKTYeT, uTo [ayc-
CHaH IISITHO CJIETYET U3 ATUX THUIIOB BEPOSTHOCTHBIX IIPOLIECCOB.

The pillbox and Gaussian are used in image processing the same as the moving average filter is
used with one-dimensional signals. An image convolved with these PSFs will appear blurry and
have less defined edges, but will be lower in random noise. These are called smoothing filters,
for their action in the time domain, or low-pass filters, for how they treat the frequency domain.
The square PSF, shown in (c), can also be used as a smoothing filter, but it is not circularly
symmetric. This results in the blurring being different in the diagonal directions compared to the
vertical and horizontal. This may or may not be important, depending on the use.

Pillbox m l'ayccman wucmonb3yroTcss B M300pakKeHHH, 0Opa0aThIBAIONMIEM TOT K€ CaMblid, IO-
CKOJIBKY (DUIIBTP CKOJIB3SIIETO CPEIHETO 3HAUEHUS MCTOIh3yeTCs ¢ OJIHOMEPHBIMH CUTHAJIAMHU.
Nzobpaxenue, ceepuytoe ¢ atumu OPT Oyner ka3zaTbes pacIuibIBYATBIM M MEHBIIE OTIPEICTUIIO0
rpanu, HO Oyzaer OoJjiee HU3KOE B ciaydyaitHOM mryme. OHU Ha3bIBAlOTCA, (PUIBTPHI CIIAKUBa-
HMSA, [I0 UX JIEHCTBUIO B IOMEHE BPEMEHU, UM (PUIBTPAaMH HUKHHUX YacCTOT, IO TOMY, KaK OHU
o0OpabaTeiBaroT yacTOTHBIM JoMeH. KBaapaTtubiii @PT, moka3zaHHBIH B (C), MOXKET TaKXKe HC-
MOJIb30BAThCA KaK (QUIIBTP CTIaKUBAHMSI, HO 3TO HE HUPKYJISIPHO CUMMETPUYHO. DTO MPUBOAUT
K Pa3MBIBAHHIO, SBJISIONIEMYCS OTIMYHBIM B IMArOHATBHBIX HANIPABIICHUSX, CPABHEHHBIX C BEp-
TUKaJIbHOW U TOPU3OHTAILHON TUHUSAMHU. DTO MOXKET UM HE MOXKET ObITh BaKHBIM, B 3aBUCHUMO-
CTH OT HCIIOJIb30BAHMSI.

The opposite of a smoothing filter is an edge enhancement or high-pass filter. The spectral in-
version technique, discussed in Chapter 14, is used to change between the two. As illustrated in
(d), an edge enhancement filter kernel is formed by taking the negative of a smoothing filter, and
adding a delta function in the center. The image processing which occurs in the retina is an ex-
ample of this type of filter.

ITpOTHBOMOIOKHOCTH (PMIIBTPA CTIIAXKHBAHUS - MOAYePKUBAHNE KOHTYPOB WIH (pUIBLTP Bepx-
HUX 4YacToT. CHieKTpaibHash METOAMKa oOpamieHus, oOCy>KJeHHas B riaBe 14, MCIONb3yeTcs,
94TOOBI U3MEHUTHCS MEXIy AByMs. Kak nmtoctpupoBano B (d), sapo ¢punbTpa moguepKuBaHUs
KOHTYpPOB, chopMupoBaHo, Oeps HeraTuB (PHIIbTpa CTIAKUBAHUSA, U T00ABICHUS AeIbTa (yHK-
uH B ieHTpe. O6paboTka M300pakeHus, KOTOpasi MPOUCXOIUT B CETYATKE - IPUMEP ITOTO THIIA
¢dbunpTpa.

Figure (e) shows the two-dimensional sinc function. One-dimensional signal processing uses the
windowed-sinc to separate frequency bands. Since images do not have their information encoded
in the frequency domain, the sinc function is seldom used as an imaging filter kernel, although it
does find use in some theoretical problems. The sinc function can be hard to use because its

tails decrease very slowly in amplitude (1/x), meaning it must be treated as infinitely wide. In

comparison, the Gaussian's tails decrease very rapidly € “) and can eventually be truncated
with no ill effect.

PucyHOK (€) moKkaspIBaeT MBYMEPHYIO Sinc(CHHXpOHU3MpYyoIyo?) Gyakmuto. OgHoMepHas 00-
paboTka curHanoB ucrnosb3yeT windowed-sinc, 4TOOBI OTAETUTH MOJOCHI YaCTOT. Tak Kak M30-
OpaxxeHHsI He KOAUPYIOT UX WH(POPMAIIUIO B YACTOTHOM JOMEHE, SinC (QYHKIIHSI PEAKO HCITOJIb-
3yeTcs, Kak siIpo QHIbTpa OTOOPaKECHHUs, XOTS 3TO HAXOJIUT HUCIOJIh30BAHUE B HEKOTOPHIX TEO-
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peTnyeckux nmpodiaemax. Sinc GyHKIHS MOKET ObITh HHTEHCUBHO, YTOOBI UCIIOJIb30BaTh TOTOMY
yT1o ero OctaTtku(cpe3bl UMITYJIbCa(XBOCTHI) YMEHBIIIAIOTCS OYEHb MeJIeHHO B amrumatyae (1/x),
O3Hayasi 3TO JOJDKHO ObITh 00paboTaHO Kak OECKOHEUHO MIMPOKHN. J[1si cpaBHEHUs, yMEHBbIIIe-

y ~X°
HHE OCTaTKOB(CPE30B MMITYJIbCa) raycCHaHa OueHb ObICTpo (€ ~ ) 1 MOKET B KOHEUHOM cueTe
OBITH yceueHO 0e3 BpEHOT0 BO3ICHCTBUSI.

a. Pillbox b. Gaussian

value
value

d. Edge enhancement

value
value

e. Sinc
FIGURE 24-3 17
Common point spread functions, The pillbox,
Graussian, and square, shown in (a). (b). & (c),
are common smoothing (low-pass) filters. Edge
enhancement {(high-pass) filters are formed by
subtracting a low-pass kernel from an impulse,
as shown in (d). The sine function, (e). 15 used
very little in image processing because images
have their information encoded in the spatial
domain, not the frequency domain.

value

FIGURE 24-3

Common point spread functions. The pillbox, Gaussian, and square, shown in (a), (b), & (c), are common smoothing
(low-pass) filters. Edge enhancement (high-pass) filters are formed by subtracting a low-pass kernel from an im-
pulse, as shown in (d). The sinc function, (e), is used very little in image processing because images have their in-
formation encoded in the spatial domain, not the frequency domain.

PUCYHOK 24-3

OObrunble (yHkiuu paccesHus touku. Pillbox, 'ayccuan, u kBaapar, mokasanHblii B (a), (b), u (c), ABIsFOTCS
OOBIYHBIMH CINIQXKMBAIOIUMHU prnbTpamu (QUIBTPEl HUKUX 4acToT). PUIBTPHI NOAYEPKUBAHUS KOHTYPOB ((HIbT-
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PBI BEPXHUX YacTOT) ChOPMHUPOBAHO, BBIYMTAS SIPO C HHU3KHM IIPOXOJIOM OT MMITyJibCa, Kak mokazano B (d). Sinc
¢byHKIM, (€), UCIONB3YETCsl OYEHb HEMHOTO B 00pab0TKe M300paXKEHUs, IIOTOMY YTO U300paKeHUsI KOAUPYIOT HX
uH(popMaLIo B IPOCTPAHCTBEHHOM JIOMEHE, HE YaCTOTHOM JIOMEHE.

All these filter kernels use negative indexes in the rows and columns, allowing the PSF to be
centered at row = 0 and column = 0. Negative indexes are often eliminated in one-dimensional
DSP by shifting the filter kernel to the right until all the nonzero samples have a positive index.
This shift moves the output signal by an equal amount, which is usually of no concern. In com-
parison, a shift between the input and output images is generally not acceptable. Correspond-
ingly, negative indexes are the norm for filter kernels in image processing.

Bce a1u simpa ¢puiabTpa UCMONB3YIOT OTPHUIIATEIbHBIE HHIEKCHI B CTPOKAaX M CTONOLAX, MO3BOISS
OPT ObITh LEHTPUPOBAHHBIMU B cmpoke = 0 U cmondoye = 0. OTpuLaTeabHble UHAECKCHI 4acTO
yctpansitorcs B ogHomepHoMm [[OC, cnBuras sapo QuibTpa HampaBo, MOKa BCE BBHIOOPKH OT-
JUYHBIC OT HYJS HE UMEIOT MOJOKUTEIbHBIN UHACKC. DTOT CIBHUT NIEpEMENIaeT CUTHAJ BBIXO/a
PaBHBIM KOJTMYECTBOM, KOTOPOE HE BBI3bIBAET OOBIUHO HUKAKOTO OecrokoiicTBa. i cpaBHEHMS,
CIBUT MEXIy M300pakeHUSIMUA BBOJIa U BBIBOAA BOOOIIE He nmpuemiieM. COOTBETCTBEHHO, OTPH-
LaTeNbHbIE HHIEKCHI - HOpMa A sifep huiabTpa B 00paboTke n300pakeHus.

A problem with image convolution is that a large number of calculations are involved. For in-
stance, when a 512 by 512 pixel image is convolved with a 64 by 64 pixel PSF, more than a bil-
lion multiplications and additions are needed (i.e., 64 x 64 x 512 x 512). The long execution
times can make the techniques impractical. Three approaches are used to speed things up.

[IpoGnema co cBepTKOM M300paKEHUS COCTOUT B TOM, YTO OOJIBIIOE KOJIMYECTBO BBIYUCICHUN
BoBiIeueHo. [[s oOpasiia, korna uzoopaxkenue 512 by 512 nukcenos cBepHyTo ¢ OPT 64 by 64
MUKCEJIOB, OOJIBIIE YeM MILIHAp] YMHOXKEHUH U A00aBieHUi HeoOxoauM (To ecTb, 64 x 64 x
512 x 512). JlnuHHBIE BpeMEHa BBINOJHEHHS MOTYT JAeidaTh METOAbl HENpPaKTWYHbIMH. Tpu
M10/1X0/1a UCTOJIBb3YIOTCS, YTOOBI YCKOPUTDH ITH BEILH.

The first strategy is to use a very small PSF, often only 343 pixels. This is carried out by looping
through each sample in the output image, using optimized code to multiply and accumulate the
corresponding nine pixels from the input image. A surprising amount of processing can be
achieved with a mere 343 PSF, because it is large enough to affect the edges in an image.

[TepBas cTpaTerust COCTOMT B TOM, YTOOBI UCIONIB30BaTh Oo4eHb ManeHbkuii OPT, yacto TONBKO
3x3 muKkcena. DTO BBHIMOJHEHO BBITIOJHEHUEM IMKIIA Yepe3 KKIYI0 BHIOOPKY B M300paKCHUU
BBIXO/1a, MCIOJIB3Ys ONTHMU3UPOBAHHYIO MPOTrpPaMMy, YTOObI YMHOXKATh U HaKOIHTH Tepeaady
JIEBSITh MUKCEIOB OT BXOJHOTO M300pa)KeHHs. YAWBUTEIHBHOE KOJIMYECTBO OOPaOOTKH MOXKET
ObITh HocTUrHYTO C TpocThiM DPPT 3x3, motomy uTo nOcTaToYHO 3PPEKTUBHO 3aTPOHYTH paHU
B N300paKCHUHU.

The second strategy is used when a large PSF is needed, but its shape isn't critical. This calls for
a filter kernel that is separable, a property that allows the image convolution to be carried out as
a series of one-dimensional operations. This can improve the execution speed by hundreds of
times.

Bropas crpaterus ucnonb3yercs, koraa 6onpinoit ®PT HeobxonuMm, HO ero opMa HE KpUTHYE-
cKas. DTO 3ampammBaeT sapa (QuIbTpa, KOTOPOE SIBISACTCSA paszoeisembiM, CBOMCTBO, KOTOPOE
MIO3BOJISIET CBEPTKE M300pakeHUs ObITh BBIMOJIHEHHOW KaK psj OJAHOMEPHBIX omepanuid. ITo
MOJKET YJIy4llIaTh Oblicmpodelicmaue BHIIOTHEHNUS B COTHH pas.
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The third strategy is FFT convolution, used when the filter kernel is large and has a specific
shape. Even with the speed improvements provided by the highly efficient FFT, the execution
time will be hideous. Let's take a closer look at the details of these three strategies, and examples
of how they are used in image processing.

Tpetbs cTpaterus - ceeptka bII®D, ucnonszyemas, koraa sapo GuiabTpa OOJBIIOE U UMEET CIIe-
UpHUECKyI0(TOYHO ompeseieHHy0) Gopmy. [lake ¢ yrouHeHHsAMHU OBICTpOJEHCTBUSA, o0ecte-
YeHHBIMHU BBICOKO d(dextuBHbiM BIID, Bpems BbimoaHeHUs1 OyJeT OTBpaTHTENbHO. [laBaiite
ONMKe pacCMOTPUM MOAPOOHOCTH ATHX TPEX CTPATErWid, U MPUMEPOB TOTO, KaK OHU HUCIOJb3Y-
I0TCS B 00paboTKe n300pakeHusI.

3x3 Edge Modification
Momundgukanust kpas 3x3

Figure 24-4 shows several 343 operations. Figure (a) is an image acquired by an airport x-ray
baggage scanner. When this image is convolved with a 343 delta function (a one surrounded by
8 zeros), the image remains unchanged. While this is not interesting by itself, it forms the base-
line for the other filter kernels.

Pucynok 24-4 mokasbiBaeT Heckoibko omneparuii 3x3. Pucynok (a) - uzo0OpaxkeHue, npuoodpe-
TEHHOE PEHTICHOBCKUM CKaHepoM aBHa-Oaraka. Kornma 3to m3oOpakeHHe CBEpHYTO C JA€ibTa
dynkuueit 3x3 (edunuya, okpyKeHHas 8 HyJISIMH), U300pakeHUE OCTAETCS HEU3MEHsAeMbIM. B T0o
BpeMs KaK 3TO HE MHTEPECHO OTHAENbHO, 3TO (OPMHUPYET ONOPHYIO JIMHUIO AN IPYTHUX A1ep
¢dunpTpa.

Figure (b) shows the image convolved with a 343 kernel consisting of a one, a negative one, and
7 zeros. This is called the shift and subtract operation, because a shifted version of the image
(corresponding to the -1) is subtracted from the original image (corresponding to the 1). This
processing produces the optical illusion that some objects are closer or farther away than the
background, making a 3D or embossed effect. The brain interprets images as if the lighting is
from above, the normal way the world presents itself. If the edges of an object are bright on the
top and dark on the bottom, the object is perceived to be poking out from the background. To see
another interesting effect, turn the picture upside down, and the objects will be pushed info the
background.

Pucynok (b) mokaspiBaeT n300paxkeHue, CBEPHYTOE C SAAPOM 3X3, COCTOSIIEE U3 MUHYC eOUHUYbL,
1 7 Hyneil. DTO Ha3bIBACTCS OMEPAIMCH CABUTa M BHIYMTAHUS, TIOTOMY YTO COBUHYMAs BEPCUS
n300paxkeHus (COOTBETCTBYIOMIETO -1) guluumaemcs 0T IEPBOHAYAILHOTO M300paKeHUs (COOT-
BeTCTBYMOMIEro 1). Ota 006paboTKa MPOU3BOIUT ONTHYECKYIO HILTIO3UIO, YTO HEKOTOpPhIE 00BHEK-
Tl OMIKe WK Janblie yeM (oH, co3aaBas TpexMepHblid 3ddekt umm >¢dext mramma. Mo3r
MHTEPIIPETUPYET U300pa’keHusi, Kak OyATO OCBEIIEHUE - cepX)y, HOPMAIIbHBIM crocol mpen-
CTaBJICHHUS peanbHOro Mupa. Eciam rpaHu oObeKTa CBETIbIE BBEPXY M TEMHBIE BHH3Y, OOBEKT
BOCITPUHST, YTOOBI BRIIETATHCS OT (poHA. UTOOBI BUACTH APYroi MHTEPECHBIN 3G (HEKT, TOBEPHH-
Te N300pakeHrne, THBEPTUPOBAHHOE BHU3(BBEPX-THOM), M1 OOBEKTHI OYAYyT OMEIIEHBI 8 )OH.

