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Pedepar: OOBEKTOM HCCIIEIOBAHUS SBISETCS JBYMEPHBIH PEKypCHBHBEIN IM(pPOBOil (QUIBTP BTOPOro mopsiaka ¢ CHMMETpuUeit
K03(HUIMEHTOB U XapaKTEPUCTHKOH CyMMaTopa THIA HacklileHus. IIpoBeleH aHalM3 NPOCTPAHCTBA HMApaMETPOB CHCTEMbl HPH HauyalbHbBIX
YCTIOBHSX BHAA X.11=1 ¥ X,=1. MccrenoBana BO3MOXKHOCTb 3apOXKICHUS B CUCTEME JMarOHAIbHBIX U Pa3AeIMMbIX IPEeIbHbIX LIMKIOB pa3Mepa
(1x1) u (2x2). IlpuBeneHs! IpUMEPH! peakunii HH(PPOBOro GUILTpA.

BBenenune

B peampHBIX TMQPPOBEIX (PHIBTpax CyMMaToOp HWMEET HEJIMHEHHYI0 XapaKTepUCTHKY. YYeT 3TOi
HEJMHEWHOCTH TIPY aHaju3e IM03BoJsieT Oosee 3P¢GEKTUBHO HUCIOIH30BaTh BO3MOXKHOCTH ITU(PPOBBIX (HILTPOB H
n30exaTh HeXeNaTeIbHBIX AP(EKTOB TPU peaTnu3aui MU(QPOBBIX CHCTEM.

B pabGore paccmaTpuBaeTcs IBYMEPHBIH pPEKYypCUBHBIM TH(PPOBOH GWIBTP BTOPOTO  TMOPSIAKA C
CUMMETPHIHBIMH K03 PHUIIHEHTAMH, OTTMCHIBAEMBIN HETMHEHHBIM Pa3HOCTHBIM ypaBHEHHUEM BHIA

xm,n = f(a(xm—l,n + xm,n—l )+ b(xm—z,n + xm,n—Z )+ c(xm—l,n—l + xm—2,n—2 ))’ )
rze f{x) - GyHKuus HemMHeHOCTH cyMMaropa (puc.1).
A/
1} —
I, mpu x2=>1,
I 1l m f(x)=1 x, npu |x|<1,
-1 1 x -1, npu x<-1.

Puc.1 Bug QyHKIIMN HEMTUHEWHOCTH cymMaTopa

B oOmeM crmyyae HadaubHBIMH YCIOBHAMH 1 (umbTpa (1) sBISETCS COBOKYITHOCTH OECKOHEYHBIX
nocienoBaTeNbHOCTeH {Xy, 1}, {Xm, 2}, {X.1 0} ¥ {X2 u}, Ipu n2-2, m>-2. B peanbHbIX 3a1a4ax mudpoBoii 00paboTkn
JIBYMEPHBIX CUTHAJIOB €CTECTBEHHO pacCMaTpUBaTh HadadbHBIE YCIOBHS BUA:

X, =0, nppum>M,

X, 2=0, nppum>M, 2)
x,,=0, npu n>N,

X,,=0, npu n>N.

1. OcHOBHbBIE pe3yJIbTATHI

HccrenoBanus MPOBOTWINCH C HWCHOJIB30BAHHEM METOJa CHMBOJIFHOH JWHAMHKH, pPaHEE YCIIEHIHO
MIPUMEHSIBIIIETOCS ISl aHaIN3a IBYMEPHBIX MU(PPOBBIX QribTpoB mepBoro mnopsakall, 2]. CyTe MeTosa COCTOUT B
TOM, YTO BCS 00JacTh 3HAYCHWU HEIWMHEWHOCTH pazOuBaercss Ha ymHedHble ydactku (I, II m III), a 3atem
OTCJIEKHMBAIOTCS JIBIDKEHHSI CUCTEMBI MEXIY HUMH NPH W3MEHEHHH WHACKCOB M W 1 TPU PA3IMYHBIX IapaMerpax
udposoro GpuibTpa.

PaccMoTpuM noBeieHHE CHCTEMBI ¢ HaUYJIbHBIMU yCIOBHAMU: X1 =1, {Xy 1}=0, {xn2}=0, {x.; }=0 1 {x,,
nf» IPU 1n2-2, m>-2, KOTOPOE SKBUBAJIECHTHO ACHCTBUIO MMITyJIbCa aMILUIUTYIBI ¢ HAa BXOJE (DMIIBTPA B TOUKE Xoq MPU
HYJICBBIX HAYAJIbHBIX YCIOBUSIX.

