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1. BaeaeHme u MOCTAHOBKA 3a1a4N

B nannoit pabore paccmarpuBaeTcsi 3ajada ONTHUMAaJbHOTO OLCHUBAHHUS COCTOSIHUS JWHAMHYECKOM
JMCKPETHOM CHCTEMBI, TO/ABEPKEHHOI NIYMOBBHIM W HMMITYJILCHBIM BO3MYIIEHHSM, IMOSBISIOMIAMCS B CIyYailHBINA
MOMEHT BpeMeHH. [Ipn 5TOM OJHOBpEMEHHO C OLIEHMBAHMEM COCTOSHHUSI CHCTEMBI NPOM3BOAWTCS W OLICHHBAHHE
BEJIMYHMHBI (AMIUTUTYBI) UMITYJIbCa. TaKkoro TUIA 33aJaud BO3HUKAIOT IPU 00pabOTKEe M3MEPUTEIBHON HH()OpMAIIHH,
HamIpuMep C ILEeibI0 TeXHHYECKOW IHAarHOCTHKMA MAIlUH W MEXaHW3MOB, OOHAPY)KEHHH CIIyYailHBIX HMITYJIhCHBIX
CUTHAJIOB B aKyCTHKE, NMPU OOHAPYKCHWH W HW3MEPEHHM BEJIMYWHBI '"paziafok” pasjMdHBIX TEXHOJIOTHISCKUX
nporieccos [1].

B mpenpiaymieir pabote aBTOpoB [2] OBUT TOMYYEH alITOPUTM ONTHMAILHOTO HEITMHEHHOTO OIEHUBAHFS
BEKTOpa COCTOSHHS AMHAMHYECKON CHCTEMBI W aMIUIMTYIbl BOSMYIICHHUS Ha OCHOBE PEKyPPEHTHOTO BBIUMCIICHHS MX
COBMECTHOI amoOCTepHOPHON IUIOTHOCTH BepoATHOCTH. OnXHAKO, BO-TIEPBBIX, MPEAJIOKCHHBIH paHee alrOpUTM
TpeOyeT OdYeHb OOJIBIIMX BBIYUCIHMTENBHBIX 3aTpaT M, BO-BTOPBIX, BO MHOTHX 33jauaX OOpaOOTKM CHTHAJOB HE
TpeOyeTcst HENOCPEICTBEHHO HAaXOJHUTh aloCTEPHOPHYIO IUIOTHOCTh BEPOSTHOCTH AMIUIMTYABI HMITYJIbCHOTO
BO3MYILECHHUS, @ JOCTATOYHO OTPAHWYMUTHCS TEKYIIMM OLICHWBAHHEM MaTEMaTH4ECKOTO OXWIAHUS W JUCIICPCHH.
Hacrosmas paborta nocsimeHa HaX0X/ICHUIO U YHCICHHOMY HCCIICIOBAaHUIO XapaKTEPUCTHK Takoro 0ojee MmpocToro
JIropuT™Ma 0OHApY)KEHHS-OIICHUBAHMSI.

MateMaTHYeCKH ONMCaHHAs 3anava (OpMyNIHpyeTcs ciexylomM oOpazoMm. bymem mpenmomarats, 9To
HMIIYIbCHOE BO3MYILEHHE, BO3JEHCTBYIOIIEe HA NWHAMHUYECCKYIO CHCTEMY, MOXKHO IPEACTaBUTH B BHIE OTKIHNKA
HEKOTOPO# JIMHEHHOM CUCTEMbl Ha JeNbTa-UMITYyJIbCHOE BO3JEHCTBHE CO CIIy4alHOW aMIUIMUTYAOW B CIy4alHBIN
MOMEHT BpEMEHH. B OTim4gue OT IIyMOB, KOTOpHIE HMEIOT XAOTHUECKHH XapaKTep, WMIIYJIbCHBIE BO3MYIICHHUS
o0agaroT KBa3uACTEPMUHUPOBAHHON CTPYKTYPOIl M MOTYT OBITH ONMMCAHBI (YHKIUSIMH BPEMEHH, OIPEICIICHHBIMHA C
TOYHOCTBIO 10 HEM3BECTHBIX MapaMeTpoB. OOBEAMHNM KOMIIOHEHTHI OIIEHHBAEMOTO0 CHTHAJTA W BO3MYIICHHS
HUMITyJIbCHOTO THIIAa B BeKTOp X(#). IlycTh BEKTOpHBIM mpouecc X(f) W HaOMOJaeMblii BEKTOPHBIN mporecc Yy(t)
3aJ1al0TCs CIICAYIOIINMH YPaBHEHUSIMU B IUCKPETHOM BPEMEHU