Figure (c) shows an edge detection PSF, and the resulting image. Every edge in the original im-
age is transformed into narrow dark and light bands that run parallel to the original edge.
Thresholding this image can isolate either the dark or light band, providing a simple algorithm
for detecting the edges in an image.
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Pucynok (c) nokaspiBaeT ooHapy:kenue kpasst OPT, u 3akanunBatomieecs nzodpaxenue. Kax-
IbIA Kpail B IEpBOHAYAIBHOM HM300pa’keHUH NPeoOpa3oBaH B y3KHE TEMHBIE U CBETIIbIE MTOJIOCHI,
pacoI0KEeHHbIE apajlIeIbHO OPUTHHAIBHOMY (IIEpBOHAYAIBHOMY) Kparo. DTO OPOroBOE U30-
Opa’keHHe MOXKET U30JIMPOBATh WM TEMHYIO MM CBETIIYIO M0JIOCY, OOecreunBas MPOCTON anro-
PUTM U151 OOHApY>KEHHS I'paHell B N300paKeHHH.

a. Delta function b. Shift and subtract
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c. Edge detection

FIGURE 24-4

343 edge modification. The original image, (a), was acquired on an airport x-ray baggage scanner. The shift and
subtract operation, shown in (b), results in a pseudo three-dimensional effect. The edge detection operator in (c) re-
moves all contrast, leaving only the edge information. The edge enhancement filter, (d), adds various ratios of im-
ages (a) and (c), determined by the parameter, k. A value of k=2 was used to create this image.

PUCYHOK 24-4

Momudukanus kpas(oOpamiuenus; kontypa?) 3x3. IlepBonavanbHoe n3oOpaxeHue, (a), ObUIO NMPUOOpPETEHO Ha
PEHTI€HOBCKOM CKaHepe aBua-Oaraxxa. Omepanms cIBUra W BBIYMTAHUS, NOKa3zaHHas B (b), IpHBOANT K ICEBIO
TpexmepHoMy 3ddekty. OnepaTop oOHapyKkeHHsI Kpasi B (C) yJalsieT BeCh KOHTPAcT, OCTaBIsIs TOJILKO WH(OpMa-
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o Kpas(koHTypoB?). DuiabTp mnomuepkuBaHMs ~KOHTYpoB, (d), mpuOaBiseT pas3idyuHblE OTHOLIE-
HUsA(K02(pduLneHTs) n3oopaxeHnii (a) u (c), onpeaeneHHple napamerpom, k. UroObl co3naTh 3TO M300pakeHUE
KCII0Ib30BAJIOCH 3HAYEHHUE, k = 2.

A common image processing technique is shown in (d): edge enhancement. This is sometimes
called a sharpening operation. In (a), the objects have good contrast (an appropriate level of
arkness and lightness) but very blurry edges. In (c), the objects have absolutely no contrast, but
very sharp edges. The strategy is to multiply the image with good edges by a constant, k, and add
it to the image with good contrast. This is equivalent to convolving the original image with the
343 PSF shown in (d). If £ is set to 0, the PSF becomes a delta function, and the image is left
unchanged. As k is made larger, the image shows better edge definition. For the image in (d), a
value of k£ = 2 was used: two parts of image (c) to one part of image (a). This operation mimics
the eye's ability to sharpen edges, allowing objects to be more easily separated from the back-
ground.

OObruHas MeTonuKa 0OpabOTKU M300pakeHus, mokasbiBaeTcs B (d): mogYepKUBaHHE KOHTY-
POB. DTO MHOT/a Ha3bIBACTCS ONEpanuell yBenumdeHus peskocmu. B (a), 00beKTH HMEIOT XOpO-
MUK KOHTpacT (COOTBETCTBYIOIIUI YPOBEHb TEHU U CBETa) HO OUEHb pacIUIbIBUaThie TpaHu. B
(c), 0OBEKTHI HE UMEIOT aO0COTIOTHO HUKAKOTO KOHTpAcTa, HO OYeHb pe3kue kpas. Ctparerus co-
CTOUT B TOM, YTOOBI YMHOXUTH(MYJIBTHILTUIIMPOBATE) U300PAKECHUE C XOPOWUMYU ePAHAMU KOH-
CTaHTOMW, k, M TIPUOABIIATH ATO K M300PaXKCHUIO C XOPOUWUM KOHMPACMOM. DTO YKBUBAICHTHO
CKpPYUYMBaHUIO TMepBOHadaabHOro m3obpaxenus ¢ DOPT 3x3, mokasanusnii B (d). Ecim £ ycra-
HoBjieH B 0, ®PT cranoButcs nenbTa (QyHKIMEH, 1 H300paKeHWE OCTaBICHO HEM3MEHSIEMBIM.
Kak k cnenan OonpiimM, n300pakeHne MOKa3bIBaeT JIydlle onpenaeneHue kpas. /s uzobOpaxe-
Hus B (d), UCronp30Banochk 3HaUCHUE k = 2: 1BE yacTh n300paxeHus (C) K OJTHOM 4acTH U300pa-
xKeHus (a). DTa onepanus MoapaxaeT CiocOOHOCTH TJ1a3a 3a0CTPUThH I'PaHH, IMO3BOJISIE 00BEKTaM
OBITH 00JIEE JIETKO OTICICHHBIMU OT (hOHA.

Convolution with any of these PSFs can result in negative pixel values appearing in the final im-
age. Even if the program can handle negative values for pixels, the image display cannot. The
most common way around this is to add an offset to each of the calculated pixels, as is done in
these images. An alternative is to truncate out-of-range values.

Caeprtka ¢ mo0bM 13 3TuX OPT MOXeT NpUBOANTH K OTPULIATEIHHBIM 3HAYECHUSM MUKCENa, T0-
SIBIISTFOIIIAMCS] B KOHEYHOM H300pakeHUH. J{axe eciii mporpaMMa Mo>KkeT 00padaTeIBaTh OTpPHUIIA-
TeJbHBIC 3HAUCHUS JIJISl MUKCENOB, AUCIUICH n300pakeHUs: He MoxeT. Hanbonee oObIYHBIN MYyTh
BOKPYT 3TOTO COCTOUT B TOM, YTOOBI TPHUOABUTH CMEIIEHUE K KAXKJIOMY U3 PACUETHBIX MUKCEJIOB,
KaK CIIeJIaHO B 3TUX M300pakeHUsAX. ANbTEpPHATHBA JODKHA yCeUb 3HAYCHHS U3 IHUala3oHa.

Convolution by Separability
Creprtka OT€JIUMOCTBIO

This is a technique for fast convolution, as long as the PSF is separable. A PSF is said to be
separable if it can be broken into two one-dimensional signals: a vertical and a horizontal projec-
tion. Figure 24-5 shows an example of a separable image, the square PSF. Specifically, the value
of each pixel in the image is equal to the corresponding point in the horizontal projection multi-
plied by the corresponding point in the vertical projection. In mathematical form:
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Jto - MeToauKa Juist ObicTpoii cBepTkH, moka OPT oraeaum. OPT, kak cuuTalOT, OTAEIHMBIM,
€CJIM 3TO MOXKET OBITh Pa30MUTO Ha JBAa OJHOMEPHBIX CUTHAA: BEPTUKAIbHAS U TOPU3OHTAIbHAS
npoekiys. PucyHok 24-5 mokassiBaeT mpUMep OTACTUMOro u3oOpakeHus, kBaapaTHoro OPT.
OmnpeneneHHo, 3HaYEHUE KAXKA0T0 MUKCeNIa B N300pakeHNH PAaBHO COOTBETCTBYIOIEH TOUKE HA
TOPU30HTAIBHON MPOEKLUHU, MYJIbTUIUIMIUPOBAHHON(YMHOKEHHOM) COOTBETCTBYIOLIEN TOYKOMN
Ha BEpTUKAJIbLHOW Mpoekiuu. B Marematuueckoi popme:

YPABHEHUE 24-1. Paznenenne N3o0paxenus. M300paxkeHue ynomsty-
TO KaK omoenumoe, €CId OHO MOXKET OBITh PAaCWICHEHO Ha TOPU3OHTAb-
HYIO M BEPTHKAJIBHYIO MPOCKLIHH.

x|rc] = vert|r] = horz|c]

where x[r, c] is the two-dimensional image, where vert[r] u horz[c] are the one-dimensional pro-
jections. Obviously, most images do not satisfy this requirement. For example, the pillbox is not
separable. There are, however, an infinite number of separable images. This can be understood
by generating arbitrary horizontal and vertical projections, and finding the image that corre-
sponds to them. For example, Fig. 24-6 illustrates this with profiles that are double-sided expo-
nentials. The image that corresponds to these profiles is then found from Eq. 24-1. When dis-
played, the image appears as a diamond shape that exponentially decays to zero as the distance
from the origin increases.

rae x[r, c] - IBymMepHOe u3o0paxkeHue, u rue vert[r] u horz[c] - onuHOpa3MepHbIC MPOEKIIUU.
OdeBuIHO, OOJBIIMHCTBO W300paKCHHI HE YJIOBJICTBOPSICT dTOMY TpeOoBaHmio. Hampumep,
pillbox He oTnenum. Mmeetcs, oqHako, OeckoHeuHoe YUCIO OTACIUMBIX H300paskeHUuH. ITO MO-
KeT OBITh MOHATO, TCHEPUPYS MPOU3BOJIBHBIC TOPU3OHTAIGHBIC H BEPTUKAIbHBIC MPOCKINH, U
HaxoJs u300pakeHue, KOTOpoe COOTBETCTBYeT uM. Hampumep, puc. 24-6 WILTIOCTPUPYET 3TO C
KOH(UTYpaIUsIMHU, KOTOPBIE SIBISIOTCS IBYCTOPOHHUMH TOKa3aTEIBHBIMU (QyHKIUsSMU. H30-
OpaxeHue, KOTOPOE COOTBETCTBYET STUM KOH(UTYpaIHsIM, TOTJa HalWJeHO U3 ypaBHEHUS 24-1.
Korma otobpaskeHo, n300pakeHue mosiBisieTcst Kak pomOoBHaHAs (opMa, KOTOpas pacranaeTcs
0 AKCIIOHEHTE, pachagasich M0 HYJS MO Mepe TOro, Kak pacCTOsIHHE Havalla KOOPJIWHAT YBEJH-
YUBACTCA.

In most image processing tasks, the ideal PSF is circularly symmetric, such as the pillbox. Even
though digitized images are usually stored and processed in the rectangular format of rows and
columns, it is desired to modify the image the same in all directions. This raises the question: is
there a PSF that is circularly symmetric and separable? The answer is, yes, but there is only one,
the Gaussian. As is shown in Fig. 24-7, a two-dimensional Gaussian image has projections that
are also Gaussians. The image and projection Gaussians have the same standard deviation.

B GonpmmHcTBE 33amau 006paboTku u3zobpaxkenuii, uaeanbubii OPT yupkynapueiii cummempu-
yen, Timna pillbox. /laxke mpuToM, uTo nuppoBEIe N300paKEHHSI OOBIYHO COXPAHAIOTCS U 00pada-
TBIBAIOTCSL B MPSAMOYTOJILHOM (OopMaTe CTPOK U CTOJOLIOB, 3TO XKeJaTeIbHO, YTOObI U3MEHHUTH
n300pakeHUEe OJIMHAKOBO BO BCEX HAIpPaBJICHUSAX. ITO MoJAHUMAET Bompoc: umeercss OPT, koTo-
PBIi IUPKYJISAPHBIN cCUMMETpUUHBIN ¢ oTAenuM? OTBeT, 1a, HO UMeeTCsl TONbKO OJuH, I ayccuan.
Kaxk mokassiBaetcst B puc. 24-7, nsymepHoe n3obpaxenue ['ayccuana uMeet npoeKiuu, KOTopbie
SBIIIIOTCSL TaKKe rayccuaHamu. M3o0OpaxkeHMe M MPOEKLUHM TaycchaHa MMEIOT TO Jice camoe
CPEIHEKBAIPATUYHOE OTKIOHEHHUE.

To convolve an image with a separable filter kernel, convolve each row in the image with the
horizontal projection, resulting in an intermediate image. Next, convolve each column of this
intermediate image with the vertical projection of the PSF. The resulting image is identical to the
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direct convolution of the original image and the filter kernel. If you like, convolve the columns
first and then the rows; the result is the same.

UtoOBI CBEPTHIBATh M300paXKEHNE C OTACIUMBIM SIPOM (PUIBTPA, CBEPHUTE KAKIYIO CMPOKY B
U300paKCHUH C 2OPU3OHMANLHOU npoeKyuell, IPUBOIS K MPOMEKYTOUYHOMY H300paKeHHI0. 3a-
TEM, CBEPHHUTE KaXIBIA CTOJOEI] ’TOTO TPOMEKYTOUHOTO U300pAXKEHUS C 8EPMUKATbHOU NPOEK-
yueu DPT. 3akanuymBaromieecss U300paKeHUE HICHTUYHO MPSIMON CBEPTKE MEPBOHAYAIHLHOTO
n3o0pakenus u siapa GuibTpa. Ecnmu Bam HpaBuTCs, CBepThIBaliTE CHayajga CTOJIONBI U 3aTEM
CTPOKH; PE3YJIbTAT - TOT K€ CAMBII.

Toral o] lemdeemeee b eeedeemse bemees e bemered
FIGURL 24-5 N T o s o o s B
Separation of the rectangular PSF. A
PSF is said to be separable if it can be
decomposed into horizontal and vertical

profiles. Separable PSFs are important
because they can be rapidly convolved.
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FIGURE 24-5

Separation of the rectangular PSF. A PSF is said to be separable if it can be decomposed into horizontal and vertical
profiles. Separable PSFs are important because they can be rapidly convolved.

PUCYHOK 24-5

Paznenenune mpsmoyromsHoro ®PT. ®PT, kak cuuTarOT, omoenumpiil, €CIIA MOXKET OBITh pacdieHeH Ha TOPH3O0H-
TaJIbHbIE U BepTUKaNbHbIE KOHHUryparun. Otaenumeie @PT BakHBI, HOTOMY YTO OHU MOTYT OBITH OBICTPO CBEPHY-
TBL
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FIGURE 24-6

Creation of a separable PSF. An infinite number of separable PSFs can be generated by defining arbitrary projec-
tions, and then calculating the two-dimensional function that corresponds to them. In this example, the profiles are
chosen to be double-sided exponentials, resulting in a diamond shaped PSF.

PUCYHOK 24-6

Cosznanue ornenumoro OPT. beckoneunoe uncio otaenumbix @PT MoxeT ObITh CTEHEPUPOBAHO, OMPEILIISIsSl IPO-
U3BOJIbHBIC NPOEKIUH, M 3aTeM, BBIYHMCISS ABYMEPHYIO (YHKIHIO, KOTOpas UM COOTBETCTBYET. B aTom mpumepe,
KOH(UTypanuy BeIOpaHbl, YTOObI OBITH IBYCTOPOHHUMH MTOKa3aTelbHbIMU pyHKUMsIMH, puBoast K OPT umerore-
MY pOMOOBUIHOMY (OpMY.
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FIGURE 24-7

Separation of the Gaussian. The Gaussian the only PSF that is circularly symmetric and separable. This makes it a
common filter kernel in image processing.

PUCYHOK 24-7

Paspenenue I'ayccuana. ['ayccuan enunctBeHHbId OPT, KOTOPHIN SIBISETCS LUPKYJISAPHBIM CUMMETPUYHBIM U OTHE-
JIUMBIM. DTO [IEJIACT 3TO OOBIYHBIM SIAPOM (pHUIbTpa B 00pabOTKe H300PAKCHHS.
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The convolution of an NxN image with an MxM filter kernel requires a time proportional to
N*M?. In other words, each pixel in the output image depends on all the pixels in the filter kernel.
In comparison, convolution by separability only requires a time proportional N°M to For filter
kernels that are hundreds N*M. of pixels wide, this technique will reduce the execution time by a
factor of hundreds.

Ceeptka mn3o0paxenuss NxN ¢ siupom ¢uibtpa MxM Tpebyer BpeMeHH NpPOMOPLHUOHATIBHO K
N*MP. Jpyrumu cioBamMu, KaXIbli MMUKCET B N300PaKEHUH BBIXO0/1a 3aBUCUT OT BCEX MUKCETIOB B
sanape punbTpa. [{ng cpaBHeHUs, CBEpTKa OTACIUMOCTBIO TPEOYET TOIBKO MPOMOPIIMHA BPEMEHU K
N*M. Jlnst siaep GUiIbTpa, KOTOPHIE SBISIOTCS COTHSIMH MIMPOKUX TMHKCETIOB, 9Ta METOIMKA MPH-
BEJIET BpeMs1 BBITIIOJIHEHMSI B COTHH pa3s.

Things can get even better. If you are willing to use a rectangular PSF (Fig. 24-5) or a double-
sided exponential PSF (Fig. 24-6), the calculations are even more efficient. This is because the
one-dimensional convolutions are the moving average filter (Chapter 15) and the bidirectional
single pole filter(Chapter 19), respectively. Both of these one-dimensional filters can be rapidly
carried out by recursion. This results in an image convolution time proportional to only N, com-
pletely independent of the size of the PSF. In other words, an image can be convolved with as
large a PSF as needed, with only a few integer operations per pixel. For example, the convolu-
tion of a 512x512 image requires only a few hundred milliseconds on a personal computer.
That's fast! Don't like the shape of these two filter kernels? Convolve the image with one of them
several times to approximate a Gaussian PSF (guaranteed by the Central Limit Theorem, Chapter
7). These are great algorithms, capable of snatching success from the jaws of failure. They are
well worth remembering.