[Mycts k03 ¢duuMeHTs GUIbTPA yOOBIETBOPSIOT cienyrommM ycinosusam: 0<c<l, a>0, b>0. Paccmorpum
JIBIDKEHHS CUCTEMBI BJIOJIb OCEH m U n:

[Tpu BemonHennn ycnoBust 0<c<l o4eBHUAHO, YTO OTCUET X o=f{c)=c Bcerna Oyner nmpuHaiexars 30He 1.
CrenoBatellbHO, BCE JBIKEHHS B CHCTEME Oy/yT HAaUMHATBCS M3 9TOM 30HEL.

Ilpu pBWXKEHMHM BIOIb OCH 7 HA4YMHAsA C HEKOTOPOro P 3HA4eHMA X, o, Xpi1,0o Xps2,0 M T.JA. OymyT
npuHajyiexxats 30ue [II. Hanpumep, B cirydae BBITIOJIHEHHS] HEpaBEHCTBA

* PaGoTa BbITONHEHA IpH (PHHAHCOBOI momepKe Poccuiickoro GoHna GyHIaMeHTanbHbIX HCCIenoBaHmii (rpaHT Ne 99-02-
17939).
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—1 be <a< l
C C
3HAYEHHMS X, o OynyT npuHaiexats 30ue 111 HaunHas ¢ m=2. Bce panbHedme 3HAYCHUS Xy, 05 Xmt2, 0> Xmi3, 0 ¥ T. I
OyIyT TaKkKe MpUHAIIeKATh 30He 11,
AmnanorndHas cuTyanus OyneT HabIroaThCs TPH IBIXKEHUH BIOJIb OCH .
[Tpu nBY>XEHNUU BIOJIb AUArOHANU (a=b) TakXKe HauMHAsI C HEKOTOPOTo K Bce 3HAUCHUS Xy 1, Xir1, ke ls Xkt2, ki2
u T.4. OynyT npuHamiexats 30He III. To ects, B cucTtemMe 3apokgaeTcs pa3aenuMblid npenensasiil muk (PIILT) [3, 4]
pa3mepa (1x1) ¢ amrmumurynoi, pasuoii 1 (puc. 2a). Ha pucyHke uepHOMY IIBETYy COOTBETCTBYIOT 3HAUEHHS X, ,=-1
(30Ha I), 6enmomy — x;, ,=1 (30Ha III), cepomy — x,, ,=0 (30Ha II).

m
a) a=0.466, b=0.793, c=0.1 6) a=0.511, b=0.308, c=-0.4
Puc. 2 Paznenumblit npepensHblil muki (1x1)
Ecnu 3Ha4ueHus napamerpa ¢ OrpaHUYUTh CIEAYIOMMM 00pa3oM — -1<¢<0, a orpaHU4YeHus] Ha apaMeTpsl d

u b ocraBUTh HeM3MeHHBIME — a>0, b>0, TO IIpOBes aHAIOTUYHBIE HCCIICIOBAHMS, [TOIYYUM, YTO B CUCTEME TaKKe
Oyner nabmopnarscst PIIL] pasmepa (1x1) (puc. 26). B omimume oT mpenslaymiero ciyd4as, 3HaUCHHS BBIXOHOTO
curHaia OyayT HaXOAMUThes B 30HE 1.

B cnydae HanmoxeHHs CIEIYIONMX OTpaHMYEHHH Ha mapameTpsl nudposoro ¢punsTpa — 0<c<1, a<0, b>0 B
CHCTEME BO3HHMKACT pa3eIMMbIN MpeaeabHBIN UK pazmepa (2x2) (puc. 3).

Janee HaIOXHUM CJIEOYyIOIIME OTPAaHWYCHHUS Ha mapaMmeTpbl ¢umasTpa: b<0, ¢>0 (mapamerp ¢ MOXeT
MIPUHAMATh KaK MOJOXKUTENbHBIE, TaK M OTPUIATEIbHBIC 3HaYCHUs). B 3TOM cilydae xapakTep ABW)KEHHH ropasno
6omnee cmoxxeH. B cucreme moryr Obite  PIIL] pasmepa (1x1) m Gomnee cioXKHBIE OBWKEHHS — JAWArOHAJBHEIC
npeaenbHble nukael (JII]) (puc. 4a, 46). IlpuueM xapaktep IBMKEHWH CHIIBHO MEHSETCS TPH HEOOIBIIOM
M3MEHEHNU TapaMeTpoB IudpoBoro ¢unbTpa. Ecnu m3mMeHWTH orpaHwueHue Ha mapamerp a (a<0), To cTaHer
Bo3MOXkHBIM mosiBiienue PIILL pasmepa (2x2), vo PIIL] pasmepa (1x1) yxe Oyner orcyTcTBOBaTh. B 000MX ciydasx
Bo3MoxxHBI PIIL] pa3zmepa (2x2) (puc. 4B).