x(t+1)=£(r)x(e)+ gt (c)+ AS(t,7), (1)
y()=h()x()+n() @)

rae f(z), g(t), h(t) - usBectHpie Matpuusl; (1), N(t) - MOCIECIOBATEILHOCTH HE3aBUCHMBIX BEKTOPHBIX CITy4alHBIX
BEJIMYMH C U3BECTHBIMU IUIOTHOCTSIMH BEPOSITHOCTEH, OMUCHIBAIOUINE IIYMOBBIE BO3MYILEHUS B MOJEIISX CUTHANA U
Habmonennii; Ad(1,7) - NeIbTa-UMITYJIbCHOE BO3MYIIEHHE CUTHAjda X(f), BO3HUKAIONIEE B CIIy4alHBIA MOMEHT
BPEMEHH T CO CyYaiiHOW BEKTOPHOM aMILIUTYI0M A; &1, T)-- cumBoi Kporekepa.

[Ipenmnonaraercs, 4To B HayaJbHBIM MOMEHT BpeMeHH f=0 3aJiaHbl INIOTHOCTH BeposiTHocTel P(Xg), Pa(A)
HAYaJbHOTO COCTOSHHS CUTHAJIA X M CIIyYailHOW aMIUTUTYAbl UMIYJIBCHOI'O BO3MYIICHUS A, a TaKKe almpuUOpHBIC
BEpPOSITHOCTH PA7) BO3MOXXHBIX JTUCKPETHBIX 3HAYEHUH CIydailHOTO MOMEHTA TMIOSBJICHHS HMMITYJIbCa. 3agada
3aKIJIFOYAaeTCsl B TOM, YTOOBI HAWTH aNrOPUTM ONTHUMAJIBHOTO OIICHWBAHHMS B MOMCHT BpEeMeEHH ! curHana X(t) u
AMIUIMTY bl IMIYJILCHOTO BO3MYIIEHHs A IO peanusanuu Habmomgaemoro nporecca y;'={y(1),y(2), ... ,y(t)}, a Taxxe
HCCIIEI0BATh TOYHOCTH ITOJTyIaeMbIX OICHOK.

2. YpaBHeHus /Uisl IJIOTHOCTEH BEPOSITHOCTH CUTHAJIA M AMILIUTY/BI
BbIUHCINTh ONTHMANbHBIE OLIEHKH BEKTOPOB X(f) U A 10 JIOOOMY KPUTEPHIO KayecTBa Uil TEKYIIEro
MOMEHTa BPEMEHH I03BOJISIET COBMECTHAS! allOCTEPUOPHAs IFIOTHOCTh BEPOSITHOCTH COBOKYITHOCTH {X(1), A}
P(x(1), A, t 1y =W(x(1), A).
ITockonbKy B KaKABIii MOMEHT BPEMCHH BBIMOJHSICTCS OJHA U3 JIBYX BO3MOJXHBIX CUTYallUH -- UMITYJILCHOE
BO3MYIIICHHUE ellle He TOSBIIIOCH (1<T) WM YXe TOSABHIOCH (1>7), To pyHKIMo W(X(7), A) MOKHO TIPEJICTAaBUTh B BUJIC

CYMMBI
W (x(1), A)=W,(x(t), A)p, (1) + W, (x(t), A)p, (1),

rae po(t)=P(<7 | y\") u p)(t)=P(t>T | y,') MMEIOT CMBICI aIOCTEPHOPHBIX BEPOSTHOCTEH HEMOSBIEHHS U TOSBIEHHSA
HMIYJIBCHOIO BO3MYIICHHUs 1O MoMeHTa Bpemenu t; Wy(x(1), A) u Wi(x(t), A) -- amoCTepHOPHBIC YCIOBHBIC
IJIOTHOCTU BEPOSATHOCTENH COBOKYITHOCTH OLIEHUBAEMBIX BEKTOPOB.

VYpaBHEeHHE COCTOSHMS JUHAMHU4ecKOW cucreMbl (1) W ypaBHeHMe HAOMIONCHWH (2) 3amMIIeM HCIIOJb3Ys
BEKTOP X(t)={x"(), A"}" B CTaHJAPTHOM BHJIE

X(t+1)=F()X(e)+ G ) ) 3)

y(e)=H()x(e)+n() )

rac
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far)y 1 [0] f(r) | I gir)y | [0]

0] | I [0 1 I [01 1 [0]
H(1) = (h(r)0,...0). &) =& (¢)...00)".