Bemm MoryT ctaHOBHUTBCS YeTHBIMM Jiyulne. Ecnu Bel kenaere UCHONb30BaATh NPAMOY20NbHbIU
OPT (puc. 24-5) unu 0gycmoponuuii noxaszamenvuviti ®PT (puc. 24-6), yeTHbIE BBIYUCICHUS
6osee 3¢(HEeKTUBHBI. DTO - TO, IOTOMY YTO OJJHOMEPHBIE CBEPTKU - PUIBTP CKOIb3AUE20 CPEO-
Heco 3HaueHUs (rmaBa 15) u  odeymampasnennviti oononomocuwiti GuinbTp (rnaBa 19),
cooTBeTcTBeHHO. O0a W3 3THX OJHOMEPHBIX (UIBTPOB MOTYT OBITH OBICTPO BBHITIOJIHCHBI
pekypcueid. 9To IPUBOANT K CBEPTKE M300paKEHUS MPOMOPIIMOHAIBHO TOJNBKO K BpeMeHH N 2,
MOJIHOCTHIO He3aBUCHUMO OT pazmepa OPT. B npyrux cnosa, n3o0pakeHHE MOTYT OBITh CBEPHY-
TBI cO cTONIb ke OompiuM PPT kak HE0OXOOMMO, C TOJBKO HECKOIBKO IEIOYMCICHHBIX
omnepanuii B nukcena. Hampumep, cBepTka m3zodpaxkenus 512x512 TpeOyeT TOJIBKO HECKOIBKHX
COTEH MWJUTUCEKYH]] Ha MEepPCOHATLHOM KommbioTepe. IT1o ObicTpo! He mobure dpopmy u3 3tux
nByx saep ¢uiubTpa? CBepHUTE H300paK€HHE C OJHUM U3 HUX HECKOIbKO pa3, YTOObI
annpokcumuposate @PT I'ayccuana (rapantupyemsiii LlentpansHoii IlpenensHoit Teopemotid,
['maBa 7). OHm - OONbIIHE aNTOPUTMBI, CIIOCOOHBIE K CXBAaTHUBIIEMY YCIIEXy OT 3aXBaTOB
Heynayn. VX CTOUT MOMHUTb.

Example of a Large PSF: Illumination Flattening
IIpumep boabmoro ®PT: BeipapuuBanue OcBerieHus

A common application requiring a large PSF is the enhancement of images with unequal illumi-
nation. Convolution by separability is an ideal algorithm to carry out this processing. With only a
few exceptions, the images seen by the eye are formed from reflected light. This means that a
viewed image is equal to the reflectance of the objects multiplied by the ambient illumination.
Figure 24-8 shows how this works. Figure (a) represents the reflectance of a scene being viewed,
in this case, a series of light and dark bands. Figure (b) illustrates an example illumination signal,
the pattern of light falling on (a). As in the real world, the illumination slowly varies over the
imaging area. Figure (c) is the image seen by the eye, equal to the reflectance image, (a), multi-
plied by the illumination image, (b). The regions of poor illumination are difficult to view in (c)
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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for two reasons: they are too dark and their contrast is too low (the difference between the peaks
and the valleys).

OO6wruHOe TprtoKeHue, Tpedytromee 6onpmoro ®PT — pacmmpenne(yBeaudeHne) H300paxeHUuH
C HEepaBHBIM OcBelieHueM. CBepTKa OTACTUMOCTBIO - WACATIbHBIN aITOPUTM, YTOOBI BHITIOJIHUTH
3Ty 00paboTKy. C TOJIBKO HECKOJIBKO MCKIIOUCHHM, N300paKeHHUs, 3aMEeUeHHBIC TJIa30M chop-
MHUPOBaHBl U3 OMpax)ceHHo20 MHAUKATOpa. DTO O3HAYaeT, YTO MPOCMOTPEHHOE H300pa’keHHe
paBHO KO3(PGUIIMEHTY OTpaKCHHs OOBEKTOB, YMHOKCHHBIX OcCBelleHneM ¢oHa. PucyHok 24-8
MOKa3bIBAET, KaK 3T0 paboraer. PucyHok (a) mpencrapiser K03GGUIUEHT OTpaXKeHUs MpocMaT-
pUBaeMoii CIEHBI, B 3TOM CIIy4ae, psJl CBETOBBIX M TeMHBIX mosioc. Pucynok (b) mimoctpupyer
IpUMepa CUTHaJl OCBEIIeHus, oOpa3eln HHAnKaTopa, najatouiero Ha (a). Kak B peambHOM Mupe,
OCBEIICHUE MEIJICHHO U3MEHSETCsl o o0actu oToOpaxeHus. PucyHok (c) - uzobpakenue, 3a-
MEUEHHOE IJIa30M, PaBHBIM H300pakeHUI0 Kod(pQHIMeHTa OTpaxeHus, (a), yMHOKEHHBIH H30-
Opaxenuem ocpernieHus, (b). O61acTH MIOXOro OCBEIICHHs TPYIHBI PAaCCMOTPETh B (C) MO IBYM
npuurHaM: OHH CIIMIIKOM TEMHBI, U X KOHTPACT CIIMIIKOM HHU30K (Pa3HOCTh MEXAY MHUKaMH U
MHUHUMYMaMH ).

a. Reflectance b. Hlumination ¢. Viewed image
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FIGURE 24-8

Model of image formation. A viewed image, (¢), results from the multiplication of an illumination pattern, (b), by a
reflectance pattern, (a). The goal of the image processing is to modify (c) to make it look more like (a). This is per-
formed in Figs. (d), (e) and (f) on the opposite page.

PUCYHOK 24-8. Moznens hopMupOBaHUS H300paKEHUsL.

[IpocMmoTpenHOe m300paxkeHue, (c), cCieayeT W3 yMHOXeHHs oOpasna ocsemeHus, (b), obpa3noM korpuImeHTa
otpaxkeHus, (a). Llems 00paboTku n300paskeHMsI COCTOUT B TOM, YTOOBI H3MEHHUTH (C), 9YTOOBI 3aCTABUTH 3TO CMOT-
peTb ckopee (a). Dto BeimomHeHO B puc. (d), () u (f) Ha TPOTUBOMOIOKHOW CTPaHUIIE(TIPOIODKCHIN PUCYHKA 24-
8).

To understand how this relates to the problem of every day vision, imagine you are looking at
two identically dressed men. One of them is standing in the bright sunlight, while the other is
standing in the shade of a nearby tree. The percent of the incident light reflected from both men
is the same. For instance, their faces might reflect 80% of the incident light, their gray shirts 40%
and their dark pants 5%. The problem is, the illumination of the two might be, say, ten times dif-
ferent. This makes the image of the man in the shade ten times darker than the person in the
sunlight, and the contrast (between the face, shirt, and pants) ten times less.
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UYtoOsl MOHMMATBH, KaK 3TO KacaeTcs, MpoljemMa 3peHus KaKIbli J1eHb, BooOpasuTte, 4yTo Bl
CMOTPHUTE Ha JIBYX TOKIECTBEHHO MeEpEBA3aHHbIX JroAe. ONUH U3 HUX CTOUT B SIPKOM COJIHEY-
HOM CBETE, B TO BpeMs KaK JAPYroi CTOUT B OTTEHKe Onm3nexaiiero aepesa. [IpoueHT ot nHIu-
JICHTHOTO MHJIUKATOpa, OTPAXEHHOTO0 OT 000MX JI0JeH - TOT ke camblif. Hampumep, ux numa
Moriu 6b1 oTpakath 80 % WHIMAEHTHOTO MHIUKATOpa, UX cepble pyOamiku 40 % u ux TeMHbIE
mransl 5 %. [Ipobnema, ocBeleHre 3TUX JABYX MOIJIO ObI ObITh, CKaXKeM, IECSATh pa3 pazIHMyHO.
OT0 AenaeT U300paXkeHNE U3 YEJIOBEKa B TEHH B JIECATh Pa3 TEMHEE YEM YEJIOBEK B COJHEUHOM
CBETE, M KOHTpAcTe (MEXIY JIMLOM, pyOalIko, 1 IITaHAMH) B IECATh pa3 MEHBbIIIE.

The goal of the image processing is to flatten the illumination component in the acquired image.
In other words, we want the final image to be representative of the objects' reflectance, not the
lighting conditions. In terms of Fig. 24-8, given (c), find (a). This is a nonlinear filtering prob-
lem, since the component images were combined by multiplication, not addition. While this
separation cannot be performed perfectly, the improvement can be dramatic.

Lenb 06paboTku n300paxkeHusi(00paza) COCTOUT B TOM, YTOOBI ceradums KOMIIOHEHT OCBEIle-
HUSI B TIPUOOPETEHHOM M300pakeHHH. J[pyruMu cjIoBaMu, MBI XOTUM, YTOOBI KOHEYHOE H30-
OpaxeHHe OBUIO MPEICTABUTENBCKUM M3 KOX(PQHUIMEHTa OTpPaKEHHs OOBEKTOB, HE YCIO-
BUsI(COCTOSTHUS) OCcBelieHus. B TepmunHax puc. 24-8, yuntsiBas (¢), HaXoiT (a). ITO - HEIMHEH-
Has ipoOyieMa QUIBTPALNU, TAK KaK COCTABIIAIONINE U300paKeHUS ObLIN 00BhEINHEHBI YMHOXKE-
HHUEM, HE CIIOKEHHEM. B TO BpeMst Kak 3TO pasielieHue HE MOKET OBITh BBITIOJIHEHO COBEPIICH-
HO, YTOYHEHHE MOXET ObITh BIIEYATIISIOLIEE.

d. Smoothed e. (¢)-(d) f. (c)=(d)
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FIGURE 24-8 (continued)
Figure (d) is a smoothed version of (c), used as an approximation to the illumination signal. Figure (¢) shows an
approximation to the reflectance image, created by subtracting the smoothed image from the viewed image. A better
approximation is shown in (f), obtained by the nonlinear process of dividing the two images.
PucyHoxk 24-8 (popomkeHue)
Pucynok (d) - npurnaxenHas Bepcus (¢), HCIOJIB3yEMOr0 KaK allpOKCHMAIMs K CUTHAITy ocBelleHus. PucyHok (e)
MOKA3bIBACT ANPOKCHMALUIO M300paKEHUIO KO HIIMEHTa OTPaXKCHHs, CO3IAaHHOMY, GbluUMAs NPUTIIAKSHHOE
n300pakeHNe OT MPOCMOTPEHHOTO M300paxkerus. Jlydmas ammpokcuMmanms mokaseiBaercs B (f), momydeHa Hemu-
HEHHBIM TIPOLIECCOM pa3oeieHus MBYX H300pakeHUH.

To start, we will convolve image (c) with a large PSF, one-fifth the size of the entire image. The
goal is to eliminate the sharp features in (c), resulting in an approximation to the original illumi-
nation signal, (b). This is where convolution by separability is used. The exact shape of the PSF
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

is not important, only that it is much wider than the features in the reflectance image. Figure (d)
is the result, using a Gaussian filter kernel.

UtoObI HAUMHATKCS, MBI CBepHEM n300paxkeHue (¢) ¢ 6onpmumM OPT, nsatas yacTe pazmepa mod-
HOTO M300pakeHus. L{enb cocTout B ToM, 4TOOBI YCTPAHUTh KPYThIe(pe3Kre) 0COOEHHOCTH B (C),
MPUBOJIS K alllIPOKCUMAIIUU K NEPBOHAYAIBHOMY CUTHay ocBeueHus, (b). 9to - To, rae cBepT-
Ka OTAEIMMOCTBIO HcTonb3yeTcsa. TouHast popma OPT He BaxHa, TOJIBKO, YTO 3TO SIBJISETCS Ha-
MHOTO 00JIee MMPOKUM YeM OCOOCHHOCTH B M300pakeHNH KoddduireHTa orpaxxeHus. Pucynok
(d) - pesynbrat, ucnons3ys sapo ¢punsrpa ['ayccuana.

Since a smoothing filter provides an estimate of the illumination image, we will use an edge en-
hancement filter to find the reflectance image. That is, image (c) will be convolved with a filter
kernel consisting of a delta function minus a Gaussian. To reduce execution time, this is done by
subtracting the smoothed image in (d) from the original image in (c). Figure (e) shows the result.
It doesn't work! While the dark areas have been properly lightened, the contrast in these areas is
still terrible.

Tak kak GUIbTp CriaakuBaHUs 00ECIIEUYUBACT OLIEHKY OCBEUICHUS M300paXKeHUs, Mbl OyJeM HC-
MOJTK30BaTh QUIIBTP pACIIUPEHUS Kpasi, YTOOBI HAUTH M300pakeHne KoddpuimeHTa oTpakeHus.
To ectp nzobpakenue (c¢) OyaeT CBEpHYTO C AAPOM (MIBTPA, COCTOSIIUM W3 OTPULATEIHHOU
nenbTa (GyHKIMA [ayccmana. UToObl MPUBOAMUTE BPEMs BBITIOJHEHUS, 3TO CICIAHO, BBIYUTAS
MpuriakeHHoe nzobpaxenue B (d) oT mepBoHAYANBEHOTO U300paxkenus B (). PucyHok (e) moka-
3BIBACT pe3yabTaT. IT0 He padoTaeT! B To Bpems kak TeMHBbIE 001acTH ObUTH JTOJDKHBIM 00pa3oM
OCBETJICHBI), KOHTPACT B 3TUX O0JIACTSX BCE €IIe y)KACEH.

Linear filtering performs poorly in this application because the reflectance and illumination sig-
nals were original combined by multiplication, not addition. Linear filtering cannot correctly
separate signals combined by a nonlinear operation. To separate these signals, they must be un-
multiplied. In other words, the original image should be divided by the smoothed image, as is
shown in (f). This corrects the brightness and restores the contrast to the proper level.

JIuneitHast GUIBTpaLKs UCTIOIHACT IUIOX0 B ATOM MPHIOKEHHH, IIOTOMY YTO KO3 HUIMEHT OT-
pakeHUsl U CUTHAJIBl OCBELICHUS ObUIM NEpBOHAYAIbHBIE OOBEINHEHB YMHOKEHHEM, HE CIDKe-
HueM. JIuneltHas QuibTpanys HE MOXKET MPaBUWIBHO OTICJINUTh CUTHAJBI, 00ObEAMHEHHBIC HEIH-
HelHoM onepanueil. YToObl OTAEIUTh 3T CUTHANbBI, OHU JIOJKHBI OBITh He-yMHOdCeHbl. [pyru-
MU CJIOBaMH, IEPBOHAYAIbLHOE M300paxKeHne JT0JDKHO OBITh pazdeneno MPUTIaKeHHBIM H300pa-
KEHHEM, Kak rmokasbiBaercs B (f). DTo ucnpapiser spKoCTh U BOCCTaHABIMBAET KOHTPACT K Hal-
JeKalieMy ypOBHIO.

This procedure of dividing the images is closely related to homomorphic processing, previously
described in Chapter 22. Homomorphic processing is a way of handling signals combined
through a nonlinear operation. The strategy is to change the nonlinear problem into a linear one,
through an appropriate mathematical operation. When two signals are combined by multiplica-
tion, homomorphic processing starts by taking the logarithm of the acquired signal. With the
identity: log(a x b) = log(a) + log(b), the problem of separating multiplied signals is converted
into the problem of separating added signals. For example, after taking the logarithm of the im-
age in (c), a linear high-pass filter can be used to isolate the logarithm of the reflectance image.
As before, the quickest way to carry out the high-pass filter is to subtract a smoothed version of
the image. The antilogarithm (exponent) is then used to undo the logarithm, resulting in the de-
sired approximation to the reflectance image.
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Ota npoueaypa AeiaeHus U300pakeHU OJU3KO CBsi3aHa ¢ TOMOMOP(HOI 00pabOTKOM, TpeaBa-
puTensHO omucaHa B ryaBe 22. 'omomopdHas 00paboTka - myTh 00paObOTKH CUTHAIOB, 00BEIH-
HEHHBIX Yepe3 HelMMHEeHHYyIo onepauuio. CTpaTerusi COCTOMT B TOM, YTOOBI 3aMEHHUTh HEMHEH-
HYI0 TIpo0JieMy Ha JMHEWHYI0, Yepe3 COOTBETCTBYIOIIYI0 MaTeMaTHYeCKyro omeparmo. Korma
JIBa CUTHAJIa 00bEIUHEHBI YMHOKEHHEM, TOMOMOpP(hHBIE 3aITycKoM 00paboTKu, Oeps rocapugm
npuoOpeTeHHoro curHama. ToxaectBenHo: log(a x b) = log(a) + log(b), mpobiema oTneneHus
VMHOJCEHHbIX CUTHAJIOB MIPeoOpa3oBaHa B MPOOIeMy OTICNEHHS CI0JCeHHbIX CUTHANOB. Hampu-
Mep, Tmocie B3sITHs Jiorapudma n3o0pakeHus B (), TUHEHHBIH QUIBTP BEPXHUX YaCTOT MOXKET
UCTIOJIb30BaThCsl, YTOOBI M30JIMPOBATH JIorapudm n3odpaxkenus koddduuuenra orpaxenus. Kak
MpeXxJie, caMblid OBICTPBIN CITOCOO BBIMOJIHATH (GUIBTP BEPXHUX YACTOT COCTOUT B TOM, UTOOBI
BBIUECTD MPUTIIAKECHHYIO BEPCUIO N300pakeHHs. AHTHIIOrapu(M (SKCIIOHEHTA) TOT/1a UCTIOIb3Y-
€TCsI, YTOOBI OTMEHUTH JIorapu(dM, MPUBOAS K KEIATeTHHON aNpOKCHMAIIUU K M300pakKeHUIO
K02 umeHTa oTpaskeHus.