a=-0.722, b=0.624, c=0.1
Puc. 3. Pazaenumblii ipeenbHbIN UK (2X2)
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2 -2
a) a=3.031, b=-2.488, c=-0.4 0) a=-3.295, b=-2.629, c=0.1 B) a=0.458, b=-2.963, c=0.05
Puc. 4
PaccmoTpuM moBeneHre CHCTEMBI CO CIEAYIOIUMH HaYallbHBIMU YCIOBUSAMH — X_j =1, x5 ,=1, {x,, }=0,

{xm2}=0, {x o}=0 1 {x, ,}, npu n=-2, m=-2. MccnenoBaB NOBEICHNE CUCTEMBI 110 TOMY aJITOPUTMY, UTO H B CITydae
C OJIHUM HAYaJbHBIM YCJIIOBHEM, IIONYYHIM KAYECTBCHHO TIOXOXKHE pe3yibTaThl. HECOMHEHHO, MEHSIOTCS
KOJIMYCCTBECHHBIC XapPaKTCPUCTUKU JBIDKCHHS (UIMTEIBHOCTH IEPEXOHBIC MPOIECCOB, aMIUIMTYyJa CHTHala MpU
HaXOXJeHUU B 30HE II), HO OCTAarOTCA HEM3MEHHBIMH KAauCCTBEHHBIC XApaKTEPUCTHKH (PacIONIOKeHHE oOlacTel
MPECTBHBIX ITUKJIOB B IPOCTPAHCTBE MTAPAMETPOB IIU(YPOBOTO (PHUIBTPA, THITHI MIPEACTBHBIX ITUKIIOB B HUX).

2. 3akJ0ueHue

HccnenoBancst nByMepHbI mUQPOBOH (GUIBTP BTOPOTO MOPSIKA C CHUMMETPUIHBIMU KO3PPUIIEHTAaMHU U C
XapaKTepUCTUKOM CyMmMMaropa THIIA HachImeHUs. JlaHHBIH THII HENWHEHHOCTH SBIAETCS Hanboiee MpoCcTo
aHAM3UPYEMBIM, HO KaK ITOKA3bIBAET OMBIT HMCCICIOBAHUS IBYMEPHBIX HU(PPOBBIX (UIBTPOB IEPBOTO IMOPSAIKA,
MTOJTy94aeMbIe TIPH 3TOM PE3yIbTaThl MOTYT OBITH YaCTUYHO IEPEHECEHBI Ha CIIydal HEIMHEHHOCTEH cymMMaTopa THIIa
OOHYJICHUS U TIEPETIOTHEHHS.

Pe3ynpraThl McciaeoBaHUI TOKA3BIBAIOT, YTO B JAHHOW CHCTEME OTCYTCTBYIOT CTPOYHBIE M CTOJIOLIOBBIE
MIpeAEbHBIC UKIIBI, YTO OOBSICHUMO C TIOMOILBI0 MaTEMaTHIECKONH MOJICII CUCTEMBI.

HccnenoBana BO3MOXKHOCTB 3apOXKIICHUSI B CHCTEME pa3leNIMMbIX M JUAaroHaJbHBIX MPEIeIbHBIX IHUKIOB
pasmepa (1x1) u (2x2). B mpocrpaHcTBE MapaMeTpoOB CHCTEMBI MOJYYEHBI OOJACTH CYIIECTBOBAHUS IPEAETbHBIX
LUKJIOB PA3IMYHON pa3MEpPHOCTH.
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Abstract: Overflow effects in 2-D second order digital filters with saturation nonlinearity are researched by some initial
conditions (x;_.;=1 m X, _,=1). Possibilities of occurrence of diagonal and separable limit cycles of periods (1x1) and (2x2) are
researched. Examples of filter responses are given.