C yderoM BBEICHHBIX O0O3HAUYEHWH CHCTEMa YpPaBHEHHMH Ul allOCTEPUOPHOW IUIOTHOCTH BEPOSITHOCTH
BekTopa X(t) OyzneT umeeT BUA

W (X (1)) =W,y (X(1))py (1) + W, (X(1)p, (1), )
Poi () P )
(X(t)) W, (X(t)) () +W11( (t))—pz o ,

Woo (X(t+ D)=y (y(t+ )~ H(t + DX (e + D) [m(X(2 + D) = F, ()X ()W, (X() )X (1) /% (e+1),

—oo

Wo, (X(e+ D)=y (y(t + 1) = H(t + DXt + D) [ (Xt + 1) = F, ()X (1) Wy, (X(1) )X (1) /cbm (t+1),

—oo

W, (X(e+D)=y(y(t+ )= H(t + DX+ D) [2(X(t + 1) = F, ()XW, (X (1) )dX (1) /dm (e+1),

1
Pot+1)= py (O -V ()] 00((1 +])), PIO) = Poy(D)+ P11 (0).
Dy, (t+1) _ ®11(t+])
Po(t+ 1) = py(t)v(t)———— oa+D) put+D=p,O)———— oG]

D, (1 +1)= jy/ Y+ —H(+ DX +1) jn X(t + 1) = B, (1)X(t) W,, (X (1) JdX(0)dX (1 + 1),
@, (+1)= jy/ yt+1)-H@+ DX +1) jn X(1+1)—F, ()X (1) W,, (X (1) dX(0)dX (1 +1) ,

O,,+1)= _[1// y(t+1)-H(+DX(t+1) _[n X(t+1)=F, ()X(0) W, (X(0))dX () dX(t + 1),

DO+ =p,(OL-v@)Dy, (t+ 1)+ p, (W ()Dy, (t+ 1)+ p,()D,,(t+ 1),

vit)= mPr (z)
;Pf(k)

OyHKUMK 7-) U Y -), BXOASIINE B 9TH YPaBHEHHMsI, BBIPAXKAIOTCS Yepe3 INIOTHOCTH BEPOSITHOCTH CITyYalHBIX
BekTopoB &(7) u M(t) Ha ocuose Gopmyin (3), (4).

B cuiy rpoMO3AKOCTH TOJYYEHHBIX BBIPAKEHHUN JalbHEHINNE YIPOIISHUSI alroputMa OOHApYKEHHs-
OIIeHWBaHWA (5) TaauM Ha OCHOBE CJIEIYIOIIEro IpuMepa.

3. Ilpumep. Pe3yabTaThl YHCIEHHOT0 MOIETHPOBAHUS
PaccMoTpuM B KauecTBe MpuMepa JUHAMHUYECKYI0 MOJIENb BTOPOTO MOPS/IKA OIECHUBAEMOrO CHUTHANA MPU
CKAJISIPHBIX HAOJIOICHUSX, OTIUCHIBAEMYIO YPABHEHUSIMU

x(t+1)=ayx(t)+ a,x(t —1)+ Ad(t,7), 6)
y(e)=x(0)+ (). (7
Curnan x(t) MNpeaACTaBIACT C060ﬁ OTKJIUK Ha ACJIbTa-UMITYJIbCHOC B03HeﬁCTBH€, TIOABJIAIOIIEECS B MOMEHT T C

aMIUTUTYI0M A.

[Ipumensst craHAapTHYIO TaycCOBCKYyIo anmpoxcumanmio Gyukiuit Wyo(X(1)), Wy (X(1)), Wi i(X(1)), Wi(X(1)),
U3 cUCTeMbl (5) BMeECTO BBIPQKCHHH JUIA IIOTHOCTEH BEPOSITHOCTEH MOXHO IIOJIYYUTh AJITOPUTM ypaBHEHHS
OILICHUBAHMS AIIOCTEPHOPHOrO MAaTEMATHYECKOrO OXKHAaHHs Bektopa X(7)=(x(t),A)’ ¥ MaTpHIB KOBapHAIMH STOMf
OLIEHKH. DTOT aJITOPHTM MPEACTaBISIET co00il cHCTeMy IOBYX IOHCKpPETHBIX ¢GuabTpoB Kammana TpeThero mopsiika,
HEJIMHEWHO CBSI3aHHBIX MEKIY COOOM.