Which is better, dividing or going along the homomorphic path? They are nearly the same, since
taking the logarithm and subtracting is equal to dividing. The only difference is the approxima-
tion used for the illumination image. One method uses a smoothed version of the acquired image,
while the other uses a smoothed version of the logarithm of the acquired image.

Kotopslii saBnsieTcst maydiie, pa3aessist Wik uas no romomopdaomy mytu? OHH - TOYTH, TOT XKe
caMblii, HAUMHAS C B3ATHUS JorapudmMa U BEIYUTAHUS pageH NeneHnio. EnnHCcTBeHHAs pa3HOCTS -
annpoKCUMAIHs, UCIIONb3yeMas Uil n300paxkeHus: ocBemieHus. OMH METOA MCIONb3YeT MpH-
TTIQKEHHYIO BEPCHIO NMPHOOPETEHHOTO W300paKeHWs, B TO BpeMs KaK JpyTHue HCHOIB3YIOT
NPUTTIAXKEHHYIO0 BEPCHIO Jorapudma mpruoOpeTeHHOro N300paKeHHS.

This technique of flattening the illumination signal is so useful it has been incorporated into the
neural structure of the eye. The processing in the middle layer of the retina was previously de-
scribed as an edge enhancement or high-pass filter. While this is true, it doesn't tell the whole
story. The first layer of the eye is nonlinear, approximately taking the logarithm of the incoming
image. This makes the eye a homomorphic processor. Just as described above, the logarithm fol-
lowed by a linear edge enhancement filter flattens the illumination component, allowing the eye
to see under poor lighting conditions. Another interesting use of homomorphic processing occurs
in photography. The density (darkness) of a negative is equal to the logarithm of the brightness
in the final photograph. This means that any manipulation of the negative during the develop-
ment stage is a type of homomorphic processing.

OTa MeTOMKa BHIPABHUBAHUS CUTHAJIA OCBEIICHHS HACTOJBKO TOJIE€3HA, 3TO OBLIO BKIIOYEHO B
HEBpaJIbHYIO CTPYKTypy IM1aza. O6paboTKa B CpeJHEM YpOBHE CETYATKH ObLIa MpeABApUTEIHHO
OlMcaHa KaK MOJYepKUBAaHNE KOHTYPOB WM (HIBTP BEPXHHUX YacTOT. B TO BpeMs Kak 3TO Hc-
THUHHO, 3TO HE cOo00IaeT BCcro ucTtopuio. IlepBblif ypoBeHb Iia3a He JUHEEH, NPUOIU3UTENBLHO
Oepss Jorapum BXOIAIIET0 U300pakeHHUs. DTO JeNaeT I1a3 TOMOMOP(QHBIM MPOIECCOPOM.
Taxoke, Kak OMMCAHO BbIIIE, Jorapu(M, CONPOBOKAAEMBbIN JTHUHEHHBIM (HIBTPOM MOAYEPKHUBA-
HUSI KOHTYPOB CTJIQKMBACT KOMIIOHEHT OCBELICHHMS, TIO3BOJISIS TJ1a3y BHICTH MPH TUIOXUX yCIIO-
BUSIX OCBellleHUs. [[pyroe nHTEpecHOE NCIOIb30BaHNE TOMOMOP(hHONH 00pabOTKH MPOUCXOAUT B
¢dororpaduu. IlmoTHOCTH (TEMHOTA) HETaTHBa paBHA JIOTapH(PMy SPKOCTH Ha KOHEYHOH (OTO-
rpa¢uu. DTO O3HAYAET, YTO JH0Oas MAaHUITYJIALUS HEraTHBa B TEUEHUE CTAJUM Pa3BUTHS - THII
romMoMop(hHOI 06pabOTKH.

Before leaving this example, there is a nuisance that needs to be mentioned. As discussed in
Chapter 6, when an N point signal is convolved with an M point filter kernel, the resulting signal
is N+ M - 1 points long. Likewise, when an MxM image is convolved with an NxN filter kernel,
the result is an image. The problem is, it is often difficult to manage a changing image size. For
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instance, the allocated memory must change, the video display must be adjusted, the array index-
ing may need altering, etc. The common way around this is to ignore it; if we start with a
512x512 image, we want to end up with a512x512 image. The pixels that do not fit within the
original boundaries are discarded.

[lepen ocraBieHHeM 3TOro MpUMepa, UMEETCs IoMexa, KOTopasi JoJbkKHa ObITh yrnomsiHyTa. Kak
00CyXJIeHO B TaBe 6, Korja cUrHai To4ek N cBepHYT ¢ M Toukamu siapa GpuimbTpa, 3aKaH4U-
Baromuiicss curHas — N+M-1 Todek MIMHHON. AHAJIOTMYHO, KOoraa n3oopaxeHnue MxXM cBepHy-
TO(CKpYy4eHO) ¢ siipoM ¢(uinbTpa NXN, pesynbraT - uzobpaxenne(M + N - 1) x (M + N - 1).
[IpoGnema, yacTo TpyIHO YNpaBiIsATh U3MEHEHUEM pa3Mepa u3o0paxenus. Hanpumep, oTBeaeH-
Hasl MaMATh JTOJDKHA U3MEHUTHCS, JUCTICH BHIICO JOJDKEH OBITh OTKOPPEKTUPOBAH, UHICKCAIUS
MaccuBa MOXET HYXKJaThCs B U3MEHEHUH, U T.J. OOBIUHBIN ITyTh BOKPYT 3TOrO COCTOUT B TOM,
4TOOBI UCHOPUPOBAMb ITO; €CIIM MBI HAUMHAEM C H300paskeHus 512x512, Mbl XOTUM 3aKOHYUTh-
cs1 ¢ m3obpakeHuem 512x512. Ilukcensl, KOTOPhIE HE COOTBETCTBYIOT TpeieiaM MepBOHAYATb-
HOM rpaHuIle U300paKEeHHsI, OTBEPTHYTHI.

While this keeps the image size the same, it doesn't solve the whole problem; these is still the
boundary condition for convolution. For example, imagine trying to calculate the pixel at the up-
per-right corner of (d). This is done by centering the Gaussian PSF on the upper-right corner of
(c). Each pixel in (¢) is then multiplied by the corresponding pixel in the overlaying PSF, and the
products are added. The problem is, three-quarters of the PSF lies outside the defined image. The
easiest approach is to assign the undefined pixels a value of zero. This is how (d) was created,
accounting for the dark band around the perimeter of the image. That is, the brightness smoothly
decreases to the pixel value of zero, exterior to the defined image.

B To Bpems kak 3T0O coxpaHseT pazMep M300paxKeHHsI TEM K€ CaMbIM, 3TO HE pellaeT BCIO Mpo-
OneMy; OHU - BCe €Ile ocpanuuusarowee yciosue s ceepTku. Hampumep, BooGpasure nmpobo-
BaTh BBIYUCIIATH IMHUKCEN B MpaBoM BepxHeM yriiy (d). OTo clenaHo, BbIpaBHUBAS MO LIEHTPY
@®PT T'ayccuana B mpaBoM BepxHeM yriy (c). Kaxaplit mukcen B (¢) Torga yMHOXEH Ha COOT-
BEeTCTBYIOIMI muKcea B HamoxkeHHOM DPT, u npoxaykr cnoxenus. [IpobGnema, Tpu derBepTH
@OPT, nexur BHe ornpeereHHOro n3oopaxenust. CaMmplii MPOCTON MOAXO COCTOUT B TOM, YTOOBI
Ha3HAYMTh HEOMPEACIICHHBIM MUKCeNaM 3HaueHue HyJs. JTo - To, Kak (d) Obut co3maH, cocTaB-
Ts151(0OBSCHSIST) TEMHYIO TIOJIOCY IO TepuMeTpy n3o0paskeHus. To ecTh APKOCTh TIaIKO YMEHb-
11aeTcs K 3HaU€HUIO MUKcesa HyJIsl, BHEIIHSS 001acTh K ONPEIEICHHOMY H300paXEHHIO.

Fortunately, this dark region around the boarder can be corrected (although it hasn't been in this
example). This is done by dividing each pixel in (d) by a correction factor. The correction factor
is the fraction of the PSF that was immersed in the input image when the pixel was calculated.
That is, to correct an individual pixel in (d), imagine that the PSF is centered on the correspond-
ing pixel in (c). For example, the upper-right pixel in (c) results from only 25% of the PSF over-
lapping the input image. Therefore, correct this pixel in (d) by dividing it by a factor of 0.25.
This means that the pixels in the center of (d) will not be changed, but the dark pixels around the
perimeter will be brightened. To find the correction factors, imagine convolving the filter kernel
with an image having all the pixel values equal to one. The pixels in the resulting image are the
correction factors needed to eliminate the edge effect.

K cuactsio, 3Ta TEMHast 00J1IaCTh BOKPYT OOpAIOpa MOXKET OBITh HCIIPaBIeHA (XOTs 3TO HE OBLIO B
3TOM IIPUMEPE). DTO CIETaHO0, pa3aeiss Kaxablid mukced B (d) Ha mompaBOYHBIN KO3 OUITHCHT.
[onpaBounslii k03ddurment - qpods(nons) OPT, KOTOPHIN ObUI MOTJIOMIEH BO BXOJHOM H30-
Opa’keHuH, Korja nukcen 01 paccuuTad. To ecTh 4TOOBI UCTIPABIATh UHIMBUAYAJIBHBIA TUKCEI
B (d), BooOpasure, uro ®PT uneHTpupoBaH Ha COOTBETCTBYIOLIEM mHKcene B (c). Hampumep,
MpaBbli BEpXHUI NUKcen B (¢) ciaeayeT Toybko u3 25 % ®PT, HakmagbiBalomerocs Ha BXOJHOE
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uzoopaxenue. [losTomy, ucrpassTe 3TOT mukcen B (d), pazgensis 310 koddpdunmentom 0.25.
DTO 03HayaeT, YTo MUKCceNbl B IeHTpe (d) He OyaMyT U3MEHEHBI, HO TEMHBIC TTMKCEIbI BOKPYT IIe-
pumerpa OyayT ykpamieHbl. YToObl HaXOAUTh MONpPaBOYHbIE KOG (UIIMEHTHI, BOOOpa3UTe CBep-
TBIBaHUE s7pa QUIBTPA ¢ H300paKEHNEM, UMEIOIIUM BCE 3HAUCHHS MTUKCEIa, PABHBIC CAMHUIIE.
[Mukcenbl B 3aKkaHYMBAIOIIEMCS] U300pAKEHUN - MONpPaBOYHbIE KO3(ULIMEHTHI, HEOOXOMBIE,
9TOOBI YCTPAaHUTH KpaeBou (D PeKT.

Fourier Image Analysis
Anamu3 U3o0paxenus ®ypbe

Fourier analysis is used in image processing in much the same way as with one-dimensional sig-
nals. However, images do not have their information encoded in the frequency domain, making
the techniques much less useful. For example, when the Fourier transform is taken of an audio
signal, the confusing time domain waveform is converted into an easy to understand frequency
spectrum. In comparison, taking the Fourier transform of an image converts the straightforward
information in the spatial domain into a scrambled form in the frequency domain. In short, don't
expect the Fourier transform to help you understand the information encoded in images.

Ananmu3 @ypbe UCTONIb3yeTCss B 00paboTKe N300pakeHUsT aHAIIOTMYHBIM CIIOCOOOM KakK C OJTHO-
MepHbIMU curHaamMu. OJIHAKO, H300paKEeHUsI He KOAUPYIOT UX MH(DOPMAIIHIO B YACTOTHOM JI0-
MeHe, Jiesiasgs MEeTOJIbl, HaMHOro MeHee mosie3HbIMU. Hampumep, xorga npeoOpasoBanue Dy-
pre(Tpanchopmanta Oypbe) NPUHATOrO ayUO-CUTHATIA, 3aIMyThIBAIOIast (opMa BOJTHBI IOMEHA
BPEMEHHU MpeoOpa3oBaHa B MPOCTOM MOHATH CIEKTP YacToT. /[ cpaBHeHus, Oepst mpeobpaszoBa-
e Oypne(tpanchopmanty Pypre) n300pakeHus, TpeoOpa3oBhIBAET NPAMYI0 HHPOPMALIHIO B
MPOCTPAHCTBEHHOW O00JIaCTH(MPOCTPAHCTBEHHOM JIOMEHE) B Oopromryrocs(3amudpoBaHHYIO;
CKpeMOJIMPOBAaHHYI0; pPaHJIOMH3HPOBAHHYI0) (OpPMY B 4acTOTHOM aomeHe. Kopoue roBops, He
oXXkmmaiTe, yTo mpeodpazoBanue Pypbe MoMoxkeT Bam MoHATH HHPOPMAIIHIO, 3aKOTUPOBAHHYIO
B U300pKCHUSX.

Likewise, don't look to the frequency domain for filter design. The basic feature in images is the
edge, the line separating one object or region from another object or region. Since an edge is
composed of a wide range of frequency components, trying to modify an image by manipulating
the frequency spectrum is generally not productive. Image filters are normally designed in the
spatial domain, where the information is encoded in its simplest form. Think in terms of smooth-
ing and edge enhancement operations (the spatial domain) rather than high-pass and low-pass
filters (the frequency domain).

AHaJIOTUYHO, HE 00paTUTECh K YaCTOTHOMY JOMEHY s rpoekTta (guiabTpa. OcHOBHas 0coOeH-
HOCTh B M300PKCHUSIX - KpaH, CTpOKa(JUHUS), OTIACISAIONMAs OJAWH 00bekm WU 001acms OT
JPYyToro ob6vekma Wian obaacmu. Tak Kak Kpail COCTaBICH U3 IIUPOKOTO JAMANa30Ha YaCTOTHBIX
KOMITOHEHTOB, TIPOOYsI H3MEHATh N300pakeHNE, YIPAaBIIss CIIEKTPOM 4acTOT BOOOIIE HE MPOU3-
BOAUTEIHHO. DUIBTPHI N300paxKeHHsI OOBIYHO pa3pabaThIBAIOTCS B MPOCTPAHCTBEHHOM JOMEHE,
rae uHbopMaIis 3aK0JAMpOBaHa B €€ caMoi mpoctor popme. JlymaiiTe B TepMUHAX ONeparuii
cenadicu8anuss 1 noo4epKueaHuss KOHTYpoB (TIPOCTPAHCTBEHHBIA IOMEH) CKOpee 4eM ¢uibmp
BEPXHUX HACMOM U (QUNLMP HUNCHUX Yacmom (9aCTOTHBIN IOMEH).

In spite of this, Fourier image analysis does have several useful properties. For instance, convo-
lution in the spatial domain corresponds to multiplication in the frequency domain. This is im-
portant because multiplication is a simpler mathematical operation than convolution. As with
one-dimensional signals, this property enables FFT convolution and various deconvolution tech-
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niques. Another useful property of the frequency domain is the Fourier Slice Theorem, the rela-
tionship between an image and its projections (the image viewed from its sides). This is the basis
of computed tomography, an x-ray imaging technique widely used medicine and industry.

Hecmotps Ha 370, aHanu3 n3odpaxenuss Oypbe UMEET HECKOJIBKO MOJIE3HbIX cBOMCTB. Hampu-
Mep, c6epmKa B MIPOCTPAHCTBEHHOM JIOMEHE COOTBETCTBYET YMHOMCEHUI0 B YaCTOTHOM JIOMEHE.
DT0 BaXXHO, TOTOMY YTO YMHOXKEHHUE - O0JIee MpocTast MaTeMaTudecKasi orepalus, 4eM CBepTKa.
Kak u ¢ o1HOMEpHBIMH CUTHAJIaMH, 3TO CBOMCTBO AomyckaeT cBepTke bIID u paznudHbsiM MeTO-
JlaM JIEKOHBOJIIOIMH. [[pyroe mosie3Hoe CBOMCTBO YaCTOTHOTO JIoMeHa - Teopema Cexmopa Dy-
pbe, OTHOIIICHUS MEXIY H300paKEHHEM U €ro MPOCKIUSIMH (M300pakeHue, MPOCMOTPEHHOE OT
€r0 CTOPOH). ITO - OCHOBAHUE KONbIOMEPHOU momocpaghuu, pEHTTeH, 0TOOPaKAIOIUN METOIU-
Ky IIMPOKO HCIOJB3YEMYIO B MEIULIMHE U MPOMBIIIIEHHOCTH.