2-D second order digital recursive filter with saturation nonlinearity and symmetry of coefficients is
considered. The examined system is described by the following nonlinear difference equation

xm,n = f(a (‘xm—l,n + 'xm,n—l )+ b(xm—Z,n + 'xm,n—2 )+ c(xm—l,n—l + 'xm—Z,n—Z ))’ (1)
where f{x) is the function of saturation nonlinearity.

The initial conditions for the filter (1) are constellation of infinite sequences {xm, 1}, {xm 2}, {x.1.n} ¥ {x2. 10}
In problems of digital image processing it is natural to consider initial conditions of the kind: x,, =0, x,, ,=0 for
m>M and x_; ,=0, x ,=0 for n>N.

Methods of symbolic dynamics are used to determine areas for existence of certain types of diagonal limit
cycles. The approach consists in dividing the range of nonlinearity function values into three linear regions (I, II and
II). In the region I the nonlinearity function is equal to -1, in the region III - to 1, and in the region II the nonlinearity
function is described by the linear equation f{x)=x. Further, transitions of the system between these regions are
observed by varying indices m and n.

Let us begin with analyzing the system with initial conditions x; ;=1 u x, ,=0. It is equivalent to an input
signal with amplitude c at xo with zero initial conditions.

Let us restrict the filter coefficients by following inequalities O<c<1, a>0, b>0, and consider the system’s
behavior along the axis m and n.

If the condition O<c<1 is satisfied, than the value x, ¢=f{c)=c will always belong to the zone II. Therefore, all
movements in system will begin from this zone.

By moving along the axes m by some P and further the values x;, o, Xp+1, 0, Xps2, 0 €tc. will belong to the zone

III. For example, in case of realization of the inequality -/ (1 - bC)/ c <a<l/c the values Xm, o Will belong to the

zone I1I beginning from m=2. All the next values X1, 0, Xm+2, 0> Xm+3, o €tc. will also belong to the zone III.

A similar situation will be observed by moving along the axes .

By moving along the diagonal (a=b) by some K all the values of xy x, Xii1, k+1> Xke2, ks2 €tc. Will also belong
to the zone III. That means that the system has a separable limit cycle of the period (1x1) and amplitude equal to 1

(Fig. 1a). On figure the black corresponds to x,, ,=-1 (zone I), the white — to x,, ,=1 (zone III), the gray — to
X, n=0 (zone II).
Let us limit the coefficient ¢ as follows — -1<c<0 and the coefficients a and b leave the same. By

conducting similar researches we receive that the system has separable limit cycles of the period (1x1) (fig. 1b). In
difference from the previous case, the value of the output signal will belong to the zone I. In case of 0<c<1, a<0, b>0
the system will have separable limit cycles of the period (2x2) (fig. 1c).

a) a=0.466, b=0.793, c=0.1 b) a=0.511, b=0.308, c=-0.4 ¢) a=-0.722, b=0.624, c=0.1
Figure 1

Further we shall impose the following restrictions on the filter coefficients: b<0, a>0 (coefficient ¢ can have
both positive and negative values). In this case the character of motions is much more complex. The system may have
separable limit cycles of the period (1x1) and diagonal limit cycles of the period (1x1). And the character of motions
greatly varies at a small modification of the coefficients of the digital filter. If we change the restriction on the
coefficient a (a<0) there will exist a separable limit cycle of the period (2x2). But the separable cycles of the period
(1x1) will be absent In both cases separable limit cycles of the period (2x2) are possible.

-4 -
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Let's consider the behavior of the system with two initial conditions x| ;=1 n x, ,=1. By investigating the
behavior of the system according to the algorithm, as in the case with one nonzero initial conditions, we receive
qualitatively similar results. The quantitative characteristic of motions (duration of transitional processes, amplitude of
the signal at a determination in the zone II) vary. But their qualitative characteristics (disposition of areas with
corresponding limit cycles, their types) are the same.

Conclusion

The 2-D second order recursive digital filter with saturation nonlinearity and symmetry of coefficients was
investigated. The saturation nonlinearity is most simply to analyze. But the received results can be partially transferred
on the case of zeroing and overflow nonlinearities of the adder. It was shown by the results of the researches of first
order digital filter with saturation nonlinearity.

Row and column limit cycles are absent in this system. It is explained on the base of a mathematical model of
the system.

The possibilities of appearance of diagonal and separable limit cycles of the periods (1x1) and (2x2) are
investigated. Areas of existence of limit cycles of various periods are obtained in space of the system’s coefficients.