UncieHHOE MOJACIHPOBAaHNE 3TOH CHCTEMBI YpaBHEHHH OIICHHMBAHMS IPOBOIWIOCH TIPH  CIIETYFOIIIX
3HAYEHMAX IapaMeTpoB curHayioB. Koadduimentsr ypaBnenuns: Monenu (6) 3agaBannuch paBHbIME d;=0,95, a;=-0,65.
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AnpropHas BepOsITHOCTb P(T) MOSIBIEHHUS UMILYJIbCHOTO BO3ACHCTBHUS MpeAroiarajlach paBHOMEpHOI Ha HHTEpBae
Bpemenn oT 0 o 60. AnpuopHas IUIOTHOCTh BEPOSITHOCTEH aMIUIMTYIbI MMITYJIbCHOTO BO3MYLICHHUS A CUHTaIach
rayCCOBCKOM C HYJIEBBIM CPEIHUM M JUCIIEpCUEH paBHOI 1.

Ha puc.1 npeacrasnen npumep peanus3aldy CUTHaa X(t), HOABISIOIETOCs B MOMEHT 7=35 ¢ «aMILIUTYI0MH»
A=1, a Taxoke peanmzanusa HaOII0JaeMOTo TpoIecca y(7) Ipu AUCTIepCcHH Iryma HabmoaeHui pasHoit 0.1. [Tynktiupom
Ha 3TOM JXK€ PUCYHKE JaHa TeKymas OIeHKa aMIUINTYAbl. BHIHO, 9TO IO MOMEHTa MOSABJICHHS MMITYJIhCAa OIIEHKA
AMIUTUTYIBl UMITYJIBCHOTO BO3MYIIEHHS MPAKTUYECKA COBIAJAET C MaTEeMAaTHUYECKHM OXHIAHHWEM €€ alpHOPHOI
IUIOTHOCTH BeposiTHOcTel. [locie MOMeHTa BpeMeHH =7 ajlropuT™M OOHapy>KMBaeT BO3MYLICHHE M BbIpadaThiBacMast
OIICHKA aMIUIMTYIBl €Ile J0 OKOHYaHWS WMITYJIbCHOTO BO3MYILEHHS CTAaHOBUTCS BEChbMa OJIM3KOH K HMCTHHHOMY
3HAYEHUIO aMILTUTYABI. DBOJIOIUSA BO BPEMEHH YCPEeTHEHHOTO 1Mo ancamOumo u3 1000 peanu3anuii kBaapaTa OMUOKH

2 1 2 os
ouenmBanus ammmtyasl € (1) =(A“" —A)® | rne A”" - ouenxka amMIumTyHBl, 4 -MCTHHHOE 3HAYEHHE paBHOE |,
TIpUBEICHA Ha pUC.2.
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[TpuBeneHHBIE PE3yIbTATHI YUCICHHOTO MOIEIUPOBAHUS TOKAa3bIBAIOT, YTO MOJIYYEHHBIH B pabOTe aIropuTM
YK€ TpPHU OTHOCHUTEIHFHO HEOOJIBIIOM IIPEBBINICHUN BEIWYMHBI HMITyJbCHOTO BO3MYILICHHUS HaJ YpPOBHEM MIyMa
HaOJIOIEHUS IEMOHCTPUPYET TOCTATOYHO BHICOKYIO (D PEKTUBHOCTS.

Pabota BrImonHeHa 1py noAepkke rpanToB Poccuiickoro gonna ¢pyHnaMeHTansHbIX necaenoBannii Ne 00-
02-17602, Ne 00-15-96620 u INTAS Ne96-2352.
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OPTIMAL DIGITAL FILTERATION OF SIGNALS WITH RANDOM IMPULSE DISTURBANCES
Maltsev A.A., Poldin O.V., Silaev A.M.
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603600, Nizhny Novgorod, Gagarina ave 23, Statistical Radiophysics Department

1. Introduction and problem setting.

The problem is considered of optimal estimating the state of dynamic discrete system subjected to noise and
impulse disturbances that arrive at random time. Simultaneously with system state vector, the impulse disturbance
amplitude is estimated. This kind of task arises at measurement data processing, technical system monitoring, signal
detection in acoustic, etc. [1].