The frequency spectrum of an image can be calculated in several ways, but the FFT method pre-
sented here is the only one that is practical. The original image must be composed of N rows by
N columns, where N is a power of two, i.e., 256, 512, 1024, etc. If the size of the original image
is not a power of two, pixels with a value of zero are added to make it the correct size. We will
call the two-dimensional array that holds the image the real array. In addition, another array of
the same size is needed, which we will call the imaginary array.

CriekTp 4acTOT M300pa)KEHUSI MOXKET OBITh PacCUYMTaH HECKOJBKHUMH CIOCOOAMH, HO METOJO0M
BII®, npeacTaBieHHbIM UMEETCSI €IMHCTBEHHBIN, KOTOPBIN ABISETCA npakTuyeckuM. [lepBona-
YalbHOE N300pakeHne JOIKHO OBITh COCTaBICHO U3 N cTpok Ha N cTonO1oB, rae N - MOIIb J1Ba,
TO eCTh, 256, 512, 1024, u T.1. Eciiu pa3zmep nepBoHa4aIbHOTO M300paKeHHS - HE, MOIIb JIBa,
MUKCETbI CO 3HAYCHUEM HYJIS J00aBJICHBI, 4TOOBI IeTIaTh 3TO MPABWILHBIM pa3MepoM. MBI Ha30-
BEeM  JBYMEpPHBIM  MacCHUB, KOTOPBIH  MPOBOAMUT(IEPKHUT)  H300pKEHHE  peallb-
HBIM(BEIIECTBEHHBIM) MaccBOM. Kpome Toro, Ipyroil MaccuB TOTO K€ CaMOTro pa3Mepa HeoO-
XOJIUM, KOTOPBHIM MBI HA30BEM MHUMBI(HECOOCTBEHHBII) MAaCCHB.

The recipe for calculating the Fourier transform of an image is quite simple: take the one-
dimensional FFT of each of the rows, followed by the one-dimensional FFT of each of the col-
umns. Specifically, start by taking the FFT of the N pixel values in row 0 of the real array. The
real part of the FFT's output is placed back into row 0 of the real array, while the imaginary part
of the FFT's output is placed into row 0 of the imaginary array. After repeating this procedure on
rows | through N - 1, both the real and imaginary arrays contain an intermediate image. Next,
the procedure is repeated on each of the columns of the intermediate data. Take the N pixel val-
ues from column 0 of the real array, and the N pixel values from column 0 of the imaginary ar-
ray, and calculate the FFT. The real part of the FFT's output is placed back into column 0 of the
real array, while the imaginary part of the FFT's output is placed back into column 0 of the
imaginary array. After this is repeated on columns 1 through N - 1, both arrays have been over-
written with the image's frequency spectrum.

Peuenit st BerumcneHus: TpaHcopmanTel Dyphe M300pakeHUS BechbMa MPOCT: OEpHUTE OIIHO-
MepHoe BII®D kaxmoit U3 cTpok, compoBoXaaeMoe ogHOMepHbIM BII® kaxmoro m3 cToiaoIoB.
OmnpenenenHo, Hadano, Bo3bMeM BIID N 3HaueHunii nukcena B ctpoke 0 U3 peaJlbHOr0 MaccuBa.
Peanbnasi(BemectBenHasi) 4dacth Bbixogma bBIID momemena Hazam B cTpoky 0 peanbHO-
ro(BELIECTBEHHOI'0) MacCuBa, B TO BPEMsI Kak MHUMas 4acTb Bbixoaa bII® momemieHa B cTpoky
0 mauMoro maccuna. [locie moBTopeHust 3Toil mpoleaypsl Ha cTpokax 1 yepe3 N - 1, u peanb-
HbIC(BEIIECTBEHHBIC) M MHHMBIE MACCHBBI COJEPIKAT IMPOMEKYTOUHOE H300pakeHHe. 3arem,
MpoLeaypa MOBTOPEHA HA KaXJAOM U3 CMmobyos MPOMEXYTOUHBIX JaHHbIX. Bo3bmem N 3Hadye-
HUN TUKcena OT cToibma 0 BEIIeCTBEHHOTO MaccuBa, # N 3HaueHWU Nukcena u3 crondma 0
MHHMOT'O MaccuBa, ¥ BerauciuM BII®. Bemniecteennas gacth Beixoga bII® momeniena Hazam B
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ctonberr (0 BEMIECTBEHHOTO MAacCHBa, B TO BpeMs Kak MHHUMas 4acTh Bbixona bII® momemieHa
Hazana B cronben 0 mEUMOTO MaccuBa. [locie Toro, kak 3To MOBTOPEHO Ha cToyOax 1 yepes N-
1, o6a MaccuBa OBLIM 3aMKCaHbl TOBEPX M CHEKTPa YaCTOT U300paKEeHHUS.

Since the vertical and horizontal directions are equivalent in an image, this algorithm can also be
carried out by transforming the columns first and then transforming the rows. Regardless of the
order used, the result is the same. From the way that the FFT keeps track of the data, the ampli-
tudes of the low frequency components end up being at the corners of the two-dimensional spec-
trum, while the high frequencies are at the center. The inverse Fourier transform of an image is
calculated by taking the inverse FFT of each row, followed by the inverse FFT of each column
(or vice versa).

Tak KaKk BEpTUKAIbHBICE U TOPU3OHTAIBHBIC HAMPABICHUS SKBUBAICHTHBI B M300paKeHUU, ITOT
AJTOPUTM MOJXKET TaKKe OBITh BBHITTOJIHEH, MPEeoOpa30BbIBas CTOJIOIBI CHaYalla U 3aTeM Ipeodpa-
30BBIBas CTPOKH. He3aBHUCHMO OT MCIONIb3yeMOro MOpsIKa, pe3ybTar - TOT ke camblif. OT 1my-
TH, 32 KoTopbiM BII® crnenur, maHHBIE, aMIUTUTYABl HU3KOYACTOTHBIX KOMIIOHEHTOB 3aKaHYH-
BalOT HAXOAUTHCS B YIJIaX JBYMEPHOTO CIIEKTPa, B TO BPEMsI KaK BBICOKHE YACTOTHI - B IIEHTPE.
O6parnoe IlpeoOpazoBanue Dypre n3o0pakeHus paccumtana, o6eps obparHoe BIID kaxmoi
CTPOKH, corpoBokaaercss oopatHsiM BIID kaxaoro cronbua (uam Hao0opoT).

Figure 24-9 shows an example Fourier transform of an image. Figure (a) is the original image, a
microscopic view of the input stage of a 741 op amp integrated circuit. Figure (b) shows the real
and imaginary parts of the frequency spectrum of this image. Since the frequency domain can
contain negative pixel values, the grayscale values of these images are offset such that negative
values are dark, zero is gray, and positive values are light. The low-frequency components in an
image are normally much larger in amplitude than the high-frequency components. This ac-
counts for the very bright and dark pixels at the four corners of (b). Other than this, the spectra of
typical images have no discernable order, appearing random. Of course, images can be contrived
to have any spectrum you desire.

Pucynox 24-9 moxka3BaeT mpumep mpeoOpasoBaHus wu3o0paxeHuss mnpeobpazoBannem Dy-
pre(Tpanchopmantoit @ypne). PucyHok (a) - nmepBoHauanbHOEe M300paKEHHE, MUKPOCKOIHYE-
CKO€ TIpeacTaBieHrne(BU) BXOJAHOTO Kacka/la WHTErpalbHON CXEMbI ONEPAI[MOHHOTO YCHUIUTENs
741. Pucynok (b) mokaspiBaeT peajbHbIC(ACHCTBUTEIHHBIC) © MHUMBIC YaCTH CHEKTPa 4acTOT
3TOro n300pakeHus. Tak Kak YaCTOTHBIM JOMEH MOXET CO/AepKaTh OTPHUIIATEIbHbIC 3HAUCHUS
MUKCeNa, MOJyTOHOBBIC 3HAYCHUS STUX M300paKEHUI CMEIIEHBI TaK, YTO OTPHIIATEIbHBIC 3HA-
YEHUS SBJISIOTCS TEMHBIMH, HYJIEBBIE - CEPbIMH, U MOJIOKUTENIbHBIE 3HAUEHUS, CBETIbIMU. Hu3z-
KOYaCTOTHBIE KOMIIOHEHTHI B M300paKeHUH OOBIYHO HAMHOTO OOJIBIITNE B AMIUTUTYE YE€M BBICO-
KOYAaCTOTHbIE KOMIIOHEHTBI. DTO OOBSICHSIET caMble SIPKUE U TEMHbIE MMUKCEIbl B UEThIpEX yriax
(b). [dpyrue bem 53TH, CHEKTPBl MUNUYHBIX H300PAXKEHUH HE HMEIOT HHKAKOTO BHIUMO-
ro(pa3IMYuMoOTo; 3aMETHOT0) TopsIKa(3akas3a), MOsABISACH ciaydailtHo. KoHeuHo, n300pakeHus
MOTYT OBITh U300pemeHbl, YTOOBI UMETh JII000H CIIEKTp, KOTOporo Brl xkemnaere.

As shown in (c), the polar form of an image spectrum is only slightly easier to understand. The
low-frequencies in the magnitude have large positive values (the white corners), while the high-
frequencies have small positive values (the black center). The phase looks the same at low and
high-frequencies, appearing to run randomly between - and -x radians.

Kaxk moka3zano B (c), moyisipHas (hpopma CIieKTpa U300pakeHUsI TOJIBKO CJIeTKa MPOIIe, YTOOBI T0-
HAATh. HU3KHE 4acTOTHI B BEIMUMHE UMEIOT OOJBIIHNE TOJIOKUTENbHBIC 3HaUCHUs (Oeble YIIIbI),
B TO BpeMs KaK BBICOKHE YacTOThl MMEIOT MAaJICHbKHE IOJOXKHUTENbHbIE 3HaueHUs (YepHbIN
1eHTp). Paza BHIMISAUT OJUHAKOBO HA HU3KUX U BBICOKHMX YACTOTAaX, MOSBISIOMIMXCS Oecrops-
JIOYHO MEXAY -T U -7 paldaHaMH.
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Figure (d) shows an alternative way of displaying an image spectrum. Since the spatial domain
contains a discrete signal, the frequency domain is periodic. In other words, the frequency do-
main arrays are duplicated an infinite number of times to the left, right, top and bottom. For in-
stance, imagine a tile wall, with each tile being the N x N magnitude shown in (c). Figure (d) is
also an N x N section of this tile wall, but it straddles four tiles; the center of the image being
where the four tiles touch. In other words, (c) is the same image as (d), except it has been shifted
N/2 pixels horizontally (either left or right) and N/2 pixels vertically (either up or down) in the
periodic frequency spectrum. This brings the bright pixels at the four corners of (c) together in
the center of (d).

Pucynok (d) moka3siBaeT albTepHATUBHBIN MyTh OTOOpaXEHUsS CIIEKTpa M300pakeHus. Tak Kak
MIPOCTPAHCTBEHHBIN IOMEH COACPIKUT OUCKPEmHblli CUTHAJ, YACTOTHBIA JTOMEH nepuoouyecKull.
Jpyrumu ciioBamMH, MacCHBBI YaCTOTHBIX JOMEHOB JTyOJIUpPOBaHbl OECKOHEYHOE YUCIIO pa3 Hajle-
BO, IIPaBO, BEPXHsIs U HWXKHsIS rpaHuia. s obpasia, BooOpa3uTe rpaHuIly HEMepeKphIBAIOIIEro
PacmoJIOKeHUs, ¢ KaXK/IbIM HENEPEeKPHIBAIOIINM PACIIONIOKEHHEM, SBISIONIMMCS BETUUYUHON N X
N, nokazanHoii B (¢). Pucynok (d) - Takke N X N pa3aen 3Toil cTeHKH(TPaHUIbI) HETIePEKPhI-
BAIOILIETO PACIOJIOKEHUS, HO 3TO KOJIEOJIEeTCS MEXKIY YEThIpbMs HETEPEKPHIBAIOIIMMHU PACIIOIIO-
KEHUSMU; IIEHTP M300paXCHUs, SBIIAIOLIETOCS, TJIe 3TH YEThIpe KacaHWe HeNepeKphIBAIOIINX
pacnionoxxenuid. J[pyrumu cioBamu, (C) - TO xe camoe u3o0paxxkenue, kak (d), kpome 3Toro ObLI
CIBUHYTbIE N/2 TMHUKCENIbl TOPU3OHTAIBHO (MITU JIEBBIM WM NpaBblil) U N/2 MUKCENbl BEPTUKAIb-
HO (J1:000#1 BBEPX WJIM BHU3) B MEPUOAMUECKOM CIIEKTPE YaCTOT. DTO MPUBOAUT K SIPKUM IHKCe-
JaM B YeThIpeX yriax (c) BMecto B meHtpe (d).

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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a. Image

FIGURE 24-9

Frequency spectrum of an image. The example image,
shown in {a). is a microscopic photograph of the silicon
surface of an integrated cireuit. The frequency spectrum
can be displayed as the real and imaginary parts, shown in
(b}, or as the magnitude and phase, shown in (¢). Figures
(by & () are displaved with the low-frequencies at the
corners and the high-frequencies at the center. Since the
frequency domain is perindic. the display can be rearranged
to reverse these positions. This is shown in (d), where the
magnitude and phase are displaved with the low-frequencies
located at the center and the high-Trequencies at the corners.

b, Frequency spectrum displayed
in rectangular form (as the real
and imaginary parts).

c. Frequency spectrum displayed
in polar form (as the magnitude
and phase).

Magnitude Phase

d. Frequency spectrum displaved
in polar form, with the spectrum
shifted to place zero frequency at
the center.

FIGURE 24-9
Frequency spectrum of an image. The example image, shown in (a), is a microscopic photograph of the silicon sur-
face of an integrated circuit. The frequency spectrum can be displayed as the real and imaginary parts, shown in (b),
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or as the magnitude and phase, shown in (c). Figures (b) & (c) are displayed with the low-frequencies at the corners
and the high-frequencies at the center. Since the frequency domain is periodic, the display can be rearranged to re-
verse these positions. This is shown in (d), where the magnitude and phase are displayed with the low-frequencies
located at the center and the high-frequencies at the corners.

c. Frequency spectrum displayed in polar form (as the magnitude and phase).
d. Frequency spectrum displayed in polar form, with the spectrum shifted to place zero frequency at the center.
b. Frequency spectrum displayed in rectangular form (as the real and imaginary parts).

PUCYHOK 24-9

Cnexrtp 4actoT nzobpaxenus. [Ipumep n300paxkeHus1, HOKa3aHHOTO B (@), SIBJISIETCS MUKPOCKOIIMYECKOW (oTorpa-
(uecit MOBEpXHOCTH KPEMHUEBOW MHTErPAbHOM cXeMbl. CIIEKTp 4acTOT MOXKET OBITh OTOOPaXKeH KaK peajbHbIC U
MHHMBIC YacTH, mokasaH B (b), WK Kak BelnunHa U (a3a, nokaszaH B (¢). Pucynku (b) u (c) 0TOOpaXkeHbI C HU3KHMHU
YacTOTaMH B YIJIaX M BHICOKMX YAacTOTaX B IEHTpe. Tak Kak YaCTOTHHIN TOMEH MEPUOTUYCCKUH, TUCILICH MOXKET
OBITH TIEPECTPOCH, YTOOBI MOJHOCTHIO M3MEHUTH ATH MO3UIUH. DTO MokazaHo B (d), rae BenmnunHa U (aza 0ToOpa-
JKCHBI HU3KHMH 9aCTOTAMH, PACIIOJIOKCHHBIMHA B IICHTPE U BRICOKHMMH YaCTOTAMH B yTIIaX.

c¢. Criektp gacToT, 0ToOpaKeHHBIH B IOJSPHOU (opMe (Kak BenndanHA U (aza).

d. Crextp 4actor, 0OTOOpaKeHHBINH B MOJISIpHOW (hopMe, CO CIIEKTPOM, CABHHYTHIM, YTOObI Pa3MECTHTh HYJIEBYIO
YacTOTY B LIEHTP.

b. CnekTp 4acToT, 0TOOpaKEHHBIN B IPSIMOYToJIbHOM (hopMe (KaK peasibHble 1 MHUMBbIE YacTH).