In the previous work of the authors [2], there was derived an algorithms of optimal non-linear estimating
dynamic system state vector and disturbance amplitude, based on recursive calculation of their joint a posteriori
probability density function (PDF). However, in some applications there is no need to have the very PDF of
amplitude, its current values of expectation and variance are sufficient. In the paper presented, we demonstrate how
such simpler algorithm can be obtained, and illustrate its efficiency by simulation.

Mathematically, the problem is stated as follows. The impulse disturbance affecting dynamic system is
described as response of linear system to delta-impulse with random amplitude and time of arrival. We denote by x(?)
a vector that comprises the components of useful signal and impulse disturbance. Dynamics of x(#) is given by

x(r+1)=£(e)x(c)+ gt E(r)+ AS(t,7), (1)
y()=h()x()+n() 2

where f(#), g(t), h(t) are known matrices; &(t), N(t) are random vector variables with given probability density
functions; Ad(#,7) is delta-impulse disturbance of x(z) that arrives at random time point 7 and has random vector
amplitude A; &t,7) is Kronecker delta.

At =0, the a priori PDFs P(xg), PA(A), P«7) are supposed to be known. The problem is to find the optimal
estimates of x(t) and A at any ¢, given the set of observations y,'={y(1),y(2), ... ,y(t)}.

In order to find optimal estimates of x(#) and A for any quality criterion at time t, we can use the joint a
posteriori PDF of {x(7), A}
P(x(t), A, t | y,H=W(x(1), A).

Because at time ¢, the impulse disturbance whether has already arrived (#>7) or not (¢1<7), the function W(x(?),
A) can be written as a sum

W (x(), A)=W, (x(1), A)p, (1) + W, (x(1), A)p, (1),
where po(t)=P(1<7 | y,") and p;(t)=P(t>7 | y,") are a posteriori probabilities of non-occurrence and occurrence of the

impulse disturbance before #; Wy(x(?), A) u W (x(z), A) are a posteriori conditional PDFs of the estimated vectors.
The equations for signal (1) and observation (2) can be rewritten in standard form through vector X(t):{xT( t),

and y(?) is the observed vector

AT}T
X(t+1)=F()X(t)+ Gt &), 3)
y(e)=H( )x()+n() @)
where
fary 1 [0] f(r)y | |
LAGEREES ~ ~
F(t)_{F,(t), g F,(t)=|-- + ——| F@)=|-- + —-
[0] | I [0] | |
H(t) = (h(2)0,...0), &@1) =& (¢)...00)",
gy | [0]
G(r)=|-—- + —-
[01 1 [0]

The system of equations that enables us to calculate the probabilities py(t) p,(?), and the PDFs Wy(X(?)) and
Wi(X(t)) was derived using approach based on methods of non-linear filtering Markov random processes [2]. From
this system using Gaussian approximation of auxiliary PDFs, the recursive algorithm for estimating the expectation of
X(t) and covariance matrix of this estimate can be derived. The algorithm has a form of a set of Kalman filtering
equations mutually non-linearly linked. Because it is rather cumbersome, below we illustrate the algorithm
performance efficiency by computer simulation.
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2. Example. Computer simulation results.
As an example, we consider the second order dynamic model of signal with scalar observations

x(t+1)=ayx(t)+a,x(t—1)+Ad(t,7),

¥(e)=x(t)+n(0).

The recursive algorithm for estimates X(#)=(x(?), A)" was simulated with parameters a,=0,95, a,=-0,65, a
priori PDF P(7) is uniform on time span between 0 and 60, . a priori PDF of 4 is Gaussian with zero mean and
variance equal tol.

In Fig.1 are shown graphs against time of: simulated signal x(#) that arrived at 7=35 with A=1, the observed
process y(t) that is mix of x(z) and noise, and current estimate of A (dotted line). Prior to 7, the estimate is close to a
priori expectation. After =7, the algorithm detects the disturbance and works out the estimate that is close to actual
value of A.
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The evolution of the mean square error 8i 1) =(A* - A)2 averaged over ensemble of 1000 realizations,

where 4°" is amplitude estimate, A is actual value, is shown in Fig.2. These results demonstrate the efficiency of the
developed algorithm even when the impulse disturbance exceeds the noise level by a relatively small margin.

This work was supported by grants of Russian fund of fundamental research Ne 00-02-17602, Ne0O0-15-
96620, and INTAS Ne96-2352
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