Figure 24-10 illustrates how the two-dimensional frequency domain is organized (with the low-
frequencies placed at the corners). Row N/2 and column N/2 break the frequency spectrum into
four quadrants. For the real part and the magnitude, the upper-right quadrant is a mirror image of
the lower-left, while the upper-left is a mirror image of the lower-right. This symmetry also
holds for the imaginary part and the phase, except that the values of the mirrored pixels are op-
posite in sign. In other words, every point in the frequency spectrum has a matching point placed
symmetrically on the other side of the center of the image (row N/2 and column N/2). One of the
points is the positive frequency, while the other is the matching frequency, as discussed in Chap-
ter 10 for one-dimensional signals. In equation form, this symmetry is expressed as:

Pucynox 24-10 wutocTpupyeT, Kak JABYMEPHBIA YaCTOTHBIA JIOMEH OPraHW30BaH (C HU3KHUMH
4acTOTaMH, MOMENICHHBIMU B yTibl). Ctpoka N/2 u Cronmben N/2 pa3OWBalOT CIIEKTP 4acTOT B
4eThIpe KBajpaHTa. i1 peaabHON YacTH M BETMUNHBI, TIPABbIii BEPXHUI KBAJAPAHT - 3ePKAILHOC
n300pakeHNe JIEBBIX HI)KHUX, B TO BpeMs KakK JICBBIH BEPXHHUH - 3epKajJbHOE M300pa’keHHE
HWKHUX TIPaBBIX. DTa CHMMETPUS TAKXKe JCPIKUTCS JJIT MHUMOM YacTh U (ha3bl, 3a UCKITFOUCHH-
€M TOT'O, YTO 3HAYCHHA OTPAKCHHBIX ITHUKCCJIOB - IMIPOTHUBOIIOJIOXHBI 110 3HAKY. I[pyrI/IMI/I CJIOBa-
MU, KaXJas TOYKa B CIIEKTPE YaCTOT MOMEMIACT TOYKY COOTBETCTBHS CHMMETPUYHO C JPYTOM
CTOPOHHI IeHTpa u300pakeHus (crpoka N/2 u cronbden N/2). OmHa U3 TOUYCK - MOJIOKHUTEITbHAS
9acToTa, B TO BpeMs KaK Jpyras - 4acTOTa COOTBETCTBHSI, KaKk 00Cyk/eHO B riaBe 10 mis omHo-
MEpHBIX CUTHAJIOB. B ¢opMe ypaBHEHUS, 3Ta CAMMETPUS BhIpaKeHa Kak:

YPABHEHMUE 24-2. CuMmMeTpusi IByMEPHOTO YaCTOTHOTO JIOMeE- Re X [r
Ha. DTH ypaBHEHHUS MOTYT HCIOJIB30BaThCsl B 00oux (opmarax, €. [‘I*C]
Korjga HU3KHEC 4aCTOThI OTO6pa)KeH])l B yIjax, Wjin npu CMCUICHUC

pasMeniaeT ux B LeHTp. B monsipHoli opme, BeTMUMHA UMEET Ty )
JKE€ CaMyl0 CMMMETPHUIO KaK BEIECTBEHHAs 4acTb, B TO BPEMs Kak ImX litf‘ J = -ImX l"‘i -r.N- L‘]
(aza nmeer Ty ke caMyl0 CHMMETPHIO KaK MHUMas 4acTh

Re X[N-rN -c]

These equations take into account that the frequency spectrum is periodic, repeating itself every
N samples with indexes running from 0 to N - 1. In other words X[r, N], should be interpreted as
X[r, 0], X[N, ¢ ] as X[0, ¢ ], and X[N, N] as X[0, O ]. This symmetry makes four points in the

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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spectrum match with themselves. These points are located at: [0, 0], [0, N/2], [N/2, 0] and [N/2,
N/2].

OTH ypaBHEHUS IPUHUMAIOT BO BHUMAHUE, YTO CIIEKTP YaCTOT MEPHUOINICCKUMA, TTIOBTOPSS ceOs
Kaxaple N BEIOOPOK ¢ MHIEKcaMu, BoionHstomumucs ot 0 mo N-1. Ipyrumu cinosamu X [r, N],
JIOJDKEH MHTeprpeTupoBarbes kak X [r, 0], X [N, c] xak X [0, c], u X [N, N] kak X [0, 0]. Ota
CUMMETPUS JeNIaeT YEThIPE TOYKU B COOTBETCTBHH CIIEKTpa ¢ COOO0I. DTH TOUKH PACIIOIOKEHBI

B: [0, 0], [0, N/2], [N/2, 0] u [N/2, N/2].

Each pair of points in the frequency domain corresponds to a sinusoid in the spatial domain. As
shown in (a), the value [0, 0] at corresponds to the zero frequency sinusoid in the spatial domain,
1.e., the DC component of the image. There is only one point shown in this figure, because this is
one of the points that is its own match. As shown in (b), (c), and (d), other pairs of points corre-
spond to two-dimensional sinusoids that look like waves on the ocean. One-dimensional sinu-
soids have a frequency, phase, and amplitude. Two dimensional sinusoids also have a direction.

Kaxnast mapa Toduek B 4aCTOTHOM JOMEHE COOTBETCTBYET CMHYCOHUJE B MPOCTPAHCTBEHHOM JI0-
mene. Kak mokasano B (a), 3Hauenue B [0, 0] mepenuchiBacTCs K CHHYCOHUE H)IEeBOlU YACHMOmbl
B MIPOCTPAHCTBEHHOM JIOMEHE, TO €CTh, KOMIIOHEHT MOCTOSIHHOTO TOKa M300paxeHwus. MMeercs
TOJIKO OJIHA TOYKa, IIOKa3aHHAasi B 3TOM PUCYHKE, IOTOMY YTO 3TO - OJHA U3 TOYEK, KOTOpas sB-
JsieTcs ee COOCTBEHHBIM cooTBeTcTBHEeM. Kak mokasano B (b), (¢), u (d), mpyrue mapbl TO4eK co-
OTBETCTBYIOT IBYMEPHBIM CUHYCOHMIaM, KOTOpble HAIIOMUHAIOT BOJHBI HAa okeaHe. OHOMEpHbIe
CHHYCOUBI UMEIOT uacmomy, ¢hazy, U amnaumyody. JIBe pa3MepHBIX CHHYCOUIBI TAK)KE UMEIOT
HaIpaBJiEHUE.

The frequency and direction of each sinusoid is determined by the location of the pair of points
in the frequency domain. As shown, draw a line from each point to the zero frequency location at
the outside corner of the quadrant that the point is in, i.e., [0, 0], [0, N/2], [N/2, 0], or [N/2, N/2]
(as indicated by the circles in this figure). The direction of this line determines the direction of
the spatial sinusoid, while its length is proportional to the frequency of the wave. This results in
the low frequencies being positioned near the corners, and the high frequencies near the center.

YactoTa 1 HampaBlIeHUE KAXKIOH CHHYCOUJIBI OTPEIEIICHbI PACTIOI0KEHUEM MMaphl TOUEK B Yac-
TOTHOM JtoMeHe. Kak mokaszaHo, MpoBeANTE JIMHUIO OT KaKI0H TOUKH JI0 PACTIONOKECHHUSI H)1e601
yacmomysl BO BHEUTHEM YTy KBaJIpaHTa, YTO TOYKA HAXOTUTCS B, TO ecTh, [0, 0], [0, N/2], [N/2,
0], wm [N/2, N/2] (xak 0003Ha4€HO Kpyramu B 3TOM pucyHke). HampaBriienue 3Toi CTpOKH OT-
penenseT HampaBlIeHHe MPOCTPAHCTBEHHON CHHYCOWIBI, B TO BpeMs KaK €€ JUIMHA MPOIOPIHO-
HaJbHA K YaCTOTE BOJHBI. DTO MPUBOJIUT K HU3KUM YaCTOTaM, IO3HIIMOHUPYEMBIM OKOJIO YTJIOB,
Y BBICOKHX YaCTOT OKOJIO IIEHTpA.

When the spectrum is displayed with zero frequency at the center ( Fig. 24-9d), the line from
each pair of points is drawn to the DC value at the center of the image, i.e., [N/2, N/2]. This or-
ganization is simpler to understand and work with, since all the lines are drawn to the same
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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point. Another advantage of placing zero at the center is that it matches the frequency spectra of
continuous images. When the spatial domain is continuous, the frequency domain is aperiodic.
This places zero frequency at the center, with the frequency becoming higher in all directions out
to infinity. In general, the frequency spectra of discrete images are displayed with zero frequency
at the center whenever people will view the data, in textbooks, journal articles, and algorithm
documentation. However, most calculations are carried out with the computer arrays storing data
in the other format (low-frequencies at the corners). This is because the FFT has this format.

Korna criektp oToOpaskeH ¢ HyJeBOU 4acToTol B 1ieHTpe (puc. 24-9d), cTpoka OT Kaxa0i mapsl
TOYEK BBIBEJICHA K 3HAYCHHUIO MTOCTOSTHHOTO TOKa B yexmpe N300paKeHus, To ectb, [N/2, N/2].
Ora opranu3zaius 0oyiee mpocTas MIOHUMATh U padoOTaTh €, TaK KaK BCE CTPOKH BHIBEICHBI K TOU
xKe camoi Touke. J[pyroe nmpeumMyIecTBO pa3MelieHHs! Hyssl B LIEGHTPE COCTOUT B TOM, YTO ATO
COOTBETCTBYET YAaCTOTHBIM CIIEKTpaM HenpepwigHvlx N300pakenuil. Korjga npocTpaHCTBEHHBIN
JIOMEH HEIpPEphIBEH, YaCTOTHBIA JOMEH alepHOIUYecKuil. DTO pa3MellaeT HyJeBYIO 4acTOTy B
LEHTP, C YaCTOTOM, CTAaHOBSIIEICS BBIIIIE BO BCEX HAINPABICHHUIX OT U K OecKkoHeuHOCTH. B0ooO-
111e, YaCTOTHBIE CIIEKTPhI JUCKPETHBIX U300pakeHUI 0TOOpakeHbI C HYJIEBOW YacTOTON B LIEHTPE
BCSKHI pa3, KOTla JIFOJH PACCMOTPSIT JaHHBIC, B yUeOHHUKAX, CTAThsIX KypHAIa, U TIOKyMEHTAIIUN
anroputMa. OgHAKO, OOJBIIMHCTBO BBIUMCICHUN BBIMOJHEHO C KOMIBIOTEPHBIMH MAaCCHBaMU,
COXPAHSIOIIUMHU JaHHBIE B IpyroM (hopmare (HU3KHUE YaCTOTHI B YIJIax). JTO - TO, IOTOMY YTO
BII® umeet sToT hopmar.

Even with the FFT, the time required to calculate the Fourier transform is a tremendous bottle-
neck in image processing. For example, the Fourier transform of a 512x512 image requires sev-
eral minutes on a personal computer. This is roughly 10,000 times slower than needed for real
time image processing, 30 frames per second. This long execution time results from the massive
amount of information contained in images. For comparison, there are about the same number of
pixels in a typical image, as there are words in this book. Image processing via the frequency
domain will become more popular as computers become faster. This is a twenty-first century
technology; watch it emerge!

Haxe ¢ BII®, Bpems, Tpedyemoe, yToOb! BeIUHCIUTh [IpeobpazoBanue Dypbe(TpaHcPOpMaHTY
®dypbe) - OrpOMHOE Y3K0E€ MECTO B 00paboTke n3odpaxkeHusi(oopasa). Hampumep, npeobpaszona-
Hue @ypoe nzobpakenust 512x512 TpedyeT HECKOIBKUX MUHYT Ha MEPCOHATILHOM KOMIIBIOTEpE.
Jt0 - rpy6o B 10000 pa3 measieHHee, 4eM HEOOXOAUMO JJIsi 00pabOTKH N300paKeHHS PeaTbHOTO
BpemeHH, 30 KaJipoB B CEKyHIy. DTO JAJTMHHOE BPEeMs BBIIOJHEHHS CIEAYET U3 MacCUBHOTO KO-
auyecTBa MHGOpMaNuU, colaepkaiieiicss B n3o0paxeHusx. s cpaBHEHUs, UMEETCSI OTHOCH-
TEJILHO TOTO K€ CaMOT'0 YHCJIO NUKCE08 B THIIMIHOM U300paKEHUH, KaK UMEIOTCS CJIOBA B 3TOM
kaure. O6paboTKa M300pakeHUs Yepe3 YaCTOTHBIA JIOMEH CTaHET O0Jjiee MOMyJIIPHOM, TTOCKOJIb-
Ky KOMIIBIOTEPBI CTAaHYT OBICTpee. DTO — TEXHOJIOTUS JBa/LATh MEPBOTO CTOJIETHUS; Yac 3TOTO
npoOwmit!

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FIGURE 24-10

Two-dimensional sinusoids. Image sine and
cosine waves have both a frequency and a
direction. Four examples are shown here.
These spectra are displayed with the low-
frequencies at the corners. The circles in
these spectra show the location of zero fre-
quency.

PUCYHOK 24-10.

JBymepHble cuHycouabl. V300paxeHus
BOJIH CHHYCa U KOCHHYCa UMEIOT, U ¥acmo-
my U Hanpaénerue. 31eChb MOKa3aHO YEThIpe
IprMepa CHEeKTPOB. DTH CIIEKTPhI 0TOOpa-
JKEHBI ¢ HU3KUMH 4acToTaMu B yriax. Kpy-
ramM B 3TUX CIIEKTpax MOKa3aHO pacroio-
JKEHUE HYJIEBOU YacTOTHI.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FFT Convolution
Konpomwouus(Cseprka) BII®

Even though the Fourier transform is slow, it is still the fastest way to convolve an image with a
large filter kernel. For example, convolving a 512x512 image with a 50x50 PSF is about 20
times faster using the FFT compared with conventional convolution. Chapter 18 discusses how
FFT convolution works for one-dimensional signals. The two-dimensional version is a simple
extension.

Haxe npu ToM, 4To npeoOpa3oBaHue Pypbe MEIIEHHO, 3TO BCE XKE CaMblil OBICTPBIN CIOCOO
CBEpHYTh M300pakeHue ¢ OombmuM siipoM ¢uinbTpa. Hampumep, cBepThiBaHHEe H300paKeHUs
512x512 ¢ ®PT 50x50 — npubnuzutensHo B 20 pa3, ObICTpee MO CPABHEHUIO C HCTIOIH30BAaHHEM
oObpryHOM cBepTkH. ['maBa 18 obcyxnaer, kak cBeprka BII® pabotaer mis 0HOMEPHBIX CUTHA-
J70B. J/IByMepHast BepcHsl - POCTOE BHITSHKEHUE(PaCIIUPEHNUE).

We will demonstrate FFT convolution with an example, an algorithm to locate a predetermined
pattern in an image. Suppose we build a system for inspecting one-dollar bills, such as might be
used for printing quality control, counterfeiting detection, or payment verification in a vending
machine. As shown in Fig. 24-11, a 100x100 pixel image is acquired of the bill, centered on the
portrait of George Washington. The goal is to search this image for a known pattern, in this ex-
ample, the 29x29 pixel image of the face. The problem is this: given an acquired image and a
known pattern, what is the most effective way to locate where (or if) the pattern appears in the
image? If you paid attention in Chapter 6, you know that the solution to this problem is correla-
tion (a matched filter) and that it can be implemented by using convolution.

Ms!1 nemoHcTpupyem cBepTky BII®D Ha mpumepe, anropurMa, 4ToObl pacloNOXUTh MPEIoIpee-
JIeHHBI oOpaser] B u3o0paxxennu. [Ipeanonoxum, 9To Ml popMUpYyEM CHCTEMY UISI OCMOTpa
OJTHO-/I0JIJIAPOBBIX CUETOB(BEKCENEil), THIA, KOTOpas Moryia Obl UCIOJIb30BAaThCS JUIsl KOHTPOJIS
KauecTBa Nevatu, oOHapyXEHUs OJAENKH, WiIN BepuduKaiuio (IpoBEpKy; KOHTPOJIb) OIJIaThl B
ToproBoM aBromare. Kak nokasano B puc. 24-11, npuobpereHHoe n300paxxeHue cuera(BeKces)
100 x 100 nukcenos, ¢ moptperom JIxopmka Bamuurrona B uentpe. Llens cocTouT B TOM, 4TO-
ObI CKaTh N300pa’keHNe U3BECTHOrO 00pa3lia, B 3TOM IpuMepe, nzo0paxkenue auna 29x29 nuk-
cenoB. Ilpobnema - 3T0: yunThIBas MPUOOPETEHHOE M300pakeHUE W M3BECTHBIA 0Opasel, 4YTo
HanOosiee 3p(HEKTUBHBIN MTyTh COCTOUT B TOM YTOOBI IIe PACIIONIOXHUTH (MIJIH €CITH PACTIONOXKEH )
rze oOpasern nosiBisercs: B uzoopaxxkenun? Eciau Bl oOparuinu BHUMaHue B riaBe 6, Bol 3HaeTe,
YTO PEIICHHE dTOM MPOOJIEeMBI - Koppenayus (COTJIaCOBaHHBIN (QUIBTP?) U YTO 3TO MOXKET OBITh
OCYILIECTBIICHO, HCIIONb3YS C8EPMKY.

Before performing the actual convolution, there are two modifications that need to be made to
turn the target image into a PSF. These are illustrated in Fig. 24-12. Figure (a) shows the target
signal, the pattern we are trying to detect. In (b), the image has been rotated by 180°, the same as
being flipped left-for-right and then flipped top-for-bottom. As discussed in Chapter 7, when per-
forming correlation by using convolution, the target signal needs to be reversed to counteract the
reversal that occurs during convolution. We will return to this issue shortly.

[lepen BbImoHEHNEM (aKTUUECKOW CBEPTKU, HEOOXOAMMO BHIOJHUTH JBE MOAU(PUKALUU, KO-
TOpBIE JJOJKHBI OBITH CIIEJIaHbl, YTOOBI MOBEPHYTH LiesneBoe nzodpaxenue B @PT. Onu mmmtocT-
pupoBaHbI B puc. 24-12. PucyHok (a) moka3bpIBaeT MeJIeBOM CUTHAN, 00pa3er] KOTOPBIA MBI MPO-
Oyem obHapyxuBath. B (b), nzo0paxkenue nosepHyto Ha 180°, TOT ke camoe Kak 3epKajbHO OT-
Pa3WINTh CJIeBa HAMPABO U 3aTEM 3€pKAIIBHO OTPa3uTh " TojoBa - Horu ". Kak o0Ccy:k/1eHo B ria-
B€ 7, IpY BBINOJIHEHUH KOppenayuu, UCTONb3ys c6epmKy, IeJIEBON CUTHAI JOJDKEH OBITh peBep-
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CHpOBaH, YTOObI MPOTUBOAICHCTBOBATh HHBEPCUH, KOTOpasi IPOUCXOJHUT B T€UCHUE CBEPTKU. MBI
BO3BPATUMCSI 3TOH Ipo0IeMe BCKOpe.

FIGURE 24-11

Target detection example. The problem is to search the +

100100 pixel image of George Washington, (a), for the

target pattern, (b), the 29x29 pixel face. The optimal el e
solution is correlation, which can be carried out by g 2k e
convolution. a .’_ I ﬁ
PUCYHOK 24-11 b. Taree
[Ipumep oOHapyxeHus wnemu. [IpoGmema cocrout B pel

TOM, 4TOOBI MCKaTh n3o0paxenue J[opmka Bammar-
toHa 100x100 nukcenos, (a), mo meneBomy obpasiy W
mna 29 x 29 nukcenos, (b). OnTuManbHOE penieHue -
KOPPEJLSILUSL, KOTOpast MOXKET OBITh BBHIIIOJIHEHA CBEPT-

KOM.

A, Image o b searched

The second modification is a trick for improving the effectiveness of the algorithm. Rather than
trying to detect the face in the original image, it is more effective to detect the edges of the face
in the edges of the original image. This is because the edges are sharper than the original fea-
tures, making the correlation have a sharper peak. This step isn't required, but it makes the results
significantly better. In the simplest form, a 3x3 edge detection filter is applied to both the origi-
nal image and the target signal before the correlation is performed. From the associative property
of convolution, this is the same as applying the edge detection filter to the target signal twice,
and leaving the original image alone. In actual practice, applying the edge detection 343 kernel
only once is generally sufficient. This is how (b) is changed into (c¢) in Fig. 24-12. This makes (c)
the PSF to be used in the convolution

Bropast Mmogudukanms - ynoBka Uit yiaydmeHus 3GpGeKTHBHOCT anroputma. Ckopee 4eM To-
MBITKa OOHAPYKUBATh JUIO B MEPBOHAYATHHOM H300pakeHUH, 3TO Oosee 3pheKTUBHO 0OHAPY-
KHUTb 2PaHU TUYA B 2PAHAX NEPEOHAUANLHO20 U300padicenus. ITO - TO, TOTOMY YTO I'paHu Oosee
OCTpble, YeM TMepBOHAYaAIbHbIE OCOOEHHOCTH, JieNas KOPPENALHUI0 UMETh 0ojiee OCTpBIM MHUK.
OroT mar He TpeOyeTcsi, HO ATO JeNlaeT Pe3yJIbTaThl 3HAYMTENBHO Jydmie. B camoii mpocrtoi
dopme, oOHapyskeHHs Kpasi mpuMeHsieTcs GuibTp 3X3, U K epBOHAYAIBHOMY M300paXXEHUIO U
[IEJIEBOMY CUTHAITYy TIPEXKJIe, YeM KOPPEISIHUs BhIIOIHEHA. M3 acconMaTHBHOTO CBOICTBA CBEPT-
KH, 3TO - TOT K€ camMoe KakK NpUMeHeHue (puiabTpa OOHapyKEeHHs Kpas K IeJIEBOMY CHUTHATY
08aicObl, W OCTABJICHUS OJTHOTO TMEPBOHAYAIBHOTO M300pakeHUs. B QaxTmueckol mpakTuke,
npUMeHssi OOHapyKeHHue Kpas 3X3 sAApo TOJBKO OJHAXIbl BOOOIIE JOCTaTOYHO. JTO - TO, KaK
(b) m3menen B (c) B puc. 24-12. Oto nenaetr ®PT (c), KOTOPHIH HYKHO HCIIOIB30BAaTh B CBEPTKE
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Figure 24-13 illustrates the details of FFT convolution. In this example, we will convolve image
(a) with image (b) to produce image (c). The fact that these images have been chosen and pre-
processed to implement correlation is irrelevant; this is a flow diagram of convolution. The first
step is to pad both signals being convolved with enough zeros to make them a power of two in
size, and big enough to hold the final image. For instance, when images of 100x100 and 29x29
pixels are convolved, the resulting image will be 128x128 pixels. Therefore, enough zeros must
be added to (a) and (b) to make them each 128x128 pixels in size. If this isn't done, circular con-
volution takes place and the final image will be distorted. If you are having trouble understand-
ing these concepts, go back and review Chapter 18, where the one-dimensional case is discussed
in more detail.

Pucynox 24-13 unmoctpupyeTr noapoOHocti cBepTku BIID. B stom mpumepe, Mbl cBepHEM
n3o0paxkeHue (a) ¢ mzodpaxenuem (b), uroOsl mpousBectn n3obpaxenue (c). Dakr, yTo 3TH
n300pakeHust ObUTM BBIOpAaHbI M TPEABAPUTEIHLHO 00pabOTaHbl, YTOOBI OCYIIECTBUTH KOppeis-
yuro, HEpeIeBaHTHOW(HECOOTBETCTRYIOMEH; He nMeromieit 3HadueHns); 3To - OJIOK-cXeMa CBEPT-
ku. IlepBblii mar JOJDKEH JOTMOJHUTH 00a CUTHAja, CBEPTHIBAEMBIE C JOCTATOUYHBIMU HYJISIMH,
9yTOOBI JIeNIaTh UX MOIIBIO JIBa B pa3Mepe, U JOCTATOYHO OOJIBIIION, YTOOBI MPOBECTU(IEPIKATH)
KoHeuHoe u3o0paxkenue. Hanpumep, korna uzobpaxenus 100x100 u 29x29 nukcenoB cBEpHY-
ThI, 3aKaHYMBaroIeecss n3oodpaxenue Oyaer 128x128 mukcenos. [loaromy, noctatouHo HyJeH
JOJKHBI OBITH 00aBneHb! K (a) u (b), uToObI AenaTh UX KaxabM 128x128 nmukcenoB B pa3mepe.
Ecam 310 He cnenano, KpyroBas(IUKINYECKas ) CBEPTKAa UMEET MECTO, U KOHEUHOE U300paKeHHE
Oyzaer uckaxeno. Ecnu Bbl umeere HEMpUATHOCTh, MOHUMAs 3T KOHIIETIIIUH, BO3BPATUTECH, U
nenaiTe 0030p raaBbl 18, rae 0THOMEPHBIN ciTydail 00CyKIeH OoJiee ToapOoOHO.

a. Original b, Rotated ¢, Edge detection

FIGURE 24-12
Development of a correlation filter kernel. The target signal is shown in (a). In (b) it is rotated by 180° to undo the
rotation inherent in convolution, allowing correlation to be performed. Applying an edge detection filter results in
(¢), the filter kernel used for this example.

PUCYHOK 24-12

PasButue snpa ¢punstpa xoppensuuu. [{eneBoit curnan nokaseiBaercs B (a). B (b) ato Bpamaercs 180° OTMeHUTH
BpaieHne(IoBopoT?), CBOMCTBEHHOE CBEPTKE, IMO3BOJIS KOPPENSALUU OBITh BEITOHEHHBIM. [IpruMeHenne uiabTpa
oOHapy>KeHUsI Kpasi PUBOINT K (C), SIpo QHUIbTPa, UCHOIB3YEMOE IS 3TOTO IpUMeEpa.

The FFT algorithm is used to transform (a) and (b) into the frequency domain. This results in
four 128x128 arrays, the real and imaginary parts of the two images being convolved. Multiply-
ing the real and imaginary parts of (a) with the real and imaginary parts of (b), generates the real
and imaginary parts of (c). (If you need to be reminded how this is done, see Eq. 9-1). Taking the
Inverse FFT completes the algorithm by producing the final convolved image.

Anroputm BII® ucnons3yercs, yroObl mpeoOpa3oBath (a) u (b) B YaCTOTHBIN JAOMEH. DTO MpH-
BOJIUT K 4YeThIpeM MaccuBaM 128x128, peaibHbie 1 MHUMBIEC YaCTH U3 JIBYX CBEPTHIBAEMBIX M30-
OpaxeHUIl. YMHOXXEHHE pealbHbIX M MHHMMBIX 4acTeil (a) ¢ peaJbHbIMH M MHUMBIMU YacTSIMU
(b), renepupyer peasibapie 1 MHIMBIC YacTH (¢). (Ecau Bel 10oKHBI HAITOMHUHATH, KaK 3TO CJIE-
JaHo, cM. ypaBHeHue 9-1). Baarue O6parnoro BII® 3akaH4ynBaeT alnroput™M, MpPOU3BOIS KOHEU-
HO€ CBEpHYTOE M300pakeHue.
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The value of each pixel in a correlation image is a measure of how well the target image matches
the searched image at that point. In this particular example, the correlation image in (c) is com-
posed of noise plus a single bright peak, indicating a good match to the target signal. Simply lo-
cating the brightest pixel in this image would specify the detected coordinates of the face. If we
had not used the edge detection modification on the target signal, the peak would still be present,
but much less distinct.

3HaueHne KaXKJI0ro MUKcela B M300pakeHUH KOPPENSIHU - Mepa TOTO, HACKOJIBKO XOPOIIIO IIe-
JIEBOE M300PaKEHUE COOTBETCTBYET OOBICKAHHOMY M300paKCHHIO B TOM Touke. B 3TOM crenu-
dudeckoM npumepe, n300pakeHne KOPPESIUU B (C) COCTABICHO M3 IIYMOBOTO TUIIOCA €IUHCT-
BEHHBIN SIPKUH THK, yKa3bIBash XOpPOIIee COOTBETCTBHE K IIeNIeBOMY cuUTHaY. [IpocTo pacmoio-
JKEHHE CaMOro SPKOTo MUKCeNa B 3TOM M300paKeHUH Ompeenni Obl 00HApYKEHHBIE KOOpIUHA-
ThI Ua. Eciin ObI MBI HE UCTIONB30BaIH MOAUDUKAIINIO 0OHAPY)KEHUS Kpasi Ha [IEJICBOM CHTHa-
JIC, MUK BCC CIIC MMPUCYTCTBOBAJI 651, HO HAMHOI'O MEHEe€ OTJINYHBIN.

While correlation is a powerful tool in image processing, it suffers from a significant limitation:
the target image must be exactly the same size and rotational orientation as the corresponding
area in the searched image. Noise and other variations in the amplitude of each pixel are rela-
tively unimportant, but an exact spatial match is critical. For example, this makes the method
almost useless for finding enemy tanks in military reconnaissance photos, tumors in medical im-
ages, and handguns in airport baggage scans. One approach is to correlate the image multiple
times with a variety of shapes and rotations of the target image. This works in principle, but the
execution time will make you loose interest in a hurry.

B To Bpems Kak KOppEesIus - MOITHBIA HHCTPYMEHT B 00paboTKe n300pakeHus1, 3TO CTpaaeT
OT CYIIECTBEHHOTO OTPaHUYCHUS: 1IETIEBOE N300pakeHNe OKHO OBITh TOYHO TOTO K€ pasmepd
U opueHmayuu epaujenusi Kak COOTBETCTBYIOIIas 00JacTh B 00ObICKaHHOM H300paxeHuu. lllym u
JIpyTHe BapHalMd B aMIUIUTYJIe Ka)XIOTO MHKCElla OTHOCHTEIHHO HE3HAYHTEIhHBI, HO TOYHOE
IIPOCTPAHCTBEHHOE COOTBETCTBUE KpuTHuUeckoe. Hampumep, 310 nemaer Meron, MOYTH Oecro-
JIE3HBIM ISl OOHAPY KEHUSI BPAXKECKUX TAaHKOB B BOSCHHBIX (oTOrpadusx pa3BeIKH, OIMYXOIU B
MEAUIMHCKUX U300pakeHUsAX, U MHUCTOJIETOB B MPOCMOTpax aBHa-0araxka. OJUH MOAX0J COCTO-
UT B TOM, YTOOBI KOPPETUPOBATH U300PAKEHHUS MHOdCUmMeLeM peMeHl ¢ PSIoM (GOpM U Bpallie-
HUH 11e71eBOro u3o0pakeHus. 1o paboTaeT B MPUHLHUIIE, HO BPEMsI BBIIIOJHEHUS OyJeT JenaTh
Bac cBoOoaHbIM HHTEpECOM(TIPOLIEHTOM ), TOHKH(ITOCTIEITHOCTH; HETEPIIETUBOCTH ).

A Closer Look at Image Convolution
Bsrasa Ha Ceeprky U3o0paxenus banxke

Let's use this last example to explore two-dimensional convolution in more detail. Just as with
one dimensional signals, image convolution can be viewed from either the input side or the out-
put side. As you recall from Chapter 6, the input viewpoint is the best description of how convo-
lution works, while the output viewpoint is how most of the mathematics and algorithms are
written. You need to become comfortable with both these ways of looking at the operation.

JlaBaiiTe MCIONB30BaTh 3TOT MOCIEIHUI MPUMEpP, YTOOBI UCCIIEIOBATh TBYMEPHYIO CBEPTKY 00-
nee moapooOHo. Tak ke, Kak C OJTHOpa3MEPHBIMH CUTHAJIAMH, CBEPTKA N300payKEHUST MOXKET OBITh
IPOCMOTpPEHA UM OT 8XOOHOU CMOPOHbl W cMOpoHbl 6bixo0d. Kak Bel moMHUTE U3 TaBsbl 6,
BXOJHAs TOYKa 3PCHHS - JIydlllee ONMHMCAHHE TOTO, KaK pabOThl CBEPTKH, B TO BpPEeMs KaK TOYKa
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3peHUsl BBIXO/Ia COCTOUT B TOM, KaK OOJBIIMHCTBO MAaTEMAaTUKHU U aJTOPUTMOB HamucaHo. Bam
JIOJDKHBI CTaTh Y0OHBIMU 00a 9TH B3TJIsA/1a HA OMEPaInIo.

Spatial Domain Frequency Domain

a. Kernel, hir.c]

H[r.c]

b. Image, x|r.c|

X|r.c]

Re Im

¢. Correlation. y[r.c]

Y[r.c]

Re Im

FIGURE 24-13. Flow diagram of FFT image convolution. The images in (a) and (b) are transformed into the fre-
quency domain by using the FFT. These two frequency spectra are multiplied, and the Inverse FFT is used to move
back into the spatial domain. In this example, the original images have been chosen and preprocessed to implement
correlation through the action of convolution.

PUCYHOK 24-13
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biok-cxema BII® otobpaxkaer cBeptky. Mzo0paxenus B (a) u (b) mpeoOpa3oBaHbl B 4aCTOTHBIHM IOMEH, HCIOJIb3YS
BII®. OTu aBa 4acTOTHBIX crieKTpa yMHOXeHbl, 1 OOpatHoe BI1® ncnonk3yercs, 4ToObl IBUTaThCsl OOPATHO B IIPO-
CTPaHCTBEHHbII JOMEH. B aTOM npuMepe, repBoHadaIbHble W300pakeHHs: ObLIIM BBIOPaHbI U MPEABAPUTEILHO 00-
paboTaHbl, 4TOOBI OCYIIECTBUTH KOPPEIISILIMIO Yepe3 AEHCTBUE CBEPTKH.

Figure 24-14 shows the input side description of image convolution. Every pixel in the input im-
age results in a scaled and shifted PSF being added to the output image. The output image is then
calculated as the sum of all the contributing PSFs. This illustration show the contribution to the
output image from the point at location [r,c] in the input image. The PSF is shifted such that
pixel [0,0] in the PSF aligns with pixel [r,c] in the output image. If the PSF is defined with only
positive indexes, such as in this example, the shifted PSF will be entirely to the lower-right of
[r,c]. Don't be confused by the face appearing upside down in this figure; this upside down face
is the PSF we are using in this example (Fig. 24-13a). In the input side view, there is no rotation
of the PSF, it is simply shifted.

Pucynok 24-14 mnoxa3biBaeT BXOAHOE NMOOOYHOE ONMHMCAHME CBEPTKU H300paxkeHus. Kaxxmbiit
IIUKCEJl BO BXOAHOM H300pa)KeHUM NMPHUBOJUT K MaciTabupyemomy u casuHytomy OPT, no-
0aBisieMOMYy K M300pakeHHIO BbIXoja. M300pakeHHWe BBIXOJa TOT/Ia PACCUYMTAHO KaK CyMMa
BKJIa10B Bcex OPT. OroT moka3 wuirocTpanuu cojeiicTBUsA(BKIa1a) H300paXKeHNIO BbIXO/a OT
TOYKH B PACIOJIOXKEHUH [r, ¢] BO BXogHOM u3o0paxkenuu. ®PT casunyT Tak, uro nukcen [0,0] B
OPT BbIpaBHHMBaETCS C MUKCENOM [r, c] B n300paxkenuu Boixoga. Eciu ®PT onpenenen Tonbko
MOJIOKUTEIbHBIMU HMHJEKCAMHU, KaKk B 3TOM mnpumepe, caBuHyThli ®PT Oyner moiaHOCTBIO K
HIDKHEMY npaBoMy u3 [r, c]. He OynpTe mepemyTaHbl JUIIOM, HMOSBISIONIMMCS ME€PEBEPHYTHIM
BHH3 B 9TOM PHUCYHKE; 3TO IEPEBEPHYTOE BHU3 JIMLO - PPT, KOTOPBI MBI HCIOJIb3YEM B 3TOM
npumepe u3 (puc. 24-13a). Bo BxogHoMm Buje cO0Ky, He uMeeTcs Hukakoro Bpauienus OPT, sto
IIPOCTO CABUHYTO.

Inpul mnages Chagpul image

column [y [T

4

i . i
FIGURE 24-14

Image convolution viewed from the input side. Each pixel in the input image contributes a scaled and shifted PSF to
the output image. The output image is the sum of these contributions. The face is inverted in this illustration because
this is the PSF we are using.

PUCYHOK 24-14

CaepTka M300pa’keHns], MPOCMOTPEHHAs OT BXOAHON CTOPOHBI. Kaykabli MUKCEN BO BXOJHOM M300paKEHUH BHOCUT
BKJIaJI B MacIITabupyemMoe u ciBuHyToe n3oopaxkenue Boixona OPT. M300pakeHne BBIX0/Ia - CyMMa 3THX COICHCT-
BUH(BKTa70B). JINII0 HHBEPTUPOBAHO B 3TOH MILTIOCTPAINH, IIOTOMY UTO 3TO0 - ®PT, KOTOPBIIl MBI HCTIOTB3yEM.

Image convolution viewed from the output is illustrated in Fig. 24-15. Each pixel in the output
image, such as shown by the sample at [r,c], receives a contribution from many pixels in the in-
put image. The PSF is rotated by 180° around pixel [0,0], and then shifted such that pixel [0,0] in
the PSF is aligned with pixel [r,c] in the input image. If the PSF only uses positive indexes, it
will be to the upper-left of pixel [r,c] in the input image. The value of the pixel at [r,c] in the out-
put image is found by multiplying the pixels in the rotated PSF with the corresponding pixels in
the input image, and summing the products. This procedure is given by Eq. 24-3, and in the pro-
gram of Table 24-1.
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CBepTka n300paskeHHs, TIPOCMOTPEHHAasi OT BbIXOJa MJUIIOCTpUpOBaHa B pHc. 24-15. Kaxnbiit
MUKCENT B M300paKCHWM BBIXOJA, THUIA TMOKa3aHHBIA BBIOOPKOW B [r, C], MOJy4aeT COACHUCT-
BHE(BKJIa) OT MHOTHUX IHKCENIOB BO BXOJHOM u3o0paxkeHnu. ®PT Bpamaercs 180° BOKpyr muk-
cena [0,0], u 3arem caBUHYT Tak, uto nukcena [0,0] B ®PT BrIpOBHEH ¢ MUKCEJIOM [r, C] BO BXOA-
HoM u300paxkennu. Eciu @PT ucnonb3yeT TOIBKO MOMOKUTEIbHBIE UHICKCHI, 3TO OyAeT K Jie-
BOMY BEpXHEMY M3 MHKCeNa [r, ¢| BO BXOJHOM M300paKeHUH. 3HaUYC€HUE TTUKCena B [1, ¢| B U30-
OpakeHUM BBIXOJla HAM/IEHO, YMHOXas MukKcensl Bo BpamaemMoM ®PT ¢ cooTBeTCTBYIOIMMU
IIUKCEJIaMU BO BXOJHOM H300pa’kK€HMM, U CYMMHUPOBaHMs MPOAYKTOB. DTa IMpoLeaypa IaeTcs
ypaBHeHHEM 24-3, 1 B iporpaMme Tabmuis! 24-1.

EQUATION 24-3
Image convolution. The images x[,] and 4[,]Jare convolved to

produce image, y[,]. The size of A[,] is MxM pixels, with the W-1 M-
indexes running from 0 to M - 1. In this equation, an individ- y I_,il“r’_" ] = E E h l,ﬂ'{_ i J X lr -k, c —“
ual pixel in the output image, y[r,c], is calculated according to k=0 /=0

the output side view. The indexes j and & are used to loop

through the rows and columns of 4[ , ] to calculate the sum-of-products.

YPABHEHMUE 24-3

Caeptka m3o0paxxenus. Vzobpakenus x[,] u 4[,] cBepHYTHI, 9TOOBI Mpon3BecTH n3o00paxenue, y[,]. Pasmep A[,] - M
X M nmKcenoB, ¢ HHAEKCaMH, BeIonHsromuecs ot 0 1o M - 1. B aToM ypaBHeHNe, HHIWBH Ty aJbHBIN MHKCEN B U30-
OpakeHUH BBIXOJa, y[7,c], paCCUMTaH COTIACHO BUAY COOKY BBIXOAa. MIHIEKCHI j M k MCTIONB3YIOTCS K LUKITY depes
CTPOKH M CTOJIOLBI U3 A[,] K BBIYUCIISATH CYMMBI IIPO/IYKTOB.

Notice that the PSF rotation resulting from the convolution has undone the rotation made in the
design of the PSF. This makes the face appear upright in Fig. 24-15, allowing it to be in the same
orientation as the pattern being detected in the input image. That is, we have successfully used
convolution to implement correlation. Compare Fig. 24-13c¢ with Fig. 24-15 to see how the
bright spot in the correlation image signifies that the target has been detected.

OOpatute BHUMaHue, 4To Bpamenue OPT, cnexyromiee U3 CBEPTKH OTMEHWIIO BpallleHUE, Clie-
naHHoe B npoekTe @PT. D10 3acTaBUT MU0 Ka3aThCs BEPTUKAIBHBIM B puc. 24-15, mo3Bosss
3TOMy OBITH B TOH K€ CaMOi OpHEHTalMu Kak oOpasel, OOHapyXKMBaeMbIi BO BXOJHOM H30-
OpaxeHuu. To €CTh MBI YCHEIIHO HCIONb30BAIU C8EpMKY, YTOObI OCYIIECTBUTH KOPPerayuro.
Cpasuute puc. 24-13c¢ ¢ puc. 24-15, 94T00BI BUIETH, KaK SIPKOE MATHO(SUYCHKA) B H300paKEHUU
KOPPEJISIMH MOKa3bIBACT 3TO, ajpecar ObUT OOHAPYKEH.

Input image Output image
column column
0 c N-1 0 N-1
0 ; 0

O

Ty
EEERLEREEELLEEEEE "EELEELEELET ~Lel

M-1
FIGURE 24-15

Image convolution viewed from the output side. Each pixel in the output signal is equal to the sum of the pixels in
the rotated PSF multiplied by the corresponding pixels in the input image.

M-1

FFT convolution provides the same output image as the conventional convolution program of
Table 24-1. Is the reduced execution time provided by FFT convolution really worth the addi-

tional program complexity? Let's take a closer look. Figure 24-16 shows an execution time com-
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parison between conventional convolution using floating point (labeled FP), conventional convo-
lution using integers (labeled INT), and FFT convolution using floating point (labeled FFT).
Data for two different image sizes are presented, 512x512 and 128x128.

Ceeptka BII® olecneumBaer TO ke camMoe HM300pakeHHE BbIXOJA Kak OObIYHAs MporpamMma
cBeptku Tabmuubr 24-1. [lpuBeneHHOoe BpeMs BBIMOTHEHUs oOecneumBaeTcsi cBepTkoil BIID,
NEHCTBUTENFHO CTOSINIEH JOMOMHUTEIBHON CIOXKHOCTH mporpammbl? [laBaiite Opate Ooiee
Ommm3kuii IpocMoTp. PrucyHOk 24-16 mOKa3pIBaeT CpaBHEHHWE BPEMEHHU BBIMIOJHEHHUS MEXKTY
OOBIYHOM CBEPTKOM, CTIONB3YIOLIEH niasarowyro sanamyto (MmapkupoBanHas FP - I13), oObrunas
CBEpTKa, HCTOb3yIomas yeavle yucia (mapkupoanHas INT - ?), u ceeptky BII®, ucnons3ys
riaBatontyto 3anstas (meuyeHoe FFT - BII®). Jlanuble 11 IBYX pa3iM4YHBIX pa3MepoB U300pa-
JKeHHs TipeAcTaBiieHsl, S12x512 u 128x128.

100 CONVENTIONAL IMAGE CONVOLUTION
110"
120 DIM X[99,99] 'holds the input image, 1004100 pixels
130 DIM H[28,28] 'holds the filter kernel, 29429 pixels
140 DIM Y[127,127] 'holds the output image, 1284128 pixels
150"
160 FOR R% = 0 TO 127 'loop through each row and column in the output
170 FOR C% = 0 TO 127 'image calculating the pixel value via Eq. 24-3
180"
190 Y[R%,C%] = 0 'zero the pixel so it can be used as an accumulator
200"
210 FOR J% = 0 TO 28 'multiply each pixel in the kernel by the corresponding
220 FOR K% = 0 TO 28 'pixel in the input image, and add to the accumulator
230 Y[R%,C%] = Y[R%,C%] + H[J%,K%] * X[R%-J1%,C%-J%]
240 NEXT K%
250 NEXT J%
260"
270 NEXT C%
280 NEXT R%
290"
300 END
TABLE 24-1

First, notice that the execution time required for FFT convolution does not depend on the size of
the kernel, resulting in flat lines in this graph. On a 100 MHz Pentium personal computer, a 128
x 128 image can be convolved in about 15 seconds using FFT convolution, while a 5124512 im-
age requires more than 4 minutes. Adding up the number of calculations shows that the execu-
tion time for FFT convolution is proportional to N> Log, (N), for an NxN image. That is, a
512x512 image requires about 20 times as long as a 128x128 image.

Bo nmepBbIx, oOpaTuTe BHUMaHUE, YTO BPEMs BBITOTHEHUS, TpeObyemoe s cBepTku BIID He 3a-
BUCHT OT pa3Mepa sijipa, MIPUBOJS K €AMHOOOpa3HBIM CTpOKaM B 3Tol nuarpamme(rpaduke). Ha
nepcoHanbHbIi KomnbioTep Pentium 100 MHz, uzo6paxkenne 128 x 128 MOXeT OBITH CBEPHYTO
B NpHOIM3UTENBbHO 3a 15 cekyHa, ucnoib3yst cBepTky BIID, B To Bpems kak m300pa)xkeHHE
512x512 Tpebyer 6onee 4 MmunyT. CI0K€HHUE YUCIIa BBIYMCICHUIN TTOKA3bIBAET, YTO BPEMS BbI-
nosHeHus [uIs cepTky BII® mponopuuonansHo k N> Logs (N), s mzo6paxenn NxN. To ects
nzoopakenne 512x512 tpedyet npubnausurensao 20 pa3 6osblie, uem nuzodOpaxkeHue 128x128.
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Execution time for image convolution. This graph shows the execu-
tion time on a 100 MHz Pentium processor for three image convolu-
tion methods: conventional convolution carried out with floating
point math (FP), conventional convolution using integers (INT), and 4
FFT convolution using floating point (FFT). The two sets of curves
are for input image sizes of 5124512 and 1284128 pixels. Using
FFT convolution, the time depends only on the image size, and not
the size of the kernel. In contrast, conventional convolution depends
on both the image and the kernel size.

FIGURE 24-16 H N

PUCYHOK 24-16

BpeMsi BBINOMHEHUsI UIA CBEPTKH H300pakeHHs. JTa auarpam-
Ma(rpaduk) MmokasblBacT BpeMs BBINOJHECHHUS Ha Iporeccope Pen-
tium 100 MHz a1 Tpex MeTOZOB CBEPTKH M300paKeHHUs: OObIuHAs
CBEPTKA, BBIIOJIHEHHAs C MAaTEMAaTUYECKOM C IUIABAIOLIEH 3alsiTod
(FP — I13?), obbrunas cBepTka, ncrnoss3yonias neisle ynciua (INT),
n ceprky BII®, ucnomesyromryto mnasaromtyto 3amsryto (FFT —
BI1®?). /Ia Habopa KpHBBIX - JJIsl BXOJHBIX pa3MepOB U300pasKeHHUS J
512x512 u 128x128 mmkcenos. Mcmoms3ys cBeptky BIID, Bpems 1
3aBUCHT TOJIKO OT pa3Mepa M300pakeHUs, a He pa3Mmepa sapa. Ha-
MIPOTHB, OOBIYHASI CBEPTKA 3aBUCHT, M OT U300paKCHUS M OT pa3Mepa P /

INT
snpa. ’/ FFT

4
0 10 20 30 40 30
Kermnel width (pixels)

Execution time {minutes )
b

128 = 128

Conventional convolution has an execution time proportional to N°M> for an NxN image con-
volved with an MxM kernel. This can be understood by examining the program in Table 24-1. In
other words, the execution time for conventional convolution depends very strongly on the size
of the kernel used. As shown in the graph, FFT convolution is faster than conventional convolu-
tion using floating point if the kernel is larger than about 10x10 pixels. In most cases, integers
can be used for conventional convolution, increasing the break-even point to about 30x30 pixels.
These break-even points depend slightly on the size of the image being convolved, as shown in
the graph. The concept to remember is that FFT convolution is only useful for /arge filter ker-
nels.

OGbI4HAsL CBEPTKA MMEET WICH MPOMOPIHMH BPEMEHH BBIIOMHEHHs K N°M? [isi m300paskeHus
NXN, cBepHyTOE C iApOoM MXM. DTO MOXKET OBITH IOHATO, HCCIEAYs MporpamMMmy B Tabiwmie 24-
1. Ipyrumu ciioBaMu, BpeMsl BBITIOJIHEHUS JIsl OOBIYHOM CBEPTKU 3aBUCUT OYEHb CTPOTO OT pasz-
Mepa ucnoiib3yemoro sjapa. Kak nokasano B auarpamme(rpaguxke), ceeprka BIID OpicTpee yem
0OBIYHAsT CBEPTKA, MCIIOJIB3YS TUIABAIOILYIO 3aIsITasi, €Cau sApo Oosbine 4em okojo 10x10 muk-
cesoB. B OosbIIMHCTBE CilydaeBs, IEJIbIe YUCIa MOTYT HMCIIONB30BAaThCs Uil OOBIYHOW CBEPTKH,
YBEIUYHMBAsI TOUKY 0€3yOBITOYHOCTH K OTHOCHTENHbHO 30X30 muKcenoB. DTH TOYKH Oe3yOBITOU-
HOCTH 3aBUCST CIIETKa OT pa3Mepa CBEPTHIBAEMOI0 M300pa)KeHHs, KaK MOKa3aHO B Juarpam-
Me(rpaduke). Konnenius, 9ro0bl TOMHUTH - TO, 9TO cBepTka BIID sBisieTcs: mojae3HoN TOIBKO
Ui 60NbIIHX siiep GuiabTpa.
